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Preface 


This book introduces and develops the differential and integral calculus of func- 
tions of one variable. It is intended primarily as a textbook for a one-year course 
at the college or university level, but would also be suitable for an advanced 
placement course in secondary school. An alternative possibility would be to use 
only the first six chapters for an introductory course in calculus lasting one semester 
or term. 

The principal prerequisite for an intelligent reading of this book is a good 
background in secondary-school mathematics. Although the importance of set 
theory in the teaching of elementary mathematics may have been exaggerated, 
it is nonetheless a fact that most modern mathematics is done within the context 
of intuitive set theory, and we have used it informally. For example, a function 
is defined on page 13 as a set of ordered pairs. A short summary of some of the 
common terminology and notations of set theory is given in the third paragraph 
of Chapter 4 beginning on page 163. Mathematical induction is used occasionally 


in proofs, e.g., in the proof of the equation ae = nx"~! in (7.5) on page 61. 


However, mathematical induction is in no sense an essential prerequisite for using 
the book. No previous knowledge of trigonometry is actually necessary since the 
definitions and development of the trigonometric functions as functions of a real 
variable are self-contained. Nevertheless, an understanding of the elementary 
trigonometry of angles would certainly be helpful. 

As far as we know, there is no single, optimal approach to learning mathe- 
matics. One person learns best by slowly and carefully studying the details and 
logical structures, whereas another prefers to skim at first, work many problems, 
and return to the theory later—if at all. This book is designed to accommodate a 
variety of users. One result of this design has been the inclusion of the proofs of 
a number of theorems whose proofs would probably not be covered in a typical 
first-year course. They are included for completeness and also to satisfy the reader 
who, in a given instance, really wants to know WHY. However, to facilitate skip- 
ping, the proofs have been indented on the page and set in smaller type than that 
used in the main body of the text. 

In teaching the course out of which this book developed, the authors do not 
emphasize proofs and do not present many proofs in detail. However, it has been 
our experience that students can absorb, and do appreciate, a clear and accurate 
statement of a mathematical proposition even when either no attempt has been 
made to supply the argument or only the intuitive idea behind the proof has been 

1X 


x PREFACE 


presented. Some examples of specific theorems whose proofs we would normally 
omit in teaching a first-year course are: 


(7.5), page 127: The © form of L’H6pital’s Rule. 

(3.1), page 258: The Intermediate Value Theorem. 

(7.2), page 522: The fact that a power series can be differentiated term by term. 

(2.2), page 553: The detailed derivation of the integral formula for the arc 
length of a parametrized curve. 


In addition, the following are some sections of the book that we either skip entirely 
or mention only briefly in a beginning course: 


Section 7, Chapter 2: L’H6pital’s Rule. 
All of Chapter 3: Conic Sections. (Sufficient analytic geometry for 
specific examples in calculus is developed as needed.) 
Section 3, Chapter 5: Inverse Function Theorems. 
Section 5, Chapter 6: Algebraic and Transcendental Functions. 
Section 3, Chapter 8: Numerical Approximations (Continued). 
Section 6, Chapter 8: Integration of Discontinuous Functions. 


Section 6, Chapter 11: Hyperbolic Functions. 


It is our hope that the reader will also find this book useful as a reference 
work. In his subsequent mathematical training he may wish to return and study 
more deeply some of the details, which he omitted as a beginning student and 
which at a later time will appear more meaningful and relevant to his interests. 

The format should offer no problems. Definitions are set in boldface type, 
and theorems in italic. All theorems are numbered with two integers, such as (2.3). 
The more important ones in addition carry the label THEOREM, and the few 
that are sufficiently famous to have common names are labeled with them. Other 
propositions and formulas, which are technically also theorems but are not generally 
referred to as such, are simply numbered. The first integer indicates the section, 
and the second is a reference within the section. Thus (2.3) is the third theorem, 
proposition, or formula occurring in Section 2. The number of the chapter is not 
given, but a reference to (2.3) is usually accompanied by the number of the page on 
which it is found. If no page is given, then both the reference and the theorem 
referred to are in the same chapter. Finally, in individual sections a number, such 
as (6), may appear to the right of a given equation so that it may be referred to by 
that number later in the same section. 

We are deeply indebted to many people, and it is difficult to make adequate 
acknowledgments. First, we wish to thank those of our colleagues in the Dartmouth 
Mathematics Department who have given generously of their time with helpful 
advice and criticism. Among these, we are especially grateful to Professor Edward 
M. Brown for his interest and many valuable suggestions. In typing and preparing 
the manuscript we have had the cooperation from time to time of all the secretaries 
in the Department. In particular, our thanks are due to Mrs. Margaret P. Carter, 
Mrs. Helen Hanchett, Mrs. Nancy B. French, Miss Jane Overman, and Mrs. 
Linda P. Wieselquist. The students who have willingly learned their calculus from 
unfinished parts of the manuscript also deserve our thanks. We have been fortunate 
in having the assistance of Mr. Rudd A. Crawford, Jr., of the Concord-Carlisle 
School District and Harvard University, who prepared the answers to the problems. 
Finally, although Slesnick is still a bachelor, Crowell is not and owes an inestimable 
debt to his wife Marilyn for her patience and understanding throughout the writing 
of this book. 


September 1967 R.H.C. 
Hanover, N.H. W.ES. 
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CHAPTER 1 


Functions, Limits, and 
Derivatives 


1. Real Numbers, Inequalities, Absolute Values. Calculus deals with 
numerical-valued quantities and, in the beginning, with quantities whose 
values are real numbers. Some understanding of the basic set R of all real 
numbers is therefore essential. A real number is one that can be written as a 
decimal: positive or negative or zero, terminating or nonterminating. 
Examples are 


Ter—5; 10; 14, 

2 = 0.666666..., $ = 0.375, 
V2 = 1.4142..., 

—r = —3.141592..., 


176355.14233333.... 


The most familiar subset of R is the set Z of integers. These are the numbers 


Soe 10, 1 2, 3) .0s (1) 


on >, 


Another subset is the set Q of all rational numbers. A real number r is 
rational if it can be expressed as the ratio of two integers, more precisely, if 


r = —, where mand nare integers and n ¥ 0. Since every integer m can be 

n 
Pee ike 4 - ' 

written 1? it follows that every integer is also a rational number. A scheme, 


analogous to (1), which lists all the positive rational numbers is the follow- 
ing: 


(2) 


coho BIO po 
ako tolo seo 
Cols tO le 


+ Oh oh 


Of course there are infinitely many repetitions in this presentation since, for 
example, ? = $= §=.... An unsophisticated guess would be that all 
real numbers are rational. There are, however, many famous proofs that this 
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is not so. For example, a very simple and beautiful argument shows that ./2 
is not rational. (See Problem 13 at the end of this section.) It is not hard to 
prove that a real number is rational if and only if its decimal expansion 
beyond some digit consists of a finite sequence of digits repeated forever. 
Thus the numbers 


1.71349213213213213213 . . . (forever), 
1.500000000 . . . (forever) 


are rational, but 
0.101001000100001000001 . . . etc. 
is not. 
The fundamental algebraic operations on real numbers are addition and 
multiplication: For any two elements a and b in R, two elements a + b 
and ab in R are uniquely determined. These elements, called the sum and 


product of a and 4, respectively, are defined so that the following six facts 
are true: 


(i) ASSOCIATIVE LAWS 
a+(b+c)=(a+b)+¢, a(bc) = (ab)c. 
(ii) COMMUTATIVE LAWS 
a+b=b6+a, ab = ba. 
(iii) DISTRIBUTIVE LAW 
(a + b)c = ac + be. 


(iv) EXISTENCE OF IDENTITIES 
R contains two distinct elements 0 and 1 with the properties that 
0+a=a and 1-a=<a for everya in R. 


(v) EXISTENCE OF SUBTRACTION 
For every a in R, there is an element in R denoted by —a such that 
a+ (—a) = 0. [“a — b” is an abbreviation of ‘ta + (—4).”] 
(vi) EXISTENCE OF DIVISION 
For every a # 0 in R, there is an element in R denoted by a~* or 


! such that aa~' = 1. ( ; is an abbreviation of “ab~.") 


Addition and multiplication are here introduced as binary operations, How- 
ever, as a result of the associative law of addition, a + b + c is defined to 
be the common value of (a + 6) + c and a+ (6+ c). Ina like manner 
we may define the triple product abc and, more generally, a, + --* + dy 
and a,***a,. Many theorems of algebra are consequences of the above six 
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facts, and we shall assume them without proof. They are, in fact, frequently 
taken as part of a set of axioms for R. 

Another essential property of the real numbers is that of order. We write 
a < bas an abbreviation of the statement that a is less than b. Presumably 
the reader, given two decimals, knows how to tell which one is the smaller. 
For him the following four facts simply recall the basic properties governing 
inequalities. On the other hand, they may also be taken as axioms for an 
abstractly defined relation between elements of R, which we choose to denote 
by <. 


(vii) TRANSITIVE LAW 
Ifa < bandb < c, thena < c. 


(viii) LAW OF TRICHOTOMY 
For every real number a, one and only one of the following alter- 
natives holds: a = 0, or a < 0, or 0 < a. 


(ix) Ifa <b, thna+c<b+e. 
(x) Ifa < band0 < ¢, then ac < bc. 


Note that each of the above statements except (vi) remains true when 
restricted to the set Z of integers. Moreover, all the statements are true for 
the set Q of rational numbers. Hence as a set of axioms for R, they fail to 
distinguish between two very different sets: R and its subset Q. Later in this 
section we shall add one more item to the list, which will complete the alge- 
braic description of R. 

A real number a is positive if 0 < a and negative if a < 0. Since the 
relation “greater than” is just as useful as “less than,” we adopt a symbol for 
it, too, and abbreviate the statement that a is greater than b by writing a > b. 
Clearly a > 6 if and only if 6 < a. Statement (x), when translated into 
English, says that the direction of an inequality is preserved if both sides are 
multiplied by the same positive number. Just the opposite happens if the 
number is negative: The inequality is reversed. That is, 


(1.1) Ifa < bandc < 0, then ac > be. 


Proof. Since ¢ < 0, statements (iv), (v), and (ix) imply 
0=c+ (-—c) < 0+ (-c) = —-e. 
So —c is positive. Hence by (x), we get —ac < —be. By (ix) again, 
—ac + (bc + ac) < —be + (bc + ac). 


Hence be < ac, and this is equivalent to ac > bce. 
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Two more abbreviations complete the mathematician’s array of symbols 
for writing inequalities: 


a<b means a<b or a=b6, 
a>b means a>b or a=b. 


The geometric interpretation of the set R of all real numbers as a straight 
line is familiar to anyone who has ever used a ruler, and it is essential to an 
understanding of calculus. To describe the assignment of points to numbers, 
consider an arbitrary straight line L, and choose on it two distinct points, one 
of which we assign to, or identify with, the number 0, and the other to the 
number 1 (see Figure 1). The rest is automatic. The scale on L is chosen 


eS 
0 1 L 


Figure | 


so that the unit of distance is the length of the line segment between the points 
0 and 1. Every positive number a is assigned the point on the side of 0 con- 
taining 1 which is a units of distance from 0. Every negative number a is 
assigned the point on the side of 0 not containing 1 which is —a units of 
distance from 0. Note that if L is oriented so that | lies to the right of 0, 
then for any two numbers a and b (positive, negative, or zero), a < b if and 
only if a lies to the left of b. A line which has been identified with R under a 
correspondence such as the one just described is called a real number line 
(see Figure 2). 


v2 7 
a ey St Se 
-3 -2 =i 0 1 2 3 4 
Figure 2 


An interval is a subset / of R with the property that whenever a and c 
belong to Janda < b < c, then balso belongs to /. Geometrically an interval 
is a connected piece of a real number line. A number d is called a lower 
bound of a set S of real numbers if d < s for every s in S. It is an upper 
bound of S if s < d for every sin S. A given subset of R, and in particular 
an interval, is called bounded if it has both an upper and lower bound. There 
are four different kinds of bounded intervals: 


(a, b), the set of all numbers x such that a < x < b; 
[a, b], the set of all numbers x such that a < x < b; 
[a, b), the set of all numbers x such that a < x < b; 
(a, b], the set of all numbers x such that a < x < b. 
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In each case the numbers a and b are called the endpoints of the interval. The 
set [a, b] contains both its endpoints, whereas (a, b) contains neither one. 
Clearly [a, 6) contains its left endpoint but not its right one, and an analogous 
remark holds for (a, 6]. It is important to realize that there is no element 
(infinity) in the set R. Nevertheless, the symbols « and —~ are com- 
monly used in denoting unbounded intervals. Thus 


(a, 2) is the set of all numbers x such that a < x, 
[a, x) is the set of all numbers x such that a < x, 
(— x, a) is the set of all numbers x such that x < a, 
(—~, a] is the set of all numbers x such that x < a, 
(—~, ow) is the entire set R. 


The symbols « and —~x also appear frequently in inequalities although 
they are really unnecessary, because, for example, 


—x <x <a is equivalent to x < a, 
a<x< » is equivalent toa < x, 


etc. Since « is not an element of R, we shall never use the notations [a, «J, 
x < #, etc. An unbounded interval has either one endpoint or none; in 
each of the above cases it is the number a. We call an interval open if it con- 


+ + +—} + + closed 
=3 =2 =] 0 1 2 Ff 4 
>t +t —__t+—_—_+—-  rvither 
-3 -2 bead | 0 1 2 3 4 
>t + $+ open 
—3 =2 -1 0 “| 2 3 4 
—+—_+—} + + + + +— closed 
-3 -20 =I 0 1 2 3 4 
+ open 
=3 =2 =i 0 1 2 3 4 

Figure 3 


tains none of its endpoints, and closed if it contains them all. Thus, for 
example, (a, b) and (— x, a) are open, but [a, b] and [a, ~) are closed. The 
intervals [a, b) and (a, b] are neither open nor closed, although they are 
sometimes called half-open or half-closed. Since (— », ~) has no endpoints, 
it vacuously both does and does not contain them. Hence (— x, ~) has the 
dubious distinction of being both open and closed. 
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EXAMPLE 1. Draw the intervals [0, 1], [—1, 4), (2, ©), (—», -1], (—1, 3), 
and identify them as open, closed, neither, or both (see Figure 3). 


It is frequently necessary to talk about the size of a real number without 
regard to its sign, not caring whether it is positive or negative. This happens 
often enough to warrant a definition and special notation: The absolute value 
of a real number a is denoted by |a| and defined by 

a ifa> 0, 
lal = ‘ 
—a ifa < 0. 
Thus |3| = 3, |O| = 0, |—3| = 3. Obviously, the absolute value of a real 
number cannot be negative. Geometrically, |a| is the distance between the 
points 0 and a on the real number line. A generalization that is of extreme 
importance is the fact that |a — b| is the distance between the points a and b 
on the real number line for any two numbers a and b whatsoever. Probably the 
best way to convince oneself that this is true is to look at a few illustrations 
(see Figure 4). 


—+—_@—_+—_@—+__ 3-1) =2=|1-3), 
0 1 2 3 4 


—@—_+—_+—_+—®_ |-1-3|=4, 


—@—+—__+—_+—@  ((-3)- 1)=|1-(-3)|=4. 
-3 -2 =) 0 1 


Figure 4 
EXAMPLE 2. Describe the set J of all real numbers x such that |x — 5| < 3. 


For any number x, the number |x — 5| is the distance between x and 5 on a 
real number line (see Figure 5). That distance will be less than 3 if and only 


Figure 5 


if x satisfies the inequalities 2 << x < 8. We conclude that J is the open 
interval (2, 8). 

There is an alternative way of writing the definition of the absolute 
value of a number a which requires only one equation: We do not have to give 
separate definitions for positive and negative a. This definition uses a square 
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root, and before proceeding to it, we call attention to the following mathe- 
matical custom: Although every positive real number a has two square roots, 
in this book the expression \/a always denotes the positive root. Thus the two 
solutions of the equation x* = 5 are y/5 and —\/5. Note that the two equa- 
tions 

x =a and x=Va 
are not equivalent. The second implies the first, but not conversely. On the 
other hand, 
x=a and |x|=Va 


are equivalent. Having made these remarks, we observe that 


(1.2) jal = Va? 


The formulation (1.2) is a handy one for establishing two of the basic 
properties of absolute value. They are 


(1.3) |ab| = |a| [2]. 
(1.4) la + 5] < |a| + [8]. 


Proofs. Since (ab)* = a*b* and since the positive square root of a product of two 
positive numbers is the product of their positive square roots, we get 


|ab| = (ab)? = V/ab? = Va? VB? = [al |b). 
To prove (1.4), we observe, first of all, that ab < |ab|. Hence 
a® + 2ab + b* < a* + 2\ab| + b® = al? + 2Ial |b| + |d|?. 
Thus, 
la + b|? = (a + b)? < (Jal + |d))*. 
By taking the positive square root of each side of the inequality (see 
Problem 9), we get (1.4). 


As remarked above, our list of basic facts (i) through (x) about the set R 
of real numbers is incomplete. One important property of real numbers that 
together with the others gives a complete characterization is the following: 


(xi) LEAST UPPER BOUND PROPERTY 
Every nonempty subset of R which has an upper bound has a least 
upper bound. 


Suppose S is a nonempty subset of R which has an upper bound. What 
(xi) says is that there is some number b which (1) is an upper bound, i.e., 
s < b for every sin S, and (2) if c is any other upper bound of S, then b < c. 
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It is hard to see at first how such a statement can be so significant. Intuitively 
it says nothing more than this: If you cannot go on forever, you have to stop 
somewhere. Note, however, that the rational numbers do not have this prop- 
erty. The set of all rational numbers less than the irrational number \/2 
certainly has an upper bound. In fact, each of the numbers 2, 1.5, 1.42, 1.415, 
1.4143, and 1.41422 is an upper bound. However, for every rational upper 
bound, there will always exist a smaller one. Hence there is no rational least 
upper bound, 


PROBLEMS 


1. Draw the following intervals and identify them as bounded or unbounded, 
closed or open, or neither: (2, 4), [3,5], (—*, —2], [1.5, 2.5), (2, 7). 

2. Draw each of the following subsets of R. For those that are given in terms of 
absolute values write an alternative description that does not use the absolute 
value. 


(a) Set of all x such that 4 < x < 7.5. 

(b) Set of all x such thatO <x < =, 

(c) Set of all x such that 5 < x <8. 

(d) Set of all x such that |x| > 2. 

(e) Set of all y such that 1 < |y| < 3. 

(f) Set of all z such that |z — 2| < 1. 

(g) Set of all x such that |x — al > 0. 

(h) Set of all w such that 1 < |u — 1| < 5. 


3. Prove the following facts about inequalities. [Hint: Use (viii), (ix), (x), (1.1), 
and the meanings of > and <. In each problem you will have to consider 
several cases separately, e.g.,a > O anda = 0.) 

(a) Ifa <b, thena+c<b+e. 
(b) Ifa > 6, thena+c>b+e. 
(c) Ifa < bande > 0, then ae < be. 


(d) Ifa < bandc < 0, then ac > be. 
4. Prove that a is positive (negative) if and only if us is positive (negative). 
a 
Lea 
5. 1f0<a< 5, prove that = <-: 
a 


6. Ifa > cand b < 0, prove that & <>. 
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7. Ifa < b < ¢, prove that 


ifa> 0, 


ife <0. 


8. Does the set Z of integers have the Least Upper Bound Property? That is, if a 
nonempty subset of Z has an upper bound, does it have a smallest one? 
9. Show that if 0 < a < b, then0 < Va < Vb. 

10. Prove that a = 4 if and only ifa < band b < a. 

11. Show that the Least Upper Bound Property implies the Greatest Lower Bound 
Property. That is, using (xi), prove that if a nonempty subset of R has a lower 
bound, then it has a greatest lower bound. 

12. Verify the assertion made in the text that if an interval is bounded it must be 
one of four types: (a, 6), [a, 6], (a, 6], or [a, b). (Hint: See Problem 11.) 

13. Prove that \/2 is irrational. (Hint: The proof, which is elegant and famous, 


starts by assuming that /2 = - where p and g are integers not both even. 


A contradiction can then be derived.) 


2. Ordered Pairs of Real Numbers, the xy-Plane, Functions. The set whose 
members consist of just the two elements a and b is denoted {a,b}. The 
notation is not perfect because it suggests that the members a and b have been 
ordered: a is written first and b second. Actually no ordering is present 
because {a,b} = {b,a}. Note also that ifa = b, then {a,b} = {b,a} = {a}. 
It can happen, however, that the ingredient of order is essential. We therefore 
introduce the notion of an ordered pair (a, b) whose first member is a and 
whose second member is b. The characteristic property of ordered pairs is 


(a, b) = (c,d) if and only if a = cand b = d. 


In particular (a, b) = (b, a) if and only if a = b. In Section 1 we saw that 
the set R of all real numbers can be thought of as a straight line. We shall 
now show that every ordered pair (a,b) of real numbers a and b can be 
identified with a point in a plane. This brings up a notational problem: Is 
(5, 7) the ordered pair of real numbers or is it the open interval consisting of 
all x such that 5 < x < 7? The answer is that it is impossible to tell out of 
context—just as it is impossible to tell whether the word “‘well” is the noun 
or the adverb. 

Consider two distinct real number lines drawn in a plane so that they 
intersect at the number 0 on each line. One of the lines is traditionally drawn 
horizontal and called the x-axis, and the other is made perpendicular to it 
and called the y-axis. The orientation is chosen so that the number | on the 
x-axis lies to the right of 0, and the number | on the y-axis is above 0. It is 
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also customary to use the same scale of distances on both axes. For every 
ordered pair (a, b) of real numbers, let L, be the line parallel to the y-axis 
that cuts the x-axis at a, and let M; be the line parallel to the x-axis that cuts 
the y-axis at b. We assign the point of intersection of L, and M, to the ordered 
pair (a, b) (see Figure 6). The numbers a and + are called the coordinates of 


M, 


x-axis 


Figure 6 


the point. a is the x-coordinate (or abscissa) and b is the y-coordinate (or 
ordinate). 

If the pairs (a, b) and (c, d) are not equal, then the points in the plane 
assigned to them will be different. In addition, every point in the plane has a 
number pair assigned to it: Starting with a point, draw the two lines through 


praxis 
+—1 ~ 4 eS 
(2,3) | (1,2) 
(0,1) 
——— 
(4,0) x-axis 
Ez 
(—2,-3) (2,-3) 
to t T 
Figure 7 


it which are parallel to the x-axis and the y-axis. One line cuts the x-axis at a 
number a, and the other cuts the y-axis at b. The ordered pair (a, b) has the 
original point assigned to it. It follows that our assignment 


pair — point 
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is a one-to-one correspondence between the set of all ordered pairs of real 
numbers, which we denote by R®, and the set of all points of the plane. It is 
convenient simply to identify R* with the plane together with the two axes. 


EXAMPLE 1, Plot the points (1, 2), (—2, 3), (0,1), (4,0), (—2, —3), and 
(2, —3) on the xy-plane (see Figure 7). 


The usefulness of the idea of an ordered pair is by no means limited to 
pairs of real numbers. In plane geometry, for example, we may consider the 
set of all ordered pairs (T, p) in which T is a triangle and p is the point of 
intersection of its medians. In the three-dimensional extension of the 
xy-plane, the set R* of all ordered triples (a, b, c) of real numbers is identified 
with the set of all points in three-dimensional space. The definition of an 
ordered triple can be reduced to that of an ordered pair by defining (a, b, c) 
to be ((a, b), c). 


yraxis 


T Q=(c,d) 


\b—d| 


| P=(a,b) 
la-e| 


- - + + + + + + 


x-axis 
Figure 8 
Let P = (a,b) and Q = (c, d) be arbitrary elements in the set R? of all 


ordered pairs of real numbers. We define the distance between P and Q by 
the formula 


(1) 


Three simple corollaries of this definition are: 


(2.1) Distance (P, Q) > 0; i.e., distance is never negative. 
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(2.2) Distance (P, Q) = 0 if and only if P = Q. 
(2.3) Distance (P, Q) = distance (Q, P). 


Another consequence of (1) is that it is no longer simply a matter of 
tradition and convenience that we draw the y-axis perpendicular to the 
x-axis. It follows from consideration of the Pythagorean Theorem and its 
converse (see Figure 8) that the above definition of distance between elements 
of R® corresponds with our geometric notion of the distance between points 
in the Euclidean plane if and only if the two coordinate axes are perpendicular 
and the scales are the same on both. 


EXAMPLE 2. Let C be the subset of the xy-plane consisting of all points whose 
distance from (1, 1) is equal to 2. Thus C is the circle shown in Figure 9. 


y-axis 


x-axis 


Figure 9 


If (x, y) is an arbitrary point in the xy-plane, its distance from (1, 1) is equal 
toV/(x — 1)? + (vy — 1)*. Hence, (x, y) belongs to C if and only if 


Vix = TP 1 = 2. (2) 
Numbers x and y satisfy (2) if and only if they satisfy 
C= )o = 4 (3) 


Thus C is the set of all ordered pairs (x, y) that satisfy (3)—or that satisfy (2). 
Either (2) or (3) is therefore called an equation of the circle C. 


The set of all points (x, y) in the plane that satisfy a given equation is 
called the graph of the equation. Hence, in the above example, the circle C 
is the graph of the equation (x — 1)? + (y — 1)? = 4. 
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EXAMPLE 3. Let L be the set of all ordered pairs (x, y) such that y = 2x — 3. 
For each real number x, there is one and only one number y such that (x, y) 
belongs to L: y = 2x — 3. To see what L looks like, we plot five of its points 
(see Table 1). As shown in Figure 10, all these points lie on a straight line. 


In Section 5 we shall justify the natural conjecture that this straight line is the 
set L. 


TABLE | y-axis 
oe y=2x-3 
=1 =5 
0 —3 
1 a | 
2 1 
3 3 


x-axis 


Figure 10 


EXAMPLE 4. The set of all pairs (x, y) such that y? = x is the curve shown in 
Figure 11. This curve is a parabola, one of the conic sections, which are 
studied in greater detail in Chapter 3. At present we shall be satisfied with 
plotting a few points and connecting them with a smooth curve (see Table 2). 


TABLE 2 praxis 


x-axis 


Figure 11 


A function f is any set f of ordered pairs such that whenever (a, 6) and 
(a, c) belong to f, then b = c, Note that every subset of the xy-plane is a set 
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of ordered pairs, but not every subset is a function. In particular, the parab- 
ola in Example 4 is not, because it contains both (4, 2) and (4, —2). On the 
other hand, the straight line in Example 3 is a function. This condition that a 
function must never contain two pairs (a, b) and (a,c) with b # c means 
geometrically that a subset of the xy-plane is a function if and only if it 
never intersects a line parallel to the y-axis in more than one point. Hence it 
is an easy matter to decide which of the following sets are functions and which 
are not: 


(i) The set f of all pairs (x, y) such that y = x + 1. 
(ii) The set g of all pairs (x, y) such that x* + y? = 1. 
(iii) The set F of all pairs (x, y) such that y = x? + 2x + 2. 
(iv) The set A of all pairs (x, y) such that 2x + 3y = 1. 
(v) The set G of all pairs (x, y) such that y = y/x + 2. 
(vi) The set H of all pairs (x,y) such that yt = x. 


The sets f, F, h, and G are functions, but g and H are not. 

The domain of a function f is the set of all elements a for which there is a 
corresponding b such that (a, b) belongs to f. Analogously, the range of f 
is the set of all elements b for which there is an a such that (a, b) belongs to f. 
In (i), the domain of fis the set R of all real numbers and so is the range. On 
the other hand, in (iii), although the domain of Fis equal to R, the range is the 
interval consisting of all real numbers y > 1, because we can write x* + 
2x+2=(*+ 1%? +121. 

If a pair (a, b) belongs to a function f, we call b the value of f at a and 
write b = f(a). Note that the meaning of f(a) is unambiguous only because 
the definition of a function forbids having (a, b) and (a, c) both belong to f 
if b ~ c. Therefore the second member of any ordered pair that belongs to f 
is determined by the first member. 


EXAMPLE 5. In (i), 
SQ)i=xchal, f@=a+l, 
£0) = 1, f34+4=G34+44+1=8, 
f-)=-14+1=0, fatb=at+b+1. 
In (v), 
Gx)=Vx4+2, GQx+y)= Vix ty 42, 
G00) = v2, G(—2) = 0, 
G(2) = 2, G(—3) is not defined. 
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To each element a in the domain of a function f there corresponds a 
value f(a) in the range. This correspondence between domain and range, 
which is pictured in Figure 12, is the central idea in the definition of a function. 
Thus the function f that consists of all ordered pairs (x, y) such that y = x? 
and —1 < x < 2 is interpreted as the rule of correspondence which assigns 
to each number in the interval [— 1, 2Jits square. We can describe f completely 
and simply by writing 


ite, -l1<x<2. 


domain f 
Figure 12 
Examples of other functions are 
gx)=Vxt+1, -lSx<a, 
F(x) = x’, x <x<u, 
% 
AG) = 0” x # —2. 


Note that the functions f and F immediately above are not equal, although f 
is a subset of F. Two functions are equal if they are one and the same set of 
ordered pairs. It follows that 


(2.4) Functions f and g are equal if and only if they have the same domain D 
and f(x) = g(x) for every element x in D. 


Thus any complete description of a function must include a description 
of its domain. Sometimes this information is in fact omitted. We shall adopt 
the convention that if no explicit description of the domain of a function is 
given, then its domain is assumed to be the largest set of real numbers that 
makes sense. For example, the domain of the function H defined by 


1 1 


LCI) Sree oh SEC) 


is assumed to be the entire set of real numbers with the exception of —1 and 2. 


16 FUNCTIONS, LIMITS, AND DERIVATIVES [cuapr. 1 


It is sometimes helpful to think of a function as a computing machine. 
Imagine a computing machine, named f, which is provided with an input 
tape, an output tape, and a button (see Figure 13). One writes a number x 
on the input tape and pushes the button. If x is one of the inputs which the 
machine will accept, i.e., if x is in the domain of f, the machine whirs con- 
tentedly and prints an output, which we denote f(x), on the output tape. If x 
is not in the prescribed domain, either nothing happens or a red light flashes. 


button 


Figure 13 


We have already seen that one of the best ways of describing a subset of 
R’ is to draw a picture of it. If this subset happens to be a function, we call 
the picture the graph of the function. More specifically, if a function f is a 
subset of R?, its graph is the set of all points in the plane that correspond to 
ordered pairs of the form (x, f(x)). Note that the graph of f depends on the 
correspondence between ordered pairs and points; i.e., it depends on the 
choice of axes. To illustrate this, in Figure 14 we have drawn the graph of 


\ 


/ 
\ 

a / Is 

on 

| * 

! \ 

1 

Figure 14 


the function f defined by f(x) = x° for two sets of axes. For a single choice of 
axes, we simply identify ordered pairs and points, and under this identification 
a function and its graph become the same thing. 

Most of the functions encountered in an introduction to calculus are 
defined by means of a single equation; e.g., A(x) = x*° + 3. It is a bad mis- 
take, however, to assume that this is always true. The function F given by 


x+1  ifx>0, 
FO) = 1 x : 
map if x < 0; 
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requires two equations for its definition. The graph of F is shown in Figure 15. 
Another function, which is so wild that it is impossible to draw its graph, is 
the following: 

0 if x is rational, 

a(x) = TOPS bee 

1 if x is irrational. 
The ordered pairs that comprise a function are not necessarily pairs of 
numbers. An example is the function, mentioned earlier in this section, which 
assigns to each triangle the point of intersection of its medians. It is possible 
for the domain of a function to be a set of ordered pairs. Consider the 
function f consisting of all ordered pairs ((x, y), z), where x, y, and z are 


y-axis 


x-axis 


Figure 15 


numbers that satisfy x > y and z = 2x* + y*. We describe this function 
simply as follows: 


fy = 22+ y, x>By. (4) 


As a final example of a function, consider the rule of correspondence that 
assigns to each person his or her male parent. 

As we have indicated, the definition of a function is appallingly general. 
One of our tasks is to delineate properly the kinds of functions studied in 
calculus. To begin with, a function f is said to be real-valued if its range is a 
subset of R, the set of real numbers. If the domain of f is a subset of R, we 
call fa function of a real variable. The function f(x, y) defined in (4) has as its 
domain a subset of R®. It is a real-valued function of two real variables, For 
the most part, a first course in calculus is a study of real-valued functions of 
one real variable. 


PROBLEMS 


1. Plot the following points in the xy-plane: (0, —2), (1, 3), (3,1), (—4, —4), 
and (5, 0). 

2. In the xy-plane plot the points (1, 2) and (2, 1), (—3, 2) and (2, —3), (—2, —3) 
and (—3, —2). Describe the relative positions of the points (a, b) and (4, a) 
for arbitrary a and b. 
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3. The x-axis and the y-axis divide R? into four quadrants, as shown in Figure 16. 
Let (a, 6) be a point for which neither a nor 4 is zero. How can you recognize 
instantly which quadrant (a, b) belongs to? 


y-axis 


Ir 


x-axis 
Il IV 
Figure 16 
4. Find the distance between 
(-1, 2) and (3, 4), 
(2, 3) and (3, 2), 
G, 4) and (—1, 2), 
(—2,-1) and (2,1). 


In each case plot the points in R*. 
5. Verify Proposition (2.4). 


6. Plot the subsets of the xy-plane defined in (i) through (vi), page 14. 
7. In each of the following, plot the subset of R? that consists of all pairs (x, y) 
such that the given equation (or conditions) is satisfied. 


(a) 
(b) 
(©) 
(d) 
(©) 
) 
(g) 


3x + 2y =3 

x+ye=1 

y= ls 

yavx 

e+ y=4 

xt + 4y?=4 
x?+y2?=1 and y>O0 


(h) 4x2 — y? =4 
(i) y=2x?+x-2 
Gy = |x] 
(k) y = largest integer less than 
or equal to x 
ax+3;, x28 
= 2 
ees Ca x <0. 
2 


8. In Problem 7, which subsets are functions? 
9. Let fand g be two functions defined, respectively, by 


SQ) =x? +x+1, 


Find: 


Oa eS 


for every real number x except x = 1. 


(a) S(2), £0), f@), fla + 6), fla — 6). 
(©) g(0), g(—1), g(10), g(5 + 9), g(x’). 
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10. Give an example of a function fand a function g that satisfy each of the follow- 
ing conditions. 


(a) domain f = domain g, but range f ¥ range g. 

(b) domain f # domain g, but range f = range g. 

(c) domain f = domain g and range f = range g, but f ¥ g. 

(d) f(a) = g(a) for every a that belongs to both domains, but Siveoe. 


11. What is the assumed domain of each of the following functions? 


5 

(a) sf) = ea ) fO= 

x42 (f) F(x) = Vx? — 8x — 20 
(b) f(x) = TES) . 

(g) The set of all ordered pairs (x, y) 
G\ Kae xob3 such that 
SO END ee 

(a) f(x) = Se Poon 


3, Operations with Functions. If f and g are two functions, a new function 
J(g), called the composition of g with f, is defined by 


(4(9))@) = f(g). 
x+1 
x—1’ 


For example, if f(x) = x* — 1 and g(x) = then 


(s(8))(@) = f(g) = (g(x)? = 1 


_ (x+1)' _ 23x° +1). 
alias eae ue 


The composition of two functions is the function obtained by applying one 
after the other. If f and g are regarded as computing machines, then Ff (g) is 
the composite machine constructed by feeding the output of g into the input 
of fas indicated in Figure 17. In general it is not true that f(g) = g(f). In 


ee ae nae a | 
| 
i g(a) 
@ i xa cf ra Bepteta) 
i 1 
ee ea palm ts 5 J 


Figure 17 
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the above example we have 


(efx) = s(feo) = fO4t 


Srey 
eC yeh eee ee 
“@s—1)—1 x2 2) 


and the two functions defined by (1) and (2) are certainly not the same. In 
terms of ordered pairs the composition f(g) of g with f is formally defined to 
be the set of all ordered pairs (a, c) for which there is an element b such that 
b = g(a) and c = f(b). 

If f and g are two real-valued functions, we can perform the usual arith- 
metic operations of addition, subtraction, multiplication, and division. Thus 


1 
for the functions f(x) = x* — 1 and g(x) = an , we have 


fix) + ax) = x1 424, 
fos) — a(x) = x — 1-244. 
3 x+1 
S(@x)g@X) = & — DI 


=(*+x4+1e+1) ifx¥l, 


epi le (es a eae 
SO)/8@) = ST = Teal 


x 


Just as with the composition of two functions, each arithmetic operation 
provides a method of constructing a new function from the two given func- 
tions f and g. The natural notations for these new functions are f+s 


f — g, fg, and f They are defined by the formulas 


(f + g(x) = f(x) + a(x), 
(f — g(x) = f(x) — gs), 
(f(x) = f(x)g), 


ip f(x) p 
“(x)= —> f #0. 

2@) =F) fa) 

The product function fg should not be confused with the composite function 
f(g). For example, if f(x) = x® and g(x) = x*, then we have 
(fe(x) = f(xdg(x) = x°- x* = x°, whereas 


(f(g))() = f(g) = G°)° = x". 
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We may also form the product af of an arbitrary real number a and real- 
valued function f. The product function is defined by 


(af (x) = af(x). 
EXAMPLE 1. Let functions f and g be defined by f(x) = x — 2 and g(x) = 
x? — 5x + 6. Draw the graphs of f, g, 2f, and f+. We compute the 


function values corresponding to several different numbers x in Tables 3 and 
4. The resulting graphs of f and g are, respectively, the straight line and 


y-axis praxis 


x-axis 


(a) Figure 18 (6) 


parabola shown in Figure 18(a). It turns out that the graphs of 2f and 
f + gare also a straight line and a parabola. They are drawn in Figure 18(b). 
To see why the graph of f + gis a parabola, observe that 


(f+ a(x) =f) + 8) = (* — 2)+ GO? - 5x4+ 6) = x - 4x44 
= (x — 2). 


It follows that f + g is very much like the function defined by y = x’. 
Instead of simply squaring a number, f + g first subtracts 2 and then squares. 
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Its graph will be just like that of y = x? except that it will be shifted two units 
to the right. 


TABLE 3 TABLE 4 

x | £0) | 20) x | g(x) 
0| -2| -4 0 6 
1} -1 —2 fs) 6 
2 0 0 $| -t 
io 1 2 1 2 
4 2 


Up to this point we have used the letters f, g, h, F, G, and H to denote 
functions, and the letters x, y, a, b, and c to denote elements of sets—usually 
real numbers. However, the letters in the second set are sometimes also used 
as functions. This occurs, for example, when we speak of x as a real variable. 
As such, it not only is the name of a real number but also can take on many 


different values: 5, or —7, or 7, or .... Thus the variable x is a function. 
Specifically, it is the very simple function that assigns the value 5 to the 
number 5, the value —7 to the number —7, the value 7 toz,.... For every 


real number a, we have 


x(a) = a. 


This function is called the identity function. 

Suppose, for example, that s is used to denote the distance that a stone 
falling freely in space has fallen. The value of s increases as the stone falls 
and depends on the length of time ¢ that it has fallen according to the equa- 
tion s = 4g/*, where g is the constant gravitational acceleration. (This 
formula assumes no air resistance, that the stone was at rest at time tf = 0, 
and that distance is measured from the starting point.) Thus s has the value 
3g if ¢ has the value 3, and, more generally, the value }ga° when ¢ has the 
value a. If we consider ¢ to be another name for the identity function, then s 
may be regarded as the function whose value is 


s(a) = 4ga* = 4g(1(a))* 


for every real number a. The original equation s = }g?* then states the rela- 
tion between the two functions s and f. The fact that s and 1 take on different 
values is also expressed by referring to them as variables. A variable is simply 
a name of a function. In our example s is called a dependent variable, and 
t an independent variable, because the values of s depend on those of f 
according tos = 4gf*. Thus an independent variable is a name for the identity 
function, and a dependent variable is one that is not independent. 
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A real variable is therefore a name of a real-valued function. Since the 
arithmetic operations of addition, subtraction, multiplication, and division 
have been defined for real-valued functions, they are automatically defined 
for real variables. 

We shall generally use the letter x to denote an independent variable. 
This raises the question: How does one tell whether an occurrence of x 
denotes a real number or the identity function? The answer is that the 
notation alone does not tell, but the context and the reader’s understanding 
should. However, a more practical reply is that it doesn’t really make 
much difference. We may regard f(x) as either the value of the function 
f at the number x or as the composition of f with the variable x. If x is an 
independent variable, the function f(x) is then the same thing asf. 


EXAMPLE 2. The conventions that we have adopted concerning the use of 
variables give our notations a flexibility that is both consistent and ex- 
tremely useful. Consider, for example, the equation 


y = 2x? — 3x. 


On the one hand, we may consider the subset of R’, pictured in Figure 19, 
that consists of all ordered pairs (x, y) such that y = 2x* — 3x. This subset 


y-axis 


y=2x?-3x 


x-axis 


Figure 19 


is a function f whose value at an arbitrary real number x is the real number 
f(x) = 2x? — 3x. Alternatively, we may regard x as an independent 
variable, i.e., the identity function. The composition of f with x is then the 
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function f(x) = 2x* — 3x, whose value at 2, for instance, is 
(f@)@ = £2) = 2 = 8-6 = 2. 


A third interpretation is that y is a dependent variable that depends on x 
according to the equation y = 3x? — 2x. That is, y is the name of the 
function 3x? — 2x. 


EXAMPLE 3. Let F be the function defined by F(x)=x°'+x+1. If 


u = /x — 2, then 
Fu) =ue+utl 


(x — 2°? + (x — 2)? + 1 


If we denote the function F(x) by w, then 
utw=vVvx—-24x°42x41, 
uw = (x — 2)'700° + x + 1). 


On the other hand, we may let G be the function defined by G(x) = \/x — 2 
for every real number x > 2. Then G + Fand GF are the functions defined, 
respectively, by 


(G + F)(x) 


G(x) + F(x) 
Vx—24+x 4x41, 
(GF)(x) = G(x)F(x) = (x — 2)? + x + 1). 


To say that a is a real constant means first that it is a real number. 
Second, it may or may not matter which real number a is, but it is fixed for the 
duration of the discussion in which it occurs. Similarly, a constant function 


y-axis 


S(x)=5 


x-axis 


Figure 20 
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is one which takes on just one value; i.e., its range consists of a single ele- 
ment. For example, consider the constant function f defined by 


IM= 5, —-m<x<01 


The graph of fis the straight line parallel to the x-axis that intersects the y-axis 
in the point (0, 5); see Figure 20. We shall commonly use lower-case letters 
at the beginning of the alphabet, e.g., a, b, c,..., to denote both constants 
and constant functions. 


EXAMPLE 4. Consider the function ax + b, where a and 5 are constants, 
a ~ 0, and x is an independent variable. The graph of this function is a 


. ! é ‘ b 4 A 
straight line that cuts the y-axis at b and the x-axis at — ie It is drawn in 


Figure 21. This function is the sum of the constant function 5 and the func- 
tion which is the product of the constant function a and the identity function x. 


Figure 21 


PROBLEMS 
1. Let functions f and g be defined by 
f(x) = x8 — 4° + 5x — 2 = (x — 2)(0" — 2x +1), g(x) = i. 
Find A(x) if 


(a) A = f(g) @d) A= fe 
©) k= S+¢ (©) A = Sfp’. 
() h= xf) 


2. What is the domain and range of each of the functions f and g in Problem 1? 
What is the domain of each of the functions 4? 


3. If f(~) = x + land g(x) = x — 1, plot the graph of the fanckionles 
& 
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. Plot the graph of the composite function F(g), where F and g are the functions 


defined by g(x) = x — 2 and F(x) = de 
x 


. If f, g, and / are functions, show that f(g(4)) = (/(g))(4). This is the Asso- 


ciative Law for the Composition of Functions. 


. If fisa real-valued function, how would you define the function 3f? How would 


you define Vf? 

The velocity v of a freely falling body depends on the distance s that it has 

fallen according to the equation v = \/2gs, where g is the constant gravita- 

tional acceleration. 

(a) Using an s-axis and a v-axis, plot the dependent variable v as a function 
of the independent variable s. 

(b) If.s depends on the time ¢ according to the equation s = 4gt?, how does v 
depend on rt? 

Note that the variable v in (a), which depends on s, is not the same function as 

the variable v in (b), which depends on ¢. Without knowing which is referred 

to, the meaning of the value of v at 2 is ambiguous. 


Ifw=ue+ut1,u = x? +2, and v = x — 1, what is the value of each 


of the following functions at an arbitrary real number x? 
(a) u+ov (bt) w+ov (c) wu. 
1 


Af FG) mt ee and w= ixt + Dandy then 
x 


(a) (FW)@) = 
(b) F(wQ)) = 
©) @t+ w)@) = 


The equation y = 2x + 1 defines y as a function of x. It also defines x as a 
function of y. Describe the latter function in two ways. 

Draw the graph of the function f(x) = ax — 1 for four different values of the 
constant a. 

If f and g are two real-valued functions, give the definitions of the sum f+ g 
and the product fg in terms of ordered pairs. 

Let fand g be two real-valued functions. In terms of domain f and domain g, 
what are: 


(a) domain f(g)? (b) domain (f + g)? (c) domain fg? 


4. Limits and Continuity. Consider the function f defined by 


x= 3x42, 


Se] x #2. 


f(x) = 


The domain of f is the set of all real numbers with the exception of the 
number 2, which has been excluded because substitution of x = 2 in the 
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expression for f(x) yields the undefined term 8. On the other hand, 
x? — 3x + 2 = (x — 1)(x — 2) and 
&— ed =x-l1, provided x ¥ 2. (1) 


The proviso is essential. Without it, (1) is false because, if x = 2, the left 
side is undefined and the right side is equal to 1. We therefore obtain 
f@=x-1, x2. 


The graph of the function x — 1 is a straight line L; so the graph of f is the 
punctured line obtained from L by omitting the one point (2,1) (see 
Figure 22). 


praxis 


x-axis 


Figure 22 


Although the function f is not defined at x = 2, we know its behavior 
for values of x near 2. The graph makes it clear that if x is close to 2, then 
J (x) is close to 1. In fact, the values f(x) can be brought arbitrarily close to 1 
by taking x sufficiently close to 2. We express this fact by writing 


2 2 
which is translated: The limit of a is 1 as x approaches 2. 


x—2 


/x— V3 /x — 
sea 5/3 . The function = is not de- 
x 


EXAMPLE 1, Evaluate lim 
23 +_— 


fined at x = 3. The following algebraic manipulation puts the function in a 
form in which its behavior close to 3 can be read off easily: 
Vx—V3_ Vx—-V3 VxtV3_ x-3 1 
Poa a Nene S38 VES 
oe Si ae 
vx + V3 


if x 4 3. 
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Again note the proviso x ~ 3: When x = 3, the last quantity in the pre- 


1 
ceding equations is equal to —=———~ , but the first quantity is not defined. 
ig eq! q' VLSNa q' y 
However, by itis values of x close to 3, it is clear that the corresponding 
1 
values of —=———~ can be brought as close as we please to awe 
Vx : v3 o wW3 
conclude that 
ines 
ma x — 3 2/3 
- V3 
In words: The limit fie , aS x approaches 3, is —= ee 


EXAMPLE 2. If f(x) = - , evaluate lim f(x). The function / is not defined at 


x0 


0 (i.e., the number 0 is fi in the domain of f). From the graph of f and the 
list of ordered pairs (x,f(x)) shown in Figure 23, it is clear that there are 
values of x arbitrarily close to 0 for which the corresponding values of f(x) 
are arbitrarily large in absolute value (see Table 5). We conclude that 


wel! , 
lim — does not exist. 
240 X 


TABLE 5 y-axis 
1 
x IO) == 
x 
iad 
0.1 | 10 
0.01 | 100 
0.001 | 1000 oy / 
0.0001 | 10000 soaks 
-1;| -1 
—0.1 | —10 
—0.01 | —100 | 
—0.001 | —1000 
—0.0001 | —10000 ii 


Figure 23 


Thus far our examples have been confined to the problem of finding the 
limit of a function at a number which happens to lie outside the domain 
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of the function. If it happens that the number a is in the domain of f, then 
it is frequently possible to determine lim f(x) at a glance. Consider, for 


example, the function f(x) = 2x? — x — 2. As x takes on values closer and 

closer to 3, the corresponding value of 2x* approaches 18, the value of —x 

approaches —3, and the constant —2 does not change. We conclude that 
lim (2x* — x — 2) = 13, 


23 


or that, for this particular function, lim f(x) = f(3). 
rs 


EXAMPLE 3. It would be incorrect to suppose that if a is in the domain of f, 
then it always happens that lim f(x) = f(a). Consider the two functions 


f and g defined by 


fQ) x+1 if |x| > 0, 
x) = 
2 ifx = 0, 
(x) x?+1 ifx > 0, 
8X) = 
-¥-1  ifx<0. 
y-axis praxis 
g(x)=x? +1, 
ifx2>0 
= + 5 
X-axis 
S(x)=x?+1 0 if L 
x#2 g(x)=—-x?-1, 
if x<0 
L L 1 
x-axis T 
(a) (b) 
Figure 24 


Both these functions are defined on the whole real line; i.e., domain f = 
domain g = R (see Figure 24). Furthermore, 


£0) =2 and g(0) = 1. 
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As x approaches 0, however, it is clear that x? + 1 approaches 1 and not 2. 
Hence 


lim f(x) = 1 # (0). 


[Note that in computing lim f(x), we consider values of f(x) for all x arbi- 
za 


trarily close to a but not equal to a. This point will be made explicit when we 
give the formal definition.] Turning to g, we see that the value of g(x) near 0 
depends on whether xis positive or negative. For any small positive number x, 
the corresponding number g(x) is close to 1, but if x is small! in absolute 
value and negative, then g(x) is close to —1. Since there is no reason to 
prefer numbers of one sign to those of the other, we conclude that there is 
no limit. Thus 


lim g(x) does not exist. 
z—0 


The reader may feel that Example 3 loses force because the functions 
used to make the point were in some sense artificial. There is some truth in 
the objection. Recall, however, that one of our major objectives is to reduce 
the class of all functions to those we wish to study in this course. After 
defining lim f(x) precisely, we shall turn our point of view around and use 

0 


this definition as the major tool in the problem of deciding what does con- 
stitute a well-behaved function. 
The conceptual problems in trying to give an exact meaning to the 
expression lim f(x) = b revolve around phrases such as “arbitrarily close,” 
za 


“sufficiently near,” and “arbitrarily small.” After all, there is no such thing 
in any absolute sense as a small positive real number. The number 0.000001 
is small in most contexts, but in comparison with 0.000000000001 it is huge. 
However, we can assert that one number is smaller than another. Moreover, 
the actual closeness of one number x to another number a is just the distance 
between them: It is |x — a|. One way to say that a function f takes on values 
arbitrarily close to a number 5 is to state that, for any positive real number e, 
there are numbers x such that | f(x) — b| < €. We are stating that no matter 
what positive number € is selected, 10'’, or 10”, or 107!”", there are num- 
bers x so that the distance between f(x) and b is smaller than e. Thus the 
difficulty inherent in the phrase “arbitrarily close” has been circumyented 
by the prefix “for any.” To finish the definition, we want to be able to say 
that f(x) is arbitrarily close to b whenever x is sufficiently close, but not equal, 
to a. What does “sufficiently close’ mean? The answer is this: If an arbi- 
trary € > 0 is chosen with which to measure the distance between f(x) and 
5, then it must be the case that there is a number 6 > 0 such that whenever 
x is in the domain of f and within a distance 6 of a, but not equal to a, then 
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the distance between f(x) and 6 is less than €. The situation is pictured in 
Figure 25. First € > 0 is chosen arbitrarily. There must then exist a number 
6 > 0 such that whenever x lies in the interval (a — 6,a + 6), andx #a 
then the point (x, f(x)) lies in the shaded rectangle. We summarize by giving 


6 6 


b & 5)! i 
€ 


a 
Figure 25 


the definition: Let f be a real-valued function of a real variable. Then the 
limit as x approaches a of f(x) is 6, written 

lim f(x) = 6, 

za 
if, for any € > 0, there exists 6 > 0 such that whenever x is in the domain 
of fand0 < |x — a| < 6, then | f(x) — b| < ¢. (There is a strong tradition 
for using the Greek letters € and 6 in the definition of limit. In fact, the part 
of calculus that deals with rigorous proofs of the various properties of 
limits is sometimes referred to as ‘‘epsilonics.”’) 


EXAMPLE 4. The idea behind a formal definition can sometimes be grasped 
most easily by looking at an example where the condition is not satisfied. 
Consider the function g defined in Example 3 whose graph is drawn in 
Figure 24(b). We shall prove that lim g(x) # 1. To do this, we must es- 


20 


tablish the negation of the limit condition: There is an € > 0 such that, for 
any 6 > 0, there is a number x in the domain of g such that 0 < |x| < 6 and 
|g(x) — 1| > €. There are many possible choices for €. To be specific, take 
€ = 4. We must now show that for every positive number 4, there is a non- 
zero number x in the open interval (— 6, 6) such that the distance between 


6 
g(x) and | is greater than or equal to 4 (Figure 26). Take x = — 2 This 
number is non-zero, lies in (— 4, 6), and furthermore 


eo) = e(-3) = ae 1<-1. 


Hence |g(x) — 1| > 2 > 4. 
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praxis 
6 + 6 
we 
e=t 
i € 
This distance is 
greater than +} ——I 
+ + : 
x-axis 
| ee ce Nl 
¢ Ris ' 
Figure 26 


The basic limit theorem is the following: 


(4.1) THEOREM. /f lim f(x) = 6; and lim g(x) = bs, then 
ra 


(i) lim [f@) + g@@)] = bi + be. 
(ii) lim ef(x) = ch. 


ra 


(iii) lim S(x)g(x) = bibs. 


Come oa 2 > provided be 0, 
ul ; 


The proofs are given in Appendix A. They are not difficult, and (i) and 
(ii) especially follow directly from the definition of limit and the properties 
of the absolute value. Some ingenuity in algebraic manipulation is required 
for (iii) and (iv). Note that we have already assumed that this theorem is 
true. For example, the assertion that lim (2x? — x — 2) = 13 is a corollary 


rod 
of (i), (ii), and (iii), 
If a function f is defined for every x in R and if its graph contains no 
breaks, then it is apparent from looking at the graph that lim f(x) = f(a). 


Logically, however, this intuitive point of view is backward. So far, we have 
constructed the graph of a function f by plotting a few isolated points and 
then joining them with a smooth curve. In so doing we are assuming that if 
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x is close to a, then f(x) is close to f(a). That is, we are assuming that 
lim f(x) = f(a). Now that we have given a formal definition of limit, we 


za 

shall reverse ourselves and use it to say precisely what is meant by a function 

whose graph has no breaks. Such a function is called continuous. The 

definitions are as follows: A real-valued function f of a real variable is 

continuous at a if a is in the domain of f and lim f(x) = f(a). The function 
ma 


f is simply said to be continuous if it is continuous at every number in its 
domain. 

A continuous function is one whose graph has no breaks, but the 
graph need not be a smooth curve. For example, the function with the saw- 
tooth graph shown in Figure 27 is continuous. The reader should also realize 


praxis 


X-axis 
Figure 27 


that many functions that are not continuous fail to be so at only a few isolated 

places. Thus the function fin Example 3, whose graph is drawn in Figure 24(a), 

has its only discontinuity at 0. It is continuous everywhere else. Finally, we 

emphasize the fact that there are two conditions in the definition of con- 
x-1 el, , 

1 = 3, the function i is not continuous 


tinuity. Even though lim 


rol 
at x = 1 simply because it is not defined there. 

If two functions f and g are continuous at a, then it is not difficult to 
prove that the sum f + g is also continuous at a. To begin with, a is in the 
domain of f + g since we have (f + g)(a) = f(a) + g(a). Furthermore, we 
know that lim f(x) = f(a) and that lim g(x) = g(a). It follows by Theo- 


rem (4.1)(i) that 


lim [f) + 8@)] = f@ + (a). 
Since f(x) + g(x) = (f + g)(x), we get 
lim (f+ 8)(x) = (fF + 8)(@), 


which proves the continuity of f + gata. The other parts of the basic limit 
theorem (4.1) imply similar results about the products and quotients of 
continuous functions. We summarize these in 
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(4.2) THEOREM. Jf two functions f and g are continuous at a, then so are 
@) ft+e. 
(ii) cf, for any constant c. 
(iii) fg. 
ee 
iv)) = 
(iv) s 
A real-valued function f of one real variable is called a polynomial if 


there exist a nonnegative integer n and real numbers do, ai, .. . , a, such that, 
for every real number x, 


LG) = ay + aye Hts $ ayx". 


> provided g(a) # 0. 


The following functions are all examples of polynomials: 
f(x) = 2 — 4x + 3x’, 
fQ) = 111y*? + fy + 7, 
L(x) = x, 
f@) =5, 
g(s) = (s? + 2)(s® — 1) = s7 4+ 255 -— 5? — 2, 


It is equally important to be able to recognize that a given function is not a 
polynomial. Examples of functions which are not polynomials are 


f(x) = |al, 

fx) = 4 

SX) = xP + x + 3x7, 
{=v 

FQ”) = (* = 1)". 


Algebraically the set of all polynomials is much like the set of integers: 
The sum, difference, and product of any two polynomials is again a poly- 
nomial, but, in general, the quotient of two polynomials is not a polynomial. 
Moreover, the algebraic axioms (i) through (vy) listed in Section 1 also hold. 

Just as a rational number is one which can be expressed as the ratio 
of two integers, a rational function is one which can be expressed as the ratio 
of two polynomials. Examples are the functions 


a Ox sh? | 


fe = S55 
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f+ De +1, 
1 


f(xy) =x 4+2x+1= 
g(x) = 7. 
The domain of every polynomial is the entire set R of real numbers. 
Similarly, the domain of a given rational function , where p(x) and q(x) 


are polynomials, is the whole set R with the exception of those numbers x 
for which g(x) = 0. Furthermore, we have 


(4.3) Every polynomial is a continuous function, and every rational function 


x 
PO) is continuous except at those values of x for which q(x) = 0. 


q(x) 


Proof. The identity function x is clearly continuous, and so is every constant 
function. Since every polynomial can be constructed from the identity 
function x and from constants using only the sums and products of these and 
the resulting functions, it follows from Theorem (4.2) that every polynomial 
is continuous. The assertion about the continuity of rational functions then 
follows from part (iv) of Theorem (4.2). 


It is occasionally useful to modify the definition of lim f(x) to allow x 
za 


to approach a from only one side: 


either : —1— or 1 +__ 


When this is done, we speak of either the limit from the right or the limit 
from the left and write either 


Ly S(x) or lim_ S(x), 


according as the additional condition is x > a or x < a. Thus for the func- 
tion 

fl) Peal Cea 

x) = 
a Ie a <a 
whose graph is shown in Figure 28, the limit of f(x) as x approaches 2 does 
not exist. Nevertheless, we obtain 
lim f(x) = 1, lim f(x) = 3. 


22+ 
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Similarly, for the function g in Figure 24(b), we have lim g(x) = 1, 
x04 


lim g(x) = —1. 
oe 
y-axis 
r ¢ @.3) 
x>2 
y=x7=1; a2 
—— - — n n : 
X-axis 
Figure 28 
The graph of the rational function 
nies es! th 
I) = =e = lees x #0, 


together with a list of some of the ordered pairs (x, f(x)) that comprise f is 
shown in Figure 29. From both Figure 29 and Table 6 it is clear that as x 


increases without bound, f(x) becomes arbitrarily close to 1. We express 
this fact by writing 


y-axis 
ify Sek = 0, 3 
roto xX 
TABLE 6 
f= 
x fQ) 
1| 2 
10 | 1.1 == (—— 
100 | 1.01 ae 
1,000 | 1.001 r 
1,000,000 | 1.000001 | 


Figure 29 
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Since f(x) also becomes arbitrarily close to 1 as x decreases without bound, 
i.e., as —x increases without bound, we write 


The definition is as follows: Let be a real-valued function of a real variable. 
Then the limit of f(x) is b as x increases without bound, written 
lim f(x) = 6, 
ton 
if, for any € > 0, there exists 6 > 0 such that whenever x is in the domain of 
fand 6 < x, then |f(x) — b| < €. Theanalogousdefinition for lim f(x) = b 


4-2 
is obvious. 
The symbols +c and —« can also be used to refer to the behavior 
of the values of the function as well as the independent variable. If, as x 
approaches a, the corresponding value f(x) of the function increases without 
bound, we may express the fact by writing 
lim f(x) = +o. 
ma 
The reader should be able to attach the correct meanings to the various 
other possibilities: 


lim f(x) = —2, 
lim f(x) = +, 
lim f(x) = —a, etc. 
za+ 


It is essential to keep in mind that + and — are not numbers. They 
are not elements of R. They are used simply as convenient abbreviations for 
describing the unbounded characteristics of certain functions. The symbol 
+ (or simply «) in an expression for a bound will always mean that the 
quantity referred to increases without limit in the positive direction. Similarly, 

eas Sages ‘et 
— » always indicates the negative direction. Thus we shall not say lim — = o. 
20 X 
But we do say 


lim == —~a, 


8 
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1, Compute the following limits. 


(a) 


(b) 


(c) 


(d) 


(e) 
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_x—1 

lim 

Para! 

_ x — 5x +6 

lim 

t2 are 
2 

lim = 5x +6 


(f) 


PROBLEMS 


Petr eae 


(g) lim |x| 


2 2 
(h) lim (: palin Oh ') 


@) 


(i) 


h he 
3 3 
lim @ +2) + 2(a+x)—a —2a 


20 x 

; 2x + AY — (x +A) — 2X x 
lim 2 
ho h 


2, Classify the following functions as continuous or discontinuous. If dis- 
continuous, at what numbers a is the function not continuous? 


(a) 


(b) 


(c) 


(d) 


(e) 


x+3x—1 


f(x) = |x| 


xe +xtl 


xt—x—-2 


x — 3x —2 


g(x) = eo) 


Vx+3 


(ff) A@e) = al 


Ix] <1 


@ fon , 


1 if x is rational 
0 if x is irrational 


(h) F(x) = | 


; + 2x+1  ifx 1 
ok) ( if x = 1. 


3. A function fis said to have a removable discontinuity at a if it is not continuous 
at a, but can be assigned a value f(a) [or possibly reassigned a new value f(a)] 
such that it becomes continuous there. 


(a) Locate the removable discontinuities in Problem 2. 


(b) Show that the only discontinuities a rational function can have are either 
removable or infinite. That is, if r(x) is a rational function that is not 
continuous at a, show that either a is a removable discontinuity or 


lim |r(@)| = +2. 


sa 


4, Using Theorem (4.1), prove that if lim f(x) = 5; and lim g(x) = bs, then 


ta za 


lim [f(x) — g@)] = b1 — b2. 
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5. Show that 
(a) lim f(x) = dif and only if lim (2) =}, 
zo 0+ t 


(b) lim f(x) = 6 if and only if lim r(*) = b, 


rm t0— 


6, Using Problem 5, compute 


1 4° —3r+1 
Oe Or ar 

. 3x1 3° + 7° — 2 

ao a ea 


7. True or false? 


(a) If lim f(x) = 4, then lim f(x) = band lim f(x) = b. 


za ea z0— 
(b) If lim f(x) = band lim /(x) = 4, then lim f(x) = 6. 
z—a+ za— ta 
8. Define a function f and draw its graph such that lim f(x) = 2 and 
rl 
lim f(x) = 0. 
r2— 
9. Compute 
@lin—— 


raoX? — 4x +4 


. - 
Oran reese 


10. Does the set of rational functions satisfy axioms (i) through (vi) in Section 1? 
(Hint: Be careful; note Problem 3.) 
11. Give the formal definition in terms of inequalities of lim f(x) = 6. 


tat 


12. Define a function fand draw its graph such that lim f(x) ¥ lim f(x), 
4-2 


x40 
although both limits exist. 
13. Prove that it is impossible to choose a rational function in Problem 12. 
14. Give the formal definition in terms of inequalities and absolute values of 
(a) lim f(x) = % (b) lim f(x) = +. 
ra ry 
5. Straight Lines and Their Equations. We shall define a straight line in R? 
to be any subset L consisting of all ordered pairs (x, y) such that 


ax+by+cec= where a* + 6? > 0. G1) 
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The inequality a? + b? > 0 simply says that the constants a and 6 are not 
both equal to zero. Of course two different equations can define the same 
line. For example, the set of all ordered pairs (x, y) such that4x — 3y +5=0 
is the same line as the set of pairs for which 28x = 2ly — 35. For this 
reason, we speak of an equation of a straight line and not the equation. 


(5.1) Suppose that straight lines L, and Ly are defined, respectively, by 


ax + by +e. = 0, a’ + b> 0, 
ax + boy + ce = 0, a? + b.? > 0. 
Then Ly = Ls if and only if there is a nonzero constant k such that 


a, = kay, 
bz = kb, 
Co = kei. 


Proof. If such a k exists, then the two equations are equivalent, and so L; = Lo. 
Conversely, suppose that L; = L2. We may assume without loss of generality 
that 6b; ~ 0. Then the point (0 -2) lies on Ly since it satisfies the first 


1 
equation; i.e., 


a0 + 61(- Aes = 0, 
by 
Because the two lines are equal, the point also lies on Ly, and so 


a0 + be(— 5) + er = 0. 
Hence 


In addition, the point (1 - 


a + hy = =) +a =0. 


This point then also lies on Ly, and this fact means that 


a, + by — +e. = 0. 


ay cL . 
ato) lies on L; because 
1 


b 


12 oy by 
a = aa fit Py -— = () a. 


Since bz = (°) b, trivially, we obtain the desired conclusion by setting 
1 


Hence 


k= 32. Note that k = 0, for if it were zero, we would get a2 = b2 = 0, 


1 
contrary to assumption. 
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One consequence of Theorem (5.1) is that it enables us to recognize at a 
glance whether or not different equations define the same straight line, 
Another corollary arises in connection with the following definitions: A line 
L defined by an equation ax + by + c = 0 with a? + b? > 0 will be called 
vertical if b = 0 and horizontal if a = 0. It follows from the theorem that b 
must equal zero for every such equation which defines a vertical line and 
that a must equal zero for every such equation which defines a horizontal 
line. Thus the definitions are not dependent on the particular equation 
which defines L. 

If P = (a,b) and Q = (c,d) are two points in R® and a ¥ c, the 
slope of the line segment joining P to Q is, by definition, 


Note that 


a—b ib — 1d 


m(P, Q) = - = = m(Q, P). 


c—a a 


The absolute value of m(P, Q) is the ratio of the vertical to horizontal distance 
between P and Q (see Figure 30). It is simply a measure of steepness. A 


yraxis 
Q=(¢,d) 
|d— | 
| P=(a,b) 
| ar 
L n Sin 1 1 
x-axis 
Figure 30 


segment with positive slope goes up as it goes to the right; one with negative 
slope goes down as it goes to the right (Figure 31). If a = c, the segment is 
vertical, and the slope is not defined. 


(5.2) Let L be the straight line defined by the equation ax + by + ¢ = 0, 
where b #0. If P and Q are any two distinct points on the line, then 
m(P, Q) = — 


eIa 
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Proof. Let P = (x1, 1) and Q = (x2, y2). An equation equivalent to the original 
one is 
a ¢ 
era a) 


It follows that x; # x2, since, otherwise, substitution in this equation would 
yield y; = y2, which would then imply P = Q. We obtain 


= Se ee 
m(P, Q) x2 — x1 Xe — M1 b 


and this completes the proof. 


positive slope negative slope 


Figure 31 


As a result of Theorems (5.1) and (5.2), we can unambiguously define 
the slope of a nonyertical line L, which we shall denote by mz, as follows: 
For any pair of distinct points P and Q on L, we define 


It follows at once that m, depends only on the line L. For if P’ and Q’ are 
any other two distinct points on the line, then 


m(P, Q) = — 5 = m(P', Q'). 
(Since L is not vertical, b ~ 0.) Furthermore, any other equation defining L 
can be written kax + kby+ke=0 with k #0, and, of course, 


a ae . We note that the slope of a vertical line is not defined. 


EXAMPLE |. Find an equation of the straight line L through the point (a, 5) 
and with slope m. If (x, y) is any other point on the line, then 


ies 
x—a 
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This is an equation of the line. For suppose L were defined by some equation 
ax + by + ce, = 0. An equivalent equation is 


which implies 


or, since ee 
Tr, sincem = — — 
b,’ 
y= mx — eS (3) 
by 
; . . c 
Since we are given that (a, b) lies on L, we get b = ma — ra 5 or 
1 
Gy 2 
my ma — b. 


Substitution in (3) yields y = mx — ma + b, which is equivalent to (2). 


Suppose that S is an arbitrary subset of R* with the following three 
properties: 


(i) S contains a point (a, b); i.e., S is a nonempty set. 


(ii) The slope m(P, Q) is defined and is equal to the same fixed number 
m, for every pair of distinct points P and Q in S. 


(iii) S contains every point (x,y) in R® which is connected to (a, b) 
by a line segment of slope m. 


These are certainly the geometric properties of a nonvertical straight line. 
It follows from (i) and (ii) that the coordinates of every point (x, y) in S 
satisfy the equation 


y—b=m(x - a). (4) 


Conversely, it follows from (iii) that, for every pair of real numbers x and y 
which satisfy (4), the point (x, y) must lie in S. Thus the set S is the graph 
of (4), and, as such, it is a straight line. Since nonvertical straight lines, as 
we have defined them, have the above three properties, we conclude that our 
definition coincides with the natural geometric one. 

We define two lines L; and L, to be parallel if they are both vertical or if 
they have the same slope. 
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The following fact, which we shall prove later using trigonometry, can 
also be deduced from Figure 32 by the methods of plane geometry. 


praxis 


L, 


(a, 6) 


L, (—b, a) 


X-axis 


Figure 32 


(5.3) Two nonvertical lines Ly and Ly with slopes m, and mo, respectively, are 
perpendicular if and only if mm, = —1. 


EXAMPLE 2. (a) Write an equation of the straight line ZL; that passes through 
(—2, 4) and (3,7). (b) Write an equation of the line ZL, passing through 
(5, —2) and parallel to Z;. (c) Write an equation defining the line Z; that 
passes through (—1, —3) and is perpendicular to Ly. 


er, . 7-4 3 
The slope of the segment joining (—2, 4) and (3,7) is 35 ae 
An arbitrary point (x, y) other than (3, 7) belongs to ZL, if and only if 


Heel 
x—3 


3. 
5 


Hence an equation defining L, is 5(y — 7) = 3(x — 3), or, equivalently, 
3x — Sy + 26 = 0. 
The line Ly also has slope 3. Since it passes through (5, —2), it is defined by 


toe eS hs 
Spelt if x 5; 
or, more generally, by 5(y + 2) = 3(x — 5), which is equivalent to 


3x — Sy — 25 = 0. 
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The slope of the perpendicular is —3. Hence we obtain the equation 


eae shack 


or 3y + 9 = —5x — 5, as an equation of L;. 


What functions have graphs that are straight lines? The answer is an 
easy one. If fis defined by 


f(x) =ax+b, -wn<x<0, 


then its graph, which is the set of all ordered pairs (x, y) such that y = ax + b, 
is certainly a straight line. Conversely, if the graph of an arbitrary function f 
is a straight line, then the equation y = f(x) is equivalent to one of the form 


ax + bhy+e=0, a’? +b? > 0. (5) 


If b; were zero, both points (-2 Fr 0) and (-2 ; :) would satisfy (5), but 
1 


1 
the definition of function makes this impossible for the equation y = f(x). 
We conclude that b; # 0 and that (5) is therefore equivalent to 


Fey fat ee ee 
Edin nt eat 9 
It follows [see Theorem (2.4), page 15] that the functions f(x) and 


- (3)x = - are equal. Thus the functions whose graphs are straight lines 
1 1 


are precisely those of the form ax + 6. These are the polynomials of degree 
less than 2, the linear functions, 


PROBLEMS 
1. For each of the following lines, find an equation that defines it. 
(a) The line through (2, 3) with slope 1. 
(b) The line through (0, 1) with slope 1. 
(c) The line through (0, 1) with slope —2. 
(d) The line through (—1, —3) with slope —4. 
(e) The line through (—2, 1) and (—1, —1). 
(f) The line containing the points (1, 0) and (0, 1), 
(g) The line through the origin containing the point (1, —19). 
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(h) The line with slope 0 that passes through (3, 4). 
(i) The line through (2, 5) and (2, 8). 


. Draw the line defined by each of the following equations, and find the slope. 
@ x+y=1 (d) 7x =3 
(b) x= -y © Ty =3 
(c) 2x -—4y =3 (f) 4x + 3y = 10. 


. Determine whether P, Q, and R lie ona line. If they do, draw the line and write 


an equation for it. 

@) P=(@,0, Q=(-1,3), R=G,—4). 
() P=@,9), Q=6,—-D, R= (-$4p. 
(©) P= (ia), Q = (1,2), R= (ei, 02). 


. Draw the set of all ordered pairs (x, ) such that 


(a) 4x? + 4xy + y? + 12x + 6y +9 = (2x + y+ 3)? = 0 
(b) 5x? + Txy + 2y? + 3x + 3y = (Sx + 2y + 3)(x + y) = 0. 


. The x-coordinate of a point where a curve intersects the x-axis is called an 


x-intercept of the curve. The definition of a y-intercept is analogous. 


(a) Find the x- and y-intercept of the line defined by y — 3x = 10. Draw the 
line. 


(b) Write an equation for the line with slope m and y-intercept equal to b. 


. For each of the following equations, define the function f(x) whose graph is the 


set of ordered pairs that satisfy the equation. Which ones are linear functions? 


(@) 3x-y=7 (e) y? + 2x + 3 = 0 (two functions) 
(b) Sy = 3 Oy sta) 

(c) |x| +3y = 4 (g) y = 3x? ++ 4x +2 

(dd) x-y=1 (h) Sx + 3y = 1, 


. Among the lines defined by the following equations, which pairs are parallel 


and which perpendicular? 


(a) 4x + 2y = 13 (d) y = —2x 
(b) 3x — 6y =0 (e:) 4x = 13 
(©) 3x+2y=6 () 4y = 13. 


. (a) Write an equation of the straight line Z, that contains the points (1, 3) and 


(3, —2). 
(b) Write an equation of the line with x-intercept 1 that is parallel to Ly. 
(c) Write an equation of the line perpendicular to L, that passes through (1, 3). 


. Prove that the two lines Z; and L» in Figure 32 are perpendicular. (Hint: Use 


congruent right triangles or the converse of the Pythagorean Theorem.) 
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6. The Derivative. The concept of the line tangent to a curve at a point is an 
important one in geometry. However, it is not so simple an idea as it may 
first appear. Consider the graph of a function fand a point P = (a,f(a)) on 
the graph, as illustrated in Figure 33. Many people who would have little 
difficulty drawing the line tangent to the graph at P would not find it easy to 
give an accurate definition of the tangent line. For example, to say that the 
tangent line at P is the line which cuts the graph at the single point P, although 
true for some curves, is obviously not correct in general (in particular, see 
Figure 33). We shall show that the problem of defining the tangent line to the 
graph of f at P can be expressed in purely analytic terms involving the func- 
tion f. In fact, the problem leads directly to the definition of the derivative 
of a function, the central idea in differential calculus. 


praxis 


P=(a,f(a)) 


x-axis 


Figure 33 


Let ¢ be an arbitrary nonzero real number, and consider the point 
Q(t) = (a+ t, f(a + 1), which, together with P = (a, f(a)), lies on the 
graph of f (see Figure 34), The slope of the secant line L, containing P and 
Q(t) is equal to 


m(P, Q(t) a fetn-f@ rf (1) 


If ¢ is small in absolute value, then L; is an approximation to what we shall 
define to be the tangent line. The smaller the value of |¢|, the better the 
approximation will be. In some sense, therefore, we would like to define the 
tangent line L to be the limit, as ¢ approaches zero, of the lines L;. We can 
do this, for although we have not defined a limit of lines, we have defined 
limits for functions, and hence we can express the limit of the slope of Ly. 
According to equation (1), it is given by 


tim m(P, Q(O) = tim fla+ ia SH (2) 
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We shall define the tangent line to the graph of f at P to be the line through P 
having this limit as its slope, provided the limit exists. 

Leaving the geometric interpretation aside for the moment, we observe 
that the value of the limit in (2) depends only on the function f and on the 
number a. Hence we give the following definitions: An arbitrary real-valued 


y-axis 


Ly 


AK=(a+t fart) 


y=L@) (a,f(a)) 


Figure 34 


function f of a real variable is differentiable at a number a in its domain if 


tim La +) — fla) 


t 


10 


exists (i.e., is finite). The derivative of f at a, denoted f’(a), is this limit. Thus 


f@ = timLAtO—f@. 


t0 


If f is differentiable at every number in its domain, it is simply called a 
differentiable function. 

Thus the slope of the line tangent to the graph of fat the point (a, f(a)) 
is equal to the derivative f’(a). It follows that an arbitrary point (x, y) lies 
on this line if and only if 


y —f@ =f'@e — 4), 


and we therefore obtain the following equation of the tangent line: 
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Note that the only variables that appear in this equation are x and y, and 
these occur with exponent 1. The equation therefore defines y as a linear 
function of x. 


EXAMPLE 1. Find the derivative of the function f(x) = x? + 2 at x = 2, 
and write an equation of the line tangent to the graph of f at the point (2, 6). 
As we have seen above, the slope of the tangent line is the derivative f’(2), 
and 
f1Q) = tim£2+9 = $2), 
We have f(2) = 6, and Pret x! Q4+o+2=2+4 414.6. 
Hence 


FOFOA SO thts, ito. 
So 
f/Q) = lim +4) = 4. 
tO 


The tangent line passes through (2, 6) and has slope 4. Hence (x, y) lies on the 


te it if 
angent i perk 
x—2 


= 4, x #2, 
and we therefore obtain 
y= 6 =4(e— 2) © or 4x — yp — 2 = 0, 
as an equation of the line. 
EXAMPLE 2. Consider the function g defined by 


x # —2. 


1 
8) = 349" 
Compute the derivative g’(3). By definition, 
g3 + ae SAE 


g'(3) = lim 
t0 
1 
We have g(3) = 4, endls Git) = es” 
SGomOnmecimey 2 t\ S45) 
t DNS 5S 5e(t + 5) 
t 
~~ 51 + 5) 
Se if t # 0. 


S(t + 5) 
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We conclude that 


faye kt lel eg 
#@) tim (- 34-5) = 5 


EXAMPLE 3. Find F’(a), where a > 0 and F is the function 


1 
F(x) = —> 0<x< a, 
Vx 


and write an equation of the line tangent to the graph of F at the point 
(4, 4). By the definition of the derivative, 
F'(a) = lim fet n— Fe) ; 
t0 


In this case, 


so 1 L). 
t t\Vat+t Va 


The problem in computing any derivative from the definition is always the 


F(a + t) — F(a) 
t 


same. We set up the fraction and then compute the limit. 


To begin with, we are faced with a fraction both the numerator and de- 
nominator of which approach zero. The limit we seek is the relative rate at 
which numerator and denominator go to zero. With most examples it is not 
possible to tell from a cursory glance just what that relative rate is. So we 
experiment, performing various algebraic manipulations that hopefully 
will finally change the fraction into a form from which we can tell what the 
limit is. In the present example the following manipulation will do the trick: 


1( I fe) = | ENE vat vets 

t\Vatt Val t Vavatit Vat+vVatt 

1 a—(a+t) 

t VaVatt(Vat Vat i) 
—1 

Vat + at(Va+ Va + 1) 


It is now possible to see what happens as ¢ — 0. 


ift + 0. 


=1 +1 


F(a) = lim ——— = = = s 
— roVata(vat+Vat1) ava 2a*!? 
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Our principal interpretation of the derivative F’(a) is that it is the slope of the 
line tangent to the graph of F at the point (a, F(a)). For this particular 
function F, an equation of the tangent line at (4, 4) is therefore found by 
writing 


Hence an equation of the tangent is 


y— k= —ee — 4). 


The notation f’(a) for the derivative suggests that we regard f’ as a new 
function whose value at a is the number f’(a). The domain of f” is the set of 


all real numbers a for which lim fA $2 = LO 
t0 


view, it is natural to think of the derivative evaluated not only at an arbitrary, 
but fixed, number a but also at a variable x. In so doing, we are admitting 
the same dual interpretations that were discussed in Section 3, That is, we 
can interpret f’(x) either as the value of the function f’ at the number x, 
whence 


exists. With this point of 


“x)= tin $24.9 — £@), 
Gale mcr sansa 


or as the composition of the variable x with the function f’. 


EXAMPLE 4. If f(x) = x* — 1, plot the graph of the derived function f’. 
For any real number x, 


f(x) = tim fet o— £@), 
We have 
fe+)—-f@ = (@+n'- 1)-@-1 
= 3x't + 3x + 1’, 
and so 
fat 0— SO _ sy aces Ay Moncaae 
Consequently, 


S'(x) = lim 3x? + 3xt + 1°) = 3x’. 
tO 
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The graph of the function f’(x) = 3x°* is the parabola shown in Figure 35, 
on which the graph of the original function f(x) = x* — 1 has also been 
drawn. 


praxis 


S' (x)= 3x? 


x 
0 
1 
2 
= 


—2 


x-axis 


f(x)=x?-1 


Figure 35 


It is not surprising that there are several common notations for the 
derivative of a function, One strong tradition reflects the basic fact that the 
derivative is the limit of a ratio by writing it as a ratio. Thus 


EP. 
Fig une 


This way of writing the derivative is called the differential notation. Using it, 
we denote the derivative of f at a by 


(a) = fe) 


EXAMPLE 5. Let f(x) = x* — 1. It was shown in Example 4 that f’(x) = 3x°. 
Each of the following equations is an example of acceptable notation. 


Te 
22) = 3-2" = 12, 
af (a) = 34 
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df _ 43 
dx = 38> 


Ja Swe 


One could also write af (x) = f'(x) = 3x*. There is no need for it, how- 


ever, since f’(x) becomes identified with f’ when it is regarded as the com- 
position of the independent variable x with the function f’. 


A Peeks! F 
It should be emphasized that although the notation af suggests a ratio, 
x 
the derivative as we have defined it is not a ratio—even though it is the limit 
(Med er 
of one. # is simply an abbreviation of f’. 
x 
There are a few variations on the two notations that we have given for 
the derivative which we shall also use frequently. If » = f(x), we may write 
any one of 


for the derivative. Similarly, for the derivative at a real number a, we have 
Aye Le at 
V@ = FO = £@ = GO: 


Still other notations for the derivative, which we shall seldom use, but which 
the reader may encounter in other books are 


Df = Df = Dy = Dzy = y, 
where it is assumed that y = f(x). 


EXAMPLE 6. It follows from the computation in Example 3 that if 
F(x) = x~"/?, x > 0, then the derivative is given by F’(x) = —4x7*/*, 
If we write y = x", x > 0, the derivative is also written 


The value of the derivative at 4 is 


dy 
1 = GOr = argR > TE 
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The slope of a straight line is the ratio of a change in y to a change in x. 
It therefore measures the rate of change of y per unit change in x for the 
ordered pairs (x, y) that make up the line. Consider the two lines defined by 
y = 10x — 3 and y = x — 3 respectively. The rate of change of y to x is 
10 for the first and 1 for the second. For a function whose graph is not a 
straight line, however, the concept of the rate of change of y, or f(x), with 
respect to x is more profound. There is the problem that the change in func- 
tional values f(x) per unit change in x will not be constant along the graph. 
More basic, however, is the question of the precise meaning or definition 
of the rate of change. The answer is provided by the derivative. Since 
S'(a) is the slope of the line tangent to the graph of f at the point (a, f(a)), it 
measures the rate of change of f(x) with respect to x at that point. In 


y-axis 


2 x-axis 


Figure 36 


Example 1 we showed that if f(x) = x? + 2, then f’(2) = 4. We interpret 
the number 4 not only as the slope of the line tangent to the graph of f at 
(2, 6) but also as the rate of change of f(x) with respect to x there. From the 
picture of the graph in Figure 36 it is apparent that at (2, 6) a small change in 
x produces a corresponding change four times as great in f(x). 

In Section 4 the idea of limit was introduced by examples and by ex- 
ploiting the reader’s intuitive understanding of continuity and continuous 
curves. We then gave a formal definition and proceeded in terms of it to go 
back and define continuity precisely. We shall do an analogous thing here 
and now define the slope of the graph of f at the point (a, f(a), or more 
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simply the slope of the curve y = f(x) at (a,f(a)), to be the derivative 
f'@. 


We conclude this section with the theorem 


(6.1) If a function f is differentiable at a, then it is continuous there. 


Proof. The hypothesis that 
tim £4 +9 - S@) 


t0 t 


exists implies tacitly that a is in the domain of f. If a quotient approaches a 
finite limit as the denominator approaches zero, then the numerator must 
also approach zero. This fact is a consequence of the theorem that the limit 
of a product is the product of the limits [see part (iii) of Theorem (4.1), 
page 32]. In this case, we have 
lim [f(a + 1) — flay] = lim [eee | 
led 


0 


ee +1) - = 
t 


= lim slim t 
+0 t0 
= fia):0=0. 
The equation lim [/(a + 1) — f(a)] = 0 is equivalent to 
t+ 
jim fat = f@. (3) 


0 


If we set x = a + 1, then x approaches a as t approaches 0, and conversely. 
So (3) becomes 


lim f(x) = f(a), 


and the proof is complete. 


PROBLEMS 
1. Let f(x) = 3x* + 4. Using the definition of the derivative, compute 
(a) f’() (b) f’(a), for an arbitrary real number a. 


2. Write an equation of the line tangent to the graph of the function fin Problem 1 
at the point 


(a) (1,7) () (a, f@). 


3. If F(x) = , compute F’(3) using the definition of the derivative. 


2x +1 
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4. Using the definition of the derivative, compute f’(a) for each of the following 


functions. 
@) f@=x () f@) =x 43% 43x41 
(b) fx) =x'+3x+5 @) fe)=VeFi 
1 
© f%)=7 (bh) f@) = —— 
Vv. 
d) f@)=Vx, a>0 Oo 7@e 2. 


© sfo=xths xx0 
5. Using the results of Problem 4, find an equation of the line tangent to the 
graph of fat the point (a, /(a)), where 
(a) f(x) = x' anda = 0. 
(b) f(x) = x? + 3x + Sanda = 1. 
(c) f(x) = 7 and a is arbitrary. 


(fo) = x ++ and a is not zero. 
x 


6. (a) If F(x) = x’, use the definition of the derivative to find F’(x). 
(b) Plot the graphs of F and F’ on the same xy-plane. 


7. (a) Show that the function |x| is not differentiable at 0 and interpret this fact 
geometrically. 


(b) Compute the derivative at —1 and at 1 of the function |.x|. 


8. Show that the function \/x is not differentiable at 0. Draw the graph and 
interpret the nondifferentiability geometrically. 
9, Using the results of Problem 4, find 


(a) af(—1) if f(x) =x + 3x45. 
die a 
(b) 5.) if £@) = x. 


(c) FAO) if f(x) = x° + 3x7 + 3x + 1, 
dx +1 
dx 


d(x’ + 3x + 5) 
dx 


(d) 


(e) @). 
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(f) 4(e+4). 


10. (a) Ify 


dy 
2x + 1, find 7 (a). 


2 ds 
(b) Ifs = 16f, find ah (2). 


2 ds 

(c) Ifs = 16r, find a 

11. Using the definition of the derivative, prove that if y = ax* + bx +c, then 
2 = 2ax + b. 


12. Give an example of a continuous function that fails to have a derivative at 
some point. 


7. Derivatives of Polynomials and Rational Functions. Computing /’(x) 

i= 
from the definition of the derivative by evaluating jim fe +O LO) can 
t0 
be quite a job. In this section we shall develop a set of theorems from which 
the derivatives of many functions, including all polynomials and rational 
functions, can be found easily and, what is more important, in a completely 
routine way. 


(7.1) If f and g are differentiable functions, then their sum f + g is differentiable. 
Moreover, (f + g)' = f’ + 8’. 


Proof. Let a be a number in the domain of f + g. Recall that by the definition of the 
sum of two functions 


(f + 9)(@) = S@ + g@), 
t+ gato =f/atot+ sat. 
Hence, by the definition of the derivative, 


im ft 8) + 1) = + 8)@) 
0 


(f+ s’@ = i 


oe t 
= jim £4 +9 + 8a + 9 — U@ + 8@) 
0 t 


cs (& i J f@) , sla + = se). 


t0 
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It follows from the existence of f’(a) and g’(a) and the fact that the limit of 
a sum is the sum of the limits [see the basic limit theorem (4.1)(i)] that we 
may continue the above sequence of equalities, writing 


=im£G+ a =i) + lim g(a + 1) — g(a) 


to t 


0 
= f(a) + g(a) 
= ("+ g'Ma). 


This completes the proof. 
(7.2) If f is a differentiable function and c is a constant, then cf is differentiable 
and (cf)Y’ = cf’. 
Proof. For any number a in the domain of f, we have (cf)(a) = cf(a). Hence 


Ceo Ca ett cee Se NEI) 


t0 t 
= lim Sf@ +9 = fla) 
10 t 
a (<.fe+ Ds fo). 
0 t 


By the basic limit theorem (4.1)(ii) and the assumed existence of /’(a), we 
can continue the chain of equalities, writing 
Sa +1 — fa) 

¢ 


=clim— 
t0 


ef(a) = (cf')a). 


i] 


This completes the proof. 


By taking c = —1, we get as a corollary of (7.1) and (7.2) that 
CH= tae 


(7.3) The derivative of any constant function is the constant function zero; i.e., 


Proof. Recall that we allow ourselves the liberty of denoting a real number and the 
constant function whose value is that real number by the same letter. Doing 
so here, we have 

c(a) = cela+ 1 =e, 


for any numbers a and t. Hence 


A 
t t0 


e’(a) = lim 
0 


o 
é 
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EXAMPLE 1, Let f(x) = x*, and g(x) = Vx + 1(x > —1), and h(x) = 
x? + 3, and suppose we are given the information that 


f(x) = 3x, 
1 
RN =: 
g'(x) eri x> 
h(x) = 2x. 


It follows from the three theorems developed so far in this section that the 
derivatives of the functions 


(a) 5x*—2Vx+1, 
(Ue) aga 
(c) 3x°+ 13x? + 7, 


are, respectively, 
1 


vVx4+1 


> 


(a’) 15x" — 
(b’) 2x, 
(c') 9x" + 26x. 
For example, to get (b’), we write x? in the form (x? + 3) — 3, Then 
(x?) = (x? + 3)! — 3’ = 2x — 0 = 2x. 


The others are equally routine. 


The next theorem deals with the derivative of the product of two func- 
tions and its conclusion is perhaps unexpected. Note that it does not turn 
out that the derivative of a product is the product of the derivatives. 


(7.4) If f and g are differentiable functions, then their product fg is differentiable. 
Moreover, (fg) = f'g + g'f. 


Proof. Let a be a number in the domain of fg. By the definition of the product of 
two functions we have 


(/e)(a) = f(a)g(a), 
(ga + 1) = flat ngla+ 0. 


Hence 
(fe)'(a) = tim (fea + w — (fe)la) 
= lim LG + De + 9 — S(a)g(a) | 


t0 t 
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The following algebraic manipulation will enable us to put the above fraction 
into a form in which we can see what the limit is: 
fa + Nga + 1) — f@g@) = Sa + Nga t+ D — f@ga+ 
+ Saga + 1) — fla)g(a 
= [fa+)—f@lga+n 
+ [ea +) — s@s@. 


Thus 


eS +4 - f@ g(a +1) — g(a) sta) 


(fg)'(@) = lim ; 


+0 


8G Dich 
The limit of a sum of products is the sum of the products of the limits. 
[Again, see the limit theorem (4.1).] Moreover, /’(a) and g’(a) exist by 


hypothesis. Finally, since g is differentiable at a, it is continuous there [see 
Theorem (6.1)]; and so lim g(a + 1) = g(a). We conclude that 
t0 


(fea) = [im fet) — 10) (© im lim gla +.) 
gla + = g(a) 
Bs [im # a tet = He) 


= f'agla) + 8 shi = (fe + 2’N@). 


This completes the proof of the product rule for differentiation. 


S(a) 


EXAMPLE 2. Suppose we are given the information that the functions f(x) = 
(x? + 2)8 and g(x) = (x? + 2)° have derivatives 


S'(x) = 6x(x? + 2), 
g'(x) = 10x(x? + 2)4. 


Find the derivative of f(x)g(x) = (x* + 2)%. Theorem (7.4), which is some- 
times called Leibnitz’s Rule, states that 


(FOQ)809)' = f’8Q) + ODS). 


Hence 


(G+ 2°) 


6x(x? + 2)*(x*? + 2)5 + 10x(x? + 2)'(x? + 2)% 
16x(x? + 2)". 


Il 


The graph of the identity function x is the straight line defined by the 
equation y = x, which passes through the origin and has constant slope 1. 
It follows that the derivative of the identity function is the constant function 1. 
Thus 

x = 1, i 
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We can apply the product (Leibnitz’s) rule and obtain 
(3°)! = (xx)! = xx + x/x = Ix + Ix = 2x. 


Since x* = xx?, and we have just found the derivative of each factor, we can 
use the product rule again to get 


(°) = (xx2) = 0? + Ye = 1x? + 2x-x 
= ot, 
Again, 
(xt) = (xx*)! = x’x® + (x*)'x = Ix? + 3x?-x 
= 4x8, 


These results suggest not only the statement of the next theorem, but 
also how to prove it. 


(7.5) If x is the identity function and n is a positive integer, then (x")' = nx". 
iy 


Proof. We have already proved the theorem for n = 1. (Actually we have also 
proved it for n = 2, 3, and 4, but for the moment this is irrelevant.) Suppose 
we had proved it for all positive integers up to and including k. In par- 
ticular, we would know that (x*)’ = kx*-1. We could then use the product 
rule to derive (x*t+1)’ = (xx*)! = x'xt + (xh)'x = Ixt + kxble x = 
(k + 1)x*. Thus the theorem is true for n = 1, and if it is true for n = k, 
it is then also true for n = k + 1. We conclude that the theorem holds for 
every positive integer n. This is an example of a proof by mathematical 
induction. The reasoning can be paraphrased like this: Suppose I know that 
Ican get on the bottom rung of a ladder. Suppose further that, if 1 am stand- 
ing on any rung, then I can reach the next rung. It follows that I can climb 
the ladder. 


EXAMPLE 3. Find the derivatives of the polynomials: 
f(x) = x* — 2, 
g(x) = 3x? + 7x — 13, 
y = 4x4 + 3x? + 2x7 + x, 


s=4gt? (gis aconstant, and ¢ 
is an independent variable), 


The answers are immediate: 
f'(x) = 32°, 
g(x) = 6x + 7, 
y’ = 16x*° + 9x? + 4x4 1, 


, 


s! = gt. 
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It should be clear that, as a result of the rules developed so far, the deriv- 
ative of any polynomial function can be computed immediately and in a 
purely mechanical way. We turn next to the derivative of a ratio. 


(7.6) If f and g are differentiable functions, then the quotient is differentiable 
[if g(a) = 0, then (£) (a) is not defined]. Moreover, 


(eH 


Proof. We first prove that the function — is differentiable at a number a in its domain 
g& 


provided g(a) # 0. By definition, 


de+o-() 
' arth) == Ja) 
() @i-= _Gete- Ge 


a) t 
eee 
= lim $4 +0 _8@ , 
+0 t 


Note that since g is continuous at a [see Theorem (6.1)] and g(a) # 0, we 
know that g(a + 1) # 0 for sufficiently small values of ¢. Since 


1 1 
sat) s@_ e@—sats 
t tg(a)g(a + 1) 


7 = 1 ) (set a= ste), 
gla)g(a + 1), t 
we have 


SNe aor cal(Le 1 tot) — ste)), 
(:) he im] (ame + 5) ( t 


The derivative g’(a) exists by hypothesis, and lim g(a + 1) = g(a) ¥ 0. 


10 


The basic limit theorem (4.1) therefore implies that 


DN ee i «g(a + 1) — gla) 
() Os Gz lim g(a + 5) (iim 1 ) 


eS = gia). 
(g(a) (g(a) 


This proves the differentiability of the function Z and also establishes the 
following special case of the quotient rule: & 


Q)--f ° 
&, & 
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The general form of (7.6) can now be obtained using the product rule: 


feet nel LY 
Be ewan () 
if? a Saget Hil 
g e re 


aes 

IS 

oe 
I 

aE a 

S 

oe 

I 


This completes the proof. 


EXAMPLE 4. Find the derivatives of the following rational functions: 


x +1 
OO) peat 
2 
SEE ee 
GUN ores re 
1 
W(s) = 
u-—a 
i aa (a and 6 are constants and wu 


is an independent variable). 


Applying our six rules, we get 


Woy . 2X — G+ D1 _ x-1, 
f'x) = =) =] 
; (* = Qy — 3) — O* = 3y + 139" 
8”) = = 1) 
ays Oye Puedes 
G* — 1) 
? —3s° 3 
GN aa 
at (u—b)-1—(u—a):1_ a—b . 
a (u— b) ~ (w= by 


It is important to realize that the symmetry present in the product rule is 
missing in the quotient rule. For the former, order is immaterial: The prime 
appears once on one factor and once on the other, and that is all there is to 
remember. This is not so for the quotient rule, however, where the wrong 
order will result in the wrong sign in the answer. There is no help for it but 
to memorize the formula precisely. 
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The formula for the derivative of x" has been proved only if n is a non- 
negative integer. (It holds for n = 0 because x° = 1.) The next theorem 
enlarges the scope of the formula to include all integers. 


(7.7) If x is the identity function and n is an integer (positive, negative, or zero), 
then (x")! = nx", 
Proof. We shall assume that n is a negative integer, since the theorem is known to be 


c ; ae 1 ‘ 
true otherwise. Then m = —n is a positive integer, and x” = ar Using 
(2) and (7.5), we get 23 


, my m—1 
("y= (5) = _ — _ mx 


x xem xm 


somata eae 


This completes the proof. 


Thus, for example, if f(x) = x~’, then f’(x) = —7x~*. In Section 8 
we shall show that the formula is actually valid, not only for integers, but for 
any rational number n. Finally, in Chapter 5 we shall prove that (x*)’ = 
ax*~, for any real number a. 

Let us summarize in a single list the theorems that we have developed 
for finding derivatives. To provide practice, we shall this time employ the 
alternative 4 notation. Let u and v be differentiable functions of x, and ca 

ix 
constant. Then 


de, 


dx 


Note that we have proved these theorems for arbitrary differentiable func- 
tions u and v, not just for polynomials and rational functions, 
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EXAMPLE 5, Let 
y =2x°+ Ix+1, 


4 Ree 
on ET 
7 t=4 
Then 
dy _ 4 
Be Otnatn Ie 
GU mareeeen oO. 
ae 7x ar 
ds (t— 4/61 +2) — BO + 24+ 1-1 _ 3° — 241-9 
dt (t — 4) — (t— 4) 


We have seen in this section that the derivative of a polynomial is another 
polynomial, and the derivative of a rational function is a new rational 
function. Once we have found the derivative f’ of any function f, we can go 
on and find the derivative of f’. The new function, denoted f”, is called the 
second derivative of f. Clearly, 


feta) = tim LET DLO), 


The third derivative, written f’”, is the derivative of the second derivative, 
and, in principle, we can go on forever and form derivatives of as high order 
as we like. It would obviously be absurd to write the seventeenth derivative 
with seventeen primes, so we adopt the alternative notation f for the nth 
derivative of f. 

The differential notation for the higher derivatives is based on the idea 


ad. F " r 5 
that oF is a function, sometimes called an operator, which assigns to a func- 
Ix 


tion its derivative with respect to x. Hence we write 


4 (af) #f_ yy 
geaey dye Y * 
4 (¢f) Af. pm 
dx \dx? dx 4 


ae thes 
don Ss 


ts (a) = f"(a), etc. 
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In addition, if a variable is used to denote a function, for example, if y = f(x), 
we also use the expressions 


a’ mM, 
oo = y= f", gy = y™ = £, eto, 


EXAMPLE 6. Let f(x) = x? + 3x?+ 1. Then 
S'(x) = 3x" + 6x, 
S''(x) = 6x + 6, 
S'") = 6, 
S™(~=90, ifn> 3. 


1 
As another example, let y = aes (t Then 


+1 
Ai 4 Sy settle 
dx (x +1)? 
LDN al 
dxt (x + 1p 
d’y _ (-1)"! 


dx («+ ID’ 


PROBLEMS 
1. With the aid of the rules for differentiation given in this section, compute 


fi= & for each of the following functions. 
By 


(@) fo) = 3x8 $4 +1 © feo = 5% 

&) fe) = X@ +1) ® $0) -G=5 
3 

© fe) = x +2) ) $0) = 34 


@) f@) =@- 40? +2x4+3) @ s@) = G ee 3) 


© fo =2 +35 @ fo=@ + 
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fix) = BHT (m) fo) = @ +x 
() f&) = +17 (n) f(x) = (« — a(x — bx — c). 


2. Determine an equation of the line tangent to the parabola y = x? — 4x + 5 
at the point (1, 2). Draw the parabola and the tangent line. 

3. The parabola y = ax? + bx + c passes through (0, 4) and is tangent to the 
line 2x + y = 2 at the point (1,0). Find the coefficients a, 6, and c for the 
parabola. 

4, Show that if /, g and / are differentiable functions, then 


Cfghy’ = f'gh + fa'h + fen’. 


5. What is the correct product rule for differentiation, analogous to the one in 
Problem 4, for (a) four factors, (b) » factors? 
6. Obtain an equation of the tangent line to the graph of the function 
x8 
f@).= 


Baie ae | 


at the point where x = 2. 
7. (a) IE fle) = 22+ 2+ Ao then fQ) = +. 


(b) If f(@) = 28 2+ So then /"(x) rare 


eee aee 
(c) a eT then 7 = F 
nr CeO 
(d) Lis then 72) = é 
x41 df 
(e) If f(x) = ma rthens G@) =". 


CONG aise tuk 2; then eins 
du 


8. The parabola y = ax? + bx + c is tangent to the tine y = 4x +7 at the 
point (—1, 3). In addition, & (—2) = 0. Find the coefficients a, 6, and c. 
Ix 


9. For each of the following functions f, compute the derivative f’ and the second 
derivative f”’. 


(a) f(x) = 3x° + 2x41 d@) fy = %(? -1) 


(b) fi) = 5x +1 © so=x*4+5 


3 2 2 
td | 
2 


4 
mC 
(c) M=BtEetyteti (f) hs) 1 
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10. 


iBE 


12 


13; 


14, 
15, 
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The line y = 3x — 1 is tangent to the graph of the function f(x) = ax? + 
bx? + c at the point (1, 2). Furthermore, a (1) = 0. Compute a, b, and c. 
x’ 


2 


@) If f@)=*-x +x - 1, then 4 mes 
x-1 dy 
(b) MA Perrault te a 
(c) If s=at® + be + ct + d, where a, b, c, and d are constants, compute 
d's 
dp / 
1 dy 
(d) If» = 5a’ then 7 @ = _ 


3 
Find all points on the graph of the function > — x? at which the tangent line 


is perpendicular to the tangent line at (1, — 4). 

There are many examples of a function f and a number a such that f(a) is 
defined (a is in the domain of /’) but /’(a) does not exist. Another way of saying 
the same thing is that the domain of /” can be a proper subset of the domain of 


Jf. It is equally possible for /’(a) to be defined and /’’(a) not to be. Let / be the 


function defined by 


x . 
OF ifx > 0, 
f(x) = 2 


| 
nv *, 


ifx < 0. 


(a) Compute /’. 


(b) Is fa differentiable function? [That is, does f’(a) exist for every real 
number a?] 


(c) Show that /’’(0) does not exist, and compute /’’(x) for x # 0. 


Same as Problem 13 except that f(x) = x*/*. 
(a) Draw the graph of the function g defined by 


ees, eo 
g(x) = 
2x — 1, ea |B 
(b) Compute g’ and g’’. 


(c) Are g and g’ differentiable functions? 


8. The Chain Rule. The theorems in Section 7 were concerned with finding 
the derivatives of functions that were constructed from other functions using 
the algebraic operations of addition, multiplication by a constant, multiplica- 
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tion, and division. In this section we shall derive a similar formula, called the 
Chain Rule, for the derivative of the composition f(g) of a differentiable 
function g with a differentiable function f. Before giving the theorem, we 
remark that an alternative way of writing the definition of the derivative of a 
function f is 

f(@) = tim LQ— LO). (1) 


ra =a 


The substitution x = a + ¢ will transform (1) into the expression that we 
have heretofore used for the derivative. An equation equivalent to (1) is 


tim [£0 = J = f(a) - sa) =o. 


ra 


If we set 


fo) — fa) 


r(x) = — f@, (2) 


then lim r(x) = 0. The quantity r(x) is the difference between the slope of 


za 
the line segment joining (a,f(a)) to (x,f(x)) and the slope of the line 
tangent to the curve y = f(x) at (a, f(a)). Two equations equivalent to (1) 
and (2), and which together simply constitute another way of saying that 
J'(a) is the derivative of f at a, are 


L(x) — f(a) = [F'@) + rx — a), 
lim r(x) = 0. 


ra 


(3) 


We shall use these in proving the following: 


(8.1) THE CHAIN RULE. /f f and g are differentiable functions, then so is the 
composite function f(g). Moreover, (f(g)! = f'(g)g’. 


Proof. Let a be a number in the domain of g such that g(a) is in the domain of /. 
By definition 


Lr@r a) = tim LOI) = Fea 


toa x*—-@4 

i f(gx)) — £(g(@)) 
Fi es 

ro Sao od 


The intuitive idea behind the Chain Rule can be seen by writing 
[ ee? = s(g(a)) g(x) — so 
g(x) — g(a) x—a 


E fee) Ley a) — #0) 
li lim : 


za &(X) — gla) 


lim 


ra 


[f(g)I'(a) 


Pedi | 
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Setting y = g(x)andb = g(a)and noting that y approaches / as x approaches 
a, we have 


tim £0) = £0) j,,, 8) = #@) 


Pon Oh tee 
f'(b)g(a) 
= f'(g@)e'(a) = (F(8)8")a), 


(/@N@ = 


which is the desired result. This argument fails to be a rigorous proof 
primarily because there is no reason to suppose that g(x) — g(a) # 0 for all 
x sufficiently close to a. To overcome this difficulty, we use equations (3). 
These equations, with a typical element in the domain of f denoted by y 
instead of x and with the derivative evaluated at b, become 


f(y) — f(b) = [f') + rONG — 4), 


lim r(y) = 0. 
yb 


Substituting y = g(x) and b = g(a), we get 

Sd) — Ke@) = [/'(g@) + r@O))IIgd — ¢@). 
Hence 

Kew) ; Hie) = Peto) +o 2. 


We know that lim a) = 8@) _ 
ma xX—a 
at a, it is continuous there [see Theorem (6.1)], and so lim g(x) = g(a) = b. 


ta 


g'(a). In addition, since g is differentiable 


Since lim r(y) = 0, it follows that |r(y)| can be made arbitrarily small by 
ys 


taking y sufficiently close to 6. Because lim g(x) = b, we may therefore 


xa 


conclude that lim r(g(x)) = 0. The basic limit theorem (4.1) asserts that the 


ra 
limit of a sum or product is the sum or product, respectively, of the limits. 
Hence 

jim LC) = F@) 
Lt eS 4 


ra x—a 


[im /”(e(a)) + lim r(g¢x)) | im 


ra 


[/(g)'@) 


g(x) — g(a) 
x—a 


= [f'(g@)) + Olea) = f’(g(a))s'(a) 
= (f(8)8')la), 


and the proof of the Chain Rule is complete. 


sec. 8] THE CHAIN RULE ; 71 


EXAMPLE 1. If F(x) = (x? + 2)’, compute F’(x). One way to do this problem 
is to expand (x* + 2)? and use the differentiation formulas developed in 
Section 7. 

F(x) = (x? + 2)? = x° + 6x‘ + 12x? + 8, 


F'(x) = 6x° + 24x* + 24x. 


Another method uses the Chain Rule. Let g and f be the functions defined, 
respectively, by g(x) = x + 2 and f(y) = y*. Then 


S(g(x)) = (x? + 2) = FO), 
and, according to the Chain Rule, 
F(x) = [f(gQ))Y = f’((x))e'@. 
Since g/(x) = 2x and f’(y) = 3y’, we get f’(g(x)) = 3(x? + 2)° and 


3(x? + 2)*(2x) 
= 6x(x! + 4x* + 4), 


F'(x) 
which agrees with the alternative solution above. 


EXAMPLE 2. Find the derivative of the function (3x7 + 2x)!*8. In principle, 
we could expand by the binomial theorem, but with the Chain Rule at our 
disposal that would be absurd. Let g(x) = 3x7 + 2x and f(y) = y'**. Then 
g'(x) = 21x° + 2 and f’(y) = 128", Setting y = 3x’ + 2x, we get 
(Gx? + 2x)'*)' = [F(a] = S’(g@)) 2’) 
= 128(3x? + 2x)!"(21x* + 2). 


The above two examples are instances of the following corollary of the 
Chain Rule: If f is a differentiable function, then 


(f"y = nf""f', for any integer n. 


To prove it, let F(y)=y". Then F(f) =f", and we know that 
F’(y) = ny"—'. Consequently, (f")’ = (F(A) = FF’) f’ = nf". A 
significant generalization of this result is 


(8.2) If f is a positive differentiable function and r is any rational number, then 
(fy = off". 


The requirement that/ is positive assures that f” is defined. A nonpositive 
number cannot be raised to an arbitrary rational power. However, as we 


72 FUNCTIONS, LIMITS, AND DERIVATIVES [cuap. 1 


shall show on page 267, the requirement that be a rational number is un- 
necessary. Theorem (8.2) is actually true for any real number r. 


% m . P Py 
Proof, Let r = —, where m and n are integers, and set h = f" = f”/". Then 
n 


An = (fm/nyn = f™, which implies that (4")’ = (/”)’. Using the above 
formula for the derivative of an integral power of a function, we get 


nh’ ft = mfr, 


Solving for h’, we obtain 


m 


pa 2 Popope . Game aoe i 


r—rnem—1 py 
ary nem, if! 


=rf"'f'. 


This completes the proof—almost. Note that we have in the argument 
tacitly assumed that /, the function whose derivative we are seeking, is differ- 
entiable. Is it? If it is, how do we know it? The answer to the first question 
is yes, but the answer to the second is not so easy. The problem can be 
reduced to a simpler one: /fn is a positive integer and g is the function defined 
by g(x) = x'/", for x > 0, then g is differentiable. If we know this fact, we are 
out of the difficulty because the Chain Rule tells us that the composition of 
two differentiable functions is differentiable. Hence g(/) is differentiable, 
and g(f) = f'/". From this it follows that (/!/")" is differentiable, and 


o A Piss r 
(fym = fm’, (When we express ras a ratio — , we can certainly take to 
n 


be positive.) A proof that x!/” is differentiable, if x > 0, is most easily given 
as an application of the Inverse Function Theorem (3.4), Chapter 5 (see 
page 261). However, the intuitive reason is simple: If y = x!/" and x > 0, 
then y" = x, and by interchanging x and y we obtain the equation x" = y. 
The latter equation defines‘a smooth curve whose slope at every point is given 


ag ere RAM , es 
by the derivative oa = nx"—!, Interchanging x and y amounts geometrically 
[Lx 


to a reflection about the line » = x. We conclude that the original curve 
y =x'/", x > 0, has the same intrinsic shape and smoothness as that 
defined by y = x", y > 0. It therefore must have a tangent line at every 
point, which means that x!" is differentiable. 


EXAMPLE 3. If y = x!/", then 


dy _ 1 am bd 1 


oxen se wee 
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EXAMPLE 4, Find the derivative of the function F(x) = (3x? + 5x + 1)°/%, 
If we let f(x) = 3x* + 5x + 1, then Theorem (8.2) implies that 


F(x) = $f0)""F') 
= $x? + 5x + 1)8(6x + 5). 


d 
With the ae notation for the derivative, the Chain Rule can be written 


in a form that is impossible to forget. Let f and g be two differentiable func- 
tions. The formation of the composite function f(g) is suggested by writing 
u = g(x) and y = f(w). Thus x is transformed by g into u, and the resulting 
wis then transformed by f into y = f(u) = f(g(x)). We have 


du 1 
de = FO): 
ay! 

du fu), 


® — | pax) 


dx 


By the Chain Rule, [f(g(x))! = f’(g(x))e’(x) = f’(wg’(x), and so 


dy _ dy du 


dx du dx. (4) 


The idea that one can simply cancel out du in (4) is very appealing and ac- 
counts for the popularity of the notation. It is important to realize that the 
cancellation is valid because the Chain Rule is true, and not vice versa. Thus 
far, du is simply a part of the notation for the derivative and means nothing 
by itself. Note also that (4) is incomplete in the sense that it does not say 
explicitly at what points to evaluate the derivatives. We can add this informa- 
tion by writing 


& (a) = & (way) * (a, 


d\ y 
EXAMPLE 5. If w = z? + 2z + 3 and z= j , find . (2). By the Chain 
Rule, ~ sa 
dw _ dw dz 


dx dz dx 


a +2(- 4). 


i 
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When x = 2, we have z = 4. Hence 


di 
Fe 2) = 2-4 +20-b = -2. 


EXAMPLE 6. Two functions, which we shall define in Chapter 11, are the 
hyperbolic sine and the hyperbolic cosine, denoted by sinh x and cosh x 
respectively. These functions are differentiable and have the interesting 
property that 


des ; 
oe sinh x = cosh x, 
de cosh x = sinh x. 
dx 


Furthermore, sinh (0) = 0 and cosh (0) = 1. Compute the derivatives at 
x = 0of 


(a) (cosh x)’, 


(b) the composite function sinh (sinh x). 


By (8.2), we obtain for (a) 


d ot ee d Bo A 
ae (cosh x)” = 2 cosh x ae cosh x = 2 cosh x sinh x, 


and so 
d A : = 
oe (cosh x)'(0) = 2cosh0 sinhO = 0. 


Part (b) requires the full force of the Chain Rule: Setting u = sinh x, we 
obtain 


(hee ad. du 
as sinh vu = Bp, sinh uv ie 
= cosh u cosh x, 
or 
4 sinh (sinh x) = cosh (sinh x) cosh x. 
Hence 


d 


ae sinh (sinh x)(0) 


cosh (sinh 0) cosh 0 
cosh 0 cosh 0 = 1. 
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PROBLEMS 
1. In each of the following problems find [/(g)](x). 
(a) fQ) = y* and g(x) = x° +1. 
(6) fQ) = y' + 2y and g(x) = x — 2x + 2. 
() fQ) = y' and g(x) = 


o3 
x] 


(d) flu) = reo] and g(x) = x*, 


(e) f(x) = x and g(x) = x", 


fae 
Bet 


(g) f(x) = g(x) = x° + 3x 4+ 2. 
2. Find f’ given that 


(f) f(x) = x‘ and g(1) = 


1 


a) f(x) = + 2°)” () f(s) = —— 
(a) f(x ; <i ; : f(s ea 
(b) f(x) = (© + 3x" + 2x" + x + 4) : 

4 ee 
©) s@) = + 1)'@? — 3) ®) £0) = Grape 
@) fi) =Vx=1 

(hy) flu) = ened 
oo 

(e) f(x) = (: + ') (« + a) 


1/2 
x 


V 5x8 + 6x? + 4x 
composite function f(g) in two ways: 


3. If f(y) = y~* and g(x) = » compute the derivative of the 


(a) By finding /(g(x)) first and then taking its derivative. 
(b) By the Chain Rule. 


dz 


tt 2 5 2 ey dz hcl 
4, Ifz = Sy + 2y° + Land y = 2x 6, find We and ae (2). 


> compute oy and ey (2) using the Chain Rule. 
Ve+5 dt dt 

t—1 
be a 
(a) By evaluating the composite function y(1) and then by taking its derivative. 


(b) By the Chain Rule. 


5. If y = x’ and x = 


6. Lety = x + 3x + 2andx = + Compute e (2) in two ways: 


7. Prove directly by induction on » without using the Chain Rule that if fis a 
differentiable function and n is a positive integer, then (f")’ = nf"—1f’. 
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8. Prove as a corollary of the Chain Rule that 
[MeV = f(g) g(r. 
9. Using Problem 8, show that if w = f(z) and z = g(y) and y = A(x), then 


dw _ dw dz dy 
dx dz dy dx 


10, Let w= 2 = 1,2 = VF FT, and y = 2xt = x +1, Find & (1, 
Zz x 


11. Using Example 6, compute 


a Gane sy oo Seog 
(a) ae (sinh x) (c) ae cosh x (0) 
ae due 
(b) sinh x (d) ~=-sinh(cosh x). 
dx? dx 
aft fe (a) de dy 
12. If z = f(y) and »y = g(x), show that ae (2) + TR GE 
13. fz = 2y" —3y+1andy = =, compute oe (2) in two ways: 


(a) By evaluating the composite function z(x) and finding z’’(2). 


(b) Using the result of Problem 12. 


14, Let f(x) be a differentiable function with the property that /’(x) = 4 . If gi) 
os 


is a differentiable function with the property that its composition with / is the 
identity function, i.e., {(g(x)) = x, prove that g’ = g. 


9. Implicit Differentiation. The subset C of the xy-plane consisting of all 
ordered pairs (x, y) that satisfy the equation 


ae 
-4=1 (1) 


is the hyperbola shown in Figure 37. It is apparent from the figure that the 
whole set C is not a function, since it is easy to find instances of ordered pairs 
(a, b) and (a, c) in C with b # c. For example, both (6, 2\/3) and (6, — 2,3) 
lie on the curve. On the other hand, many subsets of C are functions, For 
instance, the set of all ordered pairs (x, y) in C for which x > 3 and y > 0, 
which is drawn with a heavy curve in Figure 37, is a function f(x). Central to 
the ideas that follow is the fact that since the points (x, f(x)) that comprise 
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f belong to C, they satisfy the equation of the hyperbola. That is, 


x (¢@)* 
ci gage @) 


for every x > 3. We say that the function f is defined implicitly by (1). 

It is geometrically obvious that the hyperbola has a tangent line at every 
point, and we therefore conclude that the function f(x) is differentiable 
except at x = 3, where the tangent is vertical. We can compute f’(x) most 
easily by observing that since (2) holds for every x in the domain of f, it is an 


y-axis 


X-axis 


Figure 37 


equality between two functions. Specifically, the composite function 
x _ (Fe)? 
iB 4 

equal derivatives. Hence 


is equal to the constant function 1. Equal functions have 


-_ ait 


The rules of differentiation yield 


* — Fseor'e) = 0, 


and solving for f’(x), we obtain 


4x 


Sx) = OFC) (3) 
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In particular, if x = 6, then f(x) = 2/3, and 
4-6 4 


9-273 3V3 

It is important to realize that there is no single function f defined 
implicitly by equation (1). The set of all points (x, y) of C for which y < 0 
is another such function, and it includes the point (6, —2\/3). Note that if 
this were the function that we denoted by f, we would still obtain equations 
(2) and (3). For this f, however, we have f(6) = —2\/3. Hence, this time, 


f'6) = 


4-6 4 
(6) = ——— = --— =: 
ae) 9-2/3) 3V3 


EXAMPLE |. The set of all points (x, y) that satisfy the equation 
5x* — 6xy + 5y? = 8 (4) 


can be shown to be the ellipse shown in Figure 38. What is the slope of the 
line tangent to the ellipse at (0, 2\/2)? It is clear from the figure that the set 


y-axis 


(0, 2¥%) 


i ; 
x-axis 


Figure 38 


of all pairs (x, y) on the ellipse for which y > 0 and y > x (drawn with a 
heavy curve in the figure) is a differentiable function f(x). This function is 
implicitly defined by equation (4). Thus 


5x? — 6xf(x) + 5(f(x))? = 8, 


for every x in the domain of f. Since this is an equality between two functions 
we obtain by differentiating both sides, 


10x — 6f(x) — 6xf"(x) + 10f(x) f(x) = 0. 
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Solving for f’(x), we get 


pan Se 
OY Ee 


This problem deals with an implicitly defined function whose graph passes 
through the point (0, 2\/2). Hence f(0) = 2\/2 and therefore f’(0) = 2, 
which is the slope of the desired tangent line. 


The definition, which we have thus far illustrated with two equations, is 
the following: A function f(x) is defined implicitly by an equation F(x, y) = c, 
where c is a constant, if F(x, /(x)) = c for every x in the domain of f. We 
emphasize that, in general, an equation in x and y defines y as a function of x 
in many ways. The most we can hope for in the way of uniqueness is that, for 
a given point (a, b) such that F(a, b) = c, we can choose an open interval 
containing a which is the domain of precisely one continuous function f(x) 
defined implicitly by F(x, y) = ¢ with f(a) = b. 

Note that in both our examples the derivative f’ of the implicitly defined 
function was computed without solving the original equation for f. The fact 
that this is always possible is almost too good to be true—especially for an 
equation where first solving for y in terms of x is either impractical or even 
impossible (except by numerical techniques). This method of finding the 
derivative of an implicitly defined function by differentiating both sides of the 
equation that defines the function is called implicit differentiation. 


EXAMPLE 2. The point (2, 1) lies on the curve defined by the equation 
x*y + xy? = 10. 


Assuming that this equation implicitly defines a differentiable function f(x) 
whose graph passes through (2, 1), compute f’(2). Letting y stand for f(x), 
we obtain by implicit differentiation 

2dy 


2 ady . 3 —_ 
3x"y + x ean, + x3y Fe 


Hence 
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EXAMPLE 3. The set of all pairs (x, y) that satisfy the equation 
y+ yx? + ax? — 3ay? = 0 (5) 


5 Meee cae 
is the curve, called a trisectrix, shown in Figure 39, Find o when x = a. 
[x 


So stated, the problem is impossible. There are three distinct points on the 


y-axis 


trisectrix 
yityx?+ax?—3ay?=0 


1 
(a, (1 +V2)a) 


x-axis 


Figure 39 


curve with x-coordinate equal to a, which may be found by substituting 
a =x in equation (5) and then solving for y. The points are (a, a), 
(a, (1 + /2)a), and (a, (1 — \/2)a). As shown in the figure, we may select 
a small interval about a to serve as the domain of three different implicitly 
defined functions. To find the derivative of each one at x = a, we proceed 
by implicit differentiation: 
yr +x 7D 4 2xy + 2ax — bay & = 0, 

Hence 

dy _ _2xy + 2ax 

dx bay — x2 — By 


Thus the derivatives at a of the three differentiable functions defined implicitly 
by equation (5) are, respectively, 
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dy Sane 

i 2, 
y=a(1+ V3) 

dy 2 v2 

yi aha 
y=a(1—v2) 


The reader should note that in each of the above examples of implicit 
differentiation the existence of an implicitly defined differentiable function 
has either been assumed outright or justified geometrically from a picture. 
The problem of giving analytic conditions which ensure that an equation 
F(x, y) = c implicitly defines y as a differentiable function of x in the neigh- 
borhood of a point (a, b) is the subject of the Implicit Function Theorem. 
A discussion and proof of this famous theorem may be found in any standard 
text in advanced calculus. 


PROBLEMS 
1. The equation (x® + y*)* = 2(x? — y) (see Figure 40) implicitly defines a 
: ‘ 3 41 
differentiable function f(x) whose graph passes through the point (2 . ) F, 


Z pla i 
Compute /’ (2). 


praxis 


lemniscate 
(x? +y?)?=2(x?—y?) 


(- V2.0) (v2, 0) 


x-axis 


Figure 40 


2. Compute the slope of the tangent line to the circle x? + y? = 4 at the point 
(1, V3) and at the point (1, —/3). 
3. (a) The equation x* + »* — 6xy = 0 (see Figure 41) implicitly defines a 
differentiable function f(x) whose graph passes through (3, 3). Compute 
f'@). 
(b) How many differentiable functions /(x) having a small interval about the 
number 3 as a common domain are implicitly defined by the equation in (a)? 


(c) Compute /’(3) for each of them. 
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praxis 


G,3) 


folium of Descartes 
xi+y>—6xy=0 


x-axis 


Figure 41 


4. For each of the following equations calculate & at the point specified. 
ix 
(a) 4x* + »? = 8, at the point (1, 2). 
(b) y? = x, at the point (4, 2). 


(c) , at one point (1, 1). 
ae xsl c 

qd) y= ar at the point (a, 5). 
ule i 

) y= are at the point (a, 6). 


(f) xy + xy? = 6, at the point (1, 2). 
(g) x? + 2xy = 3y%, at the point (1, 1). 


2 “ 
(h) Sy? = xy + aaa at the point (2, 1). 


(i) x82 4+ y3/2 = 2, at the point (1, 1). 
(j) x5 + 3x2y3 + 3xy? + y> = 8, at the point (1, 1). 


5, What is the slope of the line tangent to the graph of y*x? = 4 at the point (2, 1)? 
Calculate y/"(2). 
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6. Each of the following equations implicitly defines y as a differentiable function 


of x in the vicinity of the point (a, 6). Compute @ (a) and 
Ix 


(a) 
(b) 
(c) 
(d) 


x? —y?=1, (,5) = W2,1). 
y? =1—xy, Gd) = (0,1. 
xy? = 8, (a,b) = (2, —2). 
x*yi = 1, (a,b) = (-1,1). 


d’y 
dx? @). 


CHAPTER 2 


Applications of the Derivative 


1. Curve Sketching. The slope of the tangent line to the graph of a function 
is one interpretation of the derivative, and the rate of change of y with respect 
to x is another. Both interpretations aid us in the sketching of graphs. A 
little practice will show that we need plot relatively few points for a sketch 
if we know the slope of the graph at each of these points. Let us consider the 
function f defined by 


F(x) = 4x3 — 4x? + 12x -— 5. 


Its domain is R, and, for each real value of x, we find the corresponding 
value f(x). To help us make the sketch, we look at the derivative: 


S' (x) = x2 — 8x + 12 = (x — 2)(x — 6). 


If x < 2, each of the factors of f’(x) is negative, and hence their product 
is positive. Thus the first derivative is positive for each value of x less than 2. 
With the rate-of-change interpretation, this means that the rate of change of f 
with respect to x is positive or that f(x) increases whenever x does. Thus, as x 
increases from — to 2, f(x) increases. The graph goes up as one moves to 
the right until x = 2. 

If x = 2, then f’(x) = 0, and the tangent, having a slope of 0, is hori- 
zontal. If 2 <x <6, the first factor of f’(x) is positive, the second 
factor is negative, and their product is negative. With a negative rate of 
change, f(x) must decrease as x increases, Thus, as x increases from 2 to 6, 
f(x) decreases. The graph goes down as one moves to the right from x = 2 
tox = 6. 

If x = 6, thenf’(x) = 0, and the tangent to the graph is again horizontal. 

If x > 6, both factors of f’(x) are positive, and hence their product is 
positive. Thus f(x) increases as one goes to the right beyond x = 6. Since 
fQ)=4°8-—4:°4+4 12-2—5 = 53 and f(6) = 4: 216 — 4-36 + 
12-6 — 5 = —5, we plot the points (2, 53) and (6, —5). At each of these 
points we sketch a horizontal line segment. An additional point may be found 
by inspection: Since (0) = —5, the point (0, —5) is also plotted on Figure 1. 

We now know that the graph comes up from lower left through (0, —5) 
to (2, 53), goes down from (2, 53) to (6, —5), and then goes up to the right 
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from (6, —5). But we do not know its shape. Further information on this 
may be obtained from the second derivative: 


f''(x) = 2x — 8 = 2(x — 4). 


y-axis 

+ 

|—_—— 

t (2,54) 
—+_}— $$$ - 

iD x-axis 

0 (6,—5) 
(0,-5) —+— 

T 

Figure 1 


If x < 4, then f’’(x) is negative. Since f’’ is the rate of change of f’ with 
respect to x, this means that’ is decreasing as x is increasing from — a to 4. 
If we interpret f’ as the slope of the tangent, then this means that the slope 
of the tangent decreases as x increases. We can get some idea of shape here 
if we plot three points on Figure 2(a), the middle one the highest and with a 
horizontal tangent drawn through it. Note that the tangent through the 
middle point has slope less than that of the tangent through the left point 


y-axis y-axis 
— 


x-axis x-axis 


(a) (b) 


f(x) 


Figure 2 
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and that the tangent through the right point has a slope which is still less. 
The slopes of tangents at intermediate points will take on intermediate values, 
and thus a curve passing through these three points with these three tangents 
must be concave downward or must “bend” down. Whenever f’’(x) < 0, 
the graph of f(x) will be bending down. The part of the curve through the 
three points of Figure 2(a) with the appropriate tangents is drawn in 
Figure 2(b). 

If x = 4, then f(x) = 0, and the rate of change off’ with respect to x is 
0. Thus the slope of the tangent has ceased decreasing. 

Ifx > 4, then f’’(x) > 0, and’ increases as x increases. Thus the slope 
of the tangent increases as x increases. Again we plot three points, the middle 
one the lowest and with a horizontal tangent drawn through it. These are 
shown in Figure 3(a). Since the slope increases as x increases, the tangent 


y-axis praxis 


f(x) 


oe f 
x-axis x-axis 


(a) (6) 


Figure 3 


through the middle point has slope greater than that of the tangent through 
the left point, and the tangent through the right point has a slope which is 
still greater. The slopes of tangents at intermediate points take on inter- 
mediate values, and thus a curve passing through these three points with 
these tangents must be concave upward or must “bend” up, Whenever 
S’'(x) > 0, the graph of f(x) will be bending up. The part of the curve through 
the three points of Figure 3(a) with the appropriate tangents is drawn in 
Figure 3(b). 

After finding that f(4) = 4-64 -—4-16+ 12-4—5 = 4, we are 
ready to sketch the graph in Figure 4. The graph is concave downward 
from the far left through (0, —5) to a high point at (2, 5) and on to (4, 4). 
It is then concave upward from (4, 4) to a low point at (6, —5) and on upward 
to the right. The graph is, of course, incomplete, since it continues indefinitely 
both downward to the left and upward to the right. The point (2, 53), being 
higher than any nearby point on the graph, is called a local, or relative, 
maximum point. It is certainly not the highest point on the graph, hence the 
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word “local,” or “relative.” Similarly, the point (6, —5) is a local, or relative, 
minimum. 


I(x) = $x? — 4x7 + 12x-5 


x-axis 


(6, -5) 


Figure 4 


In summary, the graph of a function is concave downward when the 
second derivative of the function is negative and concave upward when the 
second derivative of the function is positive. The graph has horizontal tan- 
gents when the first derivative is 0. The points where the tangent is horizontal 
may be local maximum points or local minimum points or, as we shall see in 
Example 1, points of horizontal inflection. 

It is important to understand clearly the definitions of the various ex- 
pressions used in sketching graphs. The ordered pair (a,f(a)) is a local 
maximum point or a local minimum point of the function f if there is an open 
interval of the x-axis containing a such that, for every number x in that 


interval, f@>fx or f@ <f(, 


respectively. As we have indicated, the words relative maximum and relative 
minimum are also used. On the other hand, the pair (a, f(a)) is an absolute 
maximum point if, for every x in the domain of f, 


S(@ = f(), 
and an absolute minimum point if 
F@ < f(a). 


An extreme point is one that is either a maximum or minimum point (local 
or absolute). If (a, f(a)) is an extreme point, we shall call f(a) the extreme 
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value of the function and shall say that the function has the extreme value at 
a. For example, we say that the function f in Figure 4 has a local minimum 
value of —5 which occurs at x = 6. However, this function has no absolute 
maximum or minimum points. 

Any point (a, f(a)), where f’(a) = 0, is called a critical point of /. 

A point of inflection is a point where the concavity changes sign. Thus 
(a, f(a)) is a point of inflection of the function f if there is an open interval on 
the x-axis containing a such that, for any numbers x; and x, in that interval, 


Saf") <0 (1) 


whenever x; < a and x, > a. The inequality (1) simply says that f’’(x1) 
and f’’(x») are of opposite sign. A characteristic of a point of inflection of a 
function is that its tangent line crosses the graph of the function at that point. 
The different possibilities are illustrated in Figure 5. Of the points P, Q, and 


praxis y-axis praxis 
f(x) 
f(x) 
P= (a,f(a)) Q=(a, f(a) R=(a,f(a)) 
x-axis X-axis x-axis 
Figure 5 


R, only R is a point of inflection. If a function has a point of inflection (a, f(a)) 
and the second derivative f'’(a) exists, then f''(a) = 0. However, it is possible 
to have a point of inflection at a point where there is no second derivative 
(see Problem 10 at the end of this section). 


EXAMPLE |, Sketch the graph of f(x) = (x + 1)*(x — 1). We first compute 
the derivatives: 


£1) = (x + DF + & = 13 + 1)? = & + 14x — 2), 
Sx) = (x + 14 + (4x — 292% + 1) = 12x(e + 1). 


Setting f’(x) = 0, we obtain x = —1 and x = 4. Thus (—1,0) and 
(4, —2%) are critical points and the tangents through these points are hori- 
zontal. Setting f’’(x) = 0, we get solutions x = —1 and x = 0. Thus, if 
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there are any points of inflection, they must occur at these two places. It is 
easy to see that the sign of the second derivative for values of x along the 
x-axis follows the pattern 


positive negative positive 


= 0 x-axis 


We conclude that (—1, 0) and (0, —1) are in fact points of inflection. The 
point (—1, 0), being both a critical point and a point of inflection, is a point 
of horizontal inflection. The graph is shown in Figure 6. Note that the graph 


y-axis 


F(x) = (x+ 13x) 


(4-%) 


Figure 6 


crosses the tangent at the point of horizontal inflection and that the slope of 
the tangent line does not change sign at that point. The first derivative 
(hence the slope of the tangent) increases to zero, as we go from the left to 
x = —1 and then decreases again through negative values, from x = —1 to 
x = 0. The point (4, —}4), being the lowest point on the graph, is not only 
a local minimum point but also an absolute minimum point. —#2Z is the 
absolute minimum value of this function. 


In the plotting of graphs of polynomial functions, we are frequently 
helped by knowing that a straight line can cut the graph of a polynomial 
function of the nth degree in at most n points. This is a consequence of the 
algebraic fact that, if p(x) is a polynomial function of degree n, then the equa- 
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tion p(x) = 0 can have at most n distinct real roots. The function in Ex- 
ample 1 may be expanded to show that it is a polynomial of degree 4. It is 
possible to draw a straight line which will cut its graph in four points, but no 
straight line which will cut it in as many as five points. 


EXAMPLE 2. Sketch the graph of f(x) = 1 — x*/*. As before, we find 
derivatives: 

SQ) = Be, 

£10) = 9x". 
For no values of x will we have f’(x) = 0, and so there are no critical points. 
On the other hand, f’(0) is not defined and the graph has a vertical tangent 
at (0, 1). The first derivative is defined for all other values of x and is positive 
for x < 0 and negative for x > 0. Thus, at each point on the graph to the 
left of the vertical axis, the slope of the tangent is positive, increasing without 
limit as x > 0—. At each point on the graph to the right of the vertical axis, 
the slope of the tangent is negative, increasing from negative numbers large 
in absolute value as x increases from 0. The second derivative f’’(x) is positive 
for all values of x except for x = 0, where it is not defined. It follows that 
there are no points of inflection. The graph is nowhere concave downward. 


X-axis 


Figure 7 


Note in Figure 7 that the portion of the graph which lies to the right of 
the vertical axis is the “mirror reflection” across that axis of the portion which 
lies to the left of the vertical axis. Note also that f(—x) = f(x). Such a fune- 
tion, where f(— x) = f(x), is called an even function and its graph will always 
contain two halves which can be brought into coincidence with each other by 
folding the graph along the vertical axis (Figure 8). The problem of graphing 
an even function is simplified by graphing it for positive values of x and draw- 
ing, for negative values of x, a reflection over the vertical axis of the right half 
of the graph. 
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|p-axis 


even function 


x-axis 
Figure 8 
EXAMPLE 3. Sketch the graph of f(x) = x + 4 . The derivatives are 
fe) =1-4; 
pray = 5. 
The first derivative vanishes for x = 2 and x = —2, and thus we see that 


(2, 4) and (—2, —4) are critical points. The second derivative is negative 
when x is negative, so the curve is bending down at (—2, —4) and that point 
must be a local maximum point. Similarly, f’’(2) > 0 and (2, 4) is a local 


y-axis 


x-axis 


Figure 9 
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minimum point. f(0) is undefined and | f(x)| increases as x + 0. Behavior 
for large values of |x| can be seen, since f(x) approaches x as x increases or 
decreases without bound. 

From Figure 9, one can see the graph approaching the vertical axis as 
x — 0 from either side, and also approaching the graph of the equation 
y = xas|x| increases without bound, Note that the two parts of the graph are 
reflections of each other across the origin, and also that f(—x) = —f(x). 
Any function f for which f(—x) = —f(x) is called an odd function, The 
graph of an odd function may be obtained by first drawing the graph of 
S(x), where x > 0 (see Figure 10). We may then obtain the remainder of the 


y-axis 


oN odd function 
i 


x-axis 


Figure 10 


graph by first reflecting this positive part about the y-axis and then about the 
x-axis. The result of reflecting first about one axis and then about the other 
we shall call reflection about the origin. 


Summarizing the techniques of curve sketching, we find the first and 
second derivatives of the function with respect to x, we find the points where 
either derivative vanishes, and we determine critical points and points of 
inflection. Points of general use in graphing f(x) include: 


1. The tangent is horizontal if f’(x) = 0. 

2. The curve is concave downward if f’’(x) is negative, concave upward 
if f’"(x) is positive. 

3. (a,f(a)) is a local maximum point if f’(a) = 0 and f’"(a) < 0, a 
local minimum point if f’(a) = 0 and f(a) > 0. 

4. (a, f(a) is a point of inflection if f’’(x) changes sign as x increases 
through a. 
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5. Even and odd functions need be investigated carefully only for 
x > 0. The rest of the graph of an even function is found by reflection 
across the vertical axis, of an odd function by reflection about the origin. 


PROBLEMS 


1. Sketch the graph of each of the following functions, carefully labeling all 
extreme points and all points of inflection. Classify each extreme point as to 
type. 


fe) eae G) xt-x 
(b) 3—2x-—x° (k) @? = 24? 
(c) 2x" — 3x —1 q) [x| 
(d) 5—2x° Ch ome Fl 
3 -_ 
(e)) x 3x ee : 6 : 
(f) (e — 1° + 2) 
x+2 (0) x‘ — 8° +3 
(g) = 2a ees 
16 4 4 8x 
pea Sl (q) (x — 1) — 2) - 3) 
a () 1+ 6x — 4x. 


2. Show that a polynomial function of x which consists only of even powers of x 
is an even function. 

3, Show that a polynomial function of x which consists only of odd powers of x 
is an odd function. 

4, (a) Show that the graph of the function ax? + bx + c,a # 0, always has an 

absolute extreme point. 

(b) Which of the constants a, b, and c determines the type of extreme point 

of the graph? 

(c) What is the extreme value of ax® + bx + c? 


(d) Write ax?+ bx +c as o(» i ¥ ) c, complete the square on 
a 


x4 ae without changing the function, and find the result of (c) alge- 
a 


braically. 

5. Show that the graph of x* — 12x has a local maximum point but no absolute 
maximum point and that it also has a local minimum point which is strictly 
local. 

6. Sketch the graph of /(x), if /(0) = 3 and f’(x) = —1 for all real values of x. 
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7. Sketch the graph of f(x), if f(—1) = 2 and f’(x) = $ for all real values of x. 

8. Sketch the graph of f(x), if (0) = 0 and f’(x) = x for all real values of x. 

9. Construct a function which has a local maximum point, with local maximum 
point defined as in this section, but would not have a local maximum if the 
definition were changed to demand f(a) > f(x), x # a, instead of f(a) > f(x). 

10. Graph the function x'/* and show that it has a point of inflection where neither 
the first nor the second derivative exists. 


2, Maximum and Minimum Problems. In sketching the graph of a function, 
we spent some time looking for maximum and minimum points, both local 
and absolute. This idea suggests that we can use the same technique to find 
that value (or those values) of a variable which maximize or minimize a 
length, an‘area, or a profit. For example, what should be the dimensions of 
the rectangular field which can be enclosed with a fixed length of fencing but 
has the greatest area? Or, what are the dimensions of the quart can which 
can be made from the least amount of tin? Or, if the telephone company 
were to reduce the rate per instrument for each new instrument over a certain 
number, what number of telephones would give them the greatest profit? 

These are all problems which can be solved by calculus and, more 
specifically, by the technique developed in Section 1. However, before we 
tackle them, we shall consider the theorems which justify the methods which 
we shall use in solving them. 


(2.1) THEOREM. [f a belongs to an open interval in the domain of f, if f(a) 
exists, and if (a,f(a)) is a local extreme point (either a maximum or a 
minimum), then f’(a) = 0. 


Proof. Geometrically this theorem is obvious. We shall prove it, only in the case 
that (a, f(a)) is a local maximum point, since a similar proof (with the in- 
equalities reversed) is valid for a local minimum point. Since (a, /(a)) is a 
local maximum point, f(a + 1) < f(a) for all ¢ in some open interval con- 


taining 0. Thus f(a + 1) — f(a) < 0. If ris negative, fey pn ta >0 


and 
lim L449) = SJ@ >0. 
t0— t 

If r is positive, 


fat) — f@ < Ouand 
ra eres 


lim Sa+n— fa) <0. 

t+ t 

Since /’(a) exists, the two limits above must have a common value which is 
f(a). Thus f(a) is both greater than or equal to zero and also less than or 
equal to zero. The only number which satisfies both of these conditions is 
zero, hence f’(a) = 0, This completes the proof. 
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In our sketches we found points where the first derivative vanished. If 
the curve was concave downward at that point, we identified a local maximum 
point; if the curve was concave upward at that point, we identified a local 
minimum point. We summarize this result in the following theorem. 


(2.2) THEOREM. Let f be a function with a continuous second derivative and 
with f'(a) = 0. Then (a, f(a)) is a local maximum point if f'"(a) < 0 and is a 
local minimum point if f’’(a) > 0. 


This theorem is easily proved when we have more mathematics at our 
command. Specifically, it follows quickly from Taylor’s Formula with the 
Remainder (see Problem 13, page 540), For the work at hand, it will be 
sufficient to understand the theorem and to be able to use it. 

If the domain of fis restricted to a closed interval, we may find an abso- 
lute extreme point which lies on the boundary of the interval. Consider the 
function graphed in Figure 11. This function is defined on the closed interval 


y-axis 


(d, f(d)) 


(b, f(b) 


(c, F(¢)) 


a b c d X-axis 


Figure 11 


[a, d] and has a local minimum point at (¢, f(c)). However, there are several 
points in [a, d] which are lower than (c,f(c)), and the absolute minimum 
point is (a, f(a)). Similarly, (6, f(b)) is a local maximum point but (d, f(d)) 
is the absolute maximum point. This suggests the following theorem. 


(2.3) THEOREM. Let f be a differentiable function whose domain is restricted 
to a closed interval containing a. If (a, f(a)) is an extreme point then f'(a) = 0 
or a is an endpoint of the interval. 


Proof. This theorem is an immediate corollary of Theorem (2.1). Let the domain be 
[c, dl. If a # c and a # d, then a lies in the open interval (c,d) and, by 
Theorem (2.1), f(a) = 0. If a = ¢ or a = d, then a is an endpoint of the 
interval. 
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For many functions, Theorem (2.3) has the virtue of reducing an ap- 
parently impossible problem to a simple one. In principle, the problem of 
finding the maximum values of a function over a closed interval involves the 
examination of f(x) for every x in the interval, i.e., for an infinite number of 
points. This theorem tells us that we need look only at those values of x at 
which the first derivative vanishes and those which are endpoints. For most 
functions there is only a small finite number of such points. 

Theorem (2.3) tells us where to look for the extreme points of a differ- 
entiable function defined on a closed interval, but it does not guarantee the 
existence of any. To complete the theory, we add a statement of the following 
fundamental existence theorem. 


(2.4) THEOREM. Every real-valued continuous function whose domain is a 
closed bounded interval has at least one absolute maximum point and at least 
one absolute minimum point. 


We omit the proof. The result sounds perfectly obvious, of course, and 
it is obvious in the sense that if continuity means what we want it to mean, 
then (2.4) must be true. To see whether it, in fact, follows logically from our 
definitions, of course, requires proof. Further insight into the theorem may be 
found in Problems 21 and 22, where it is shown that functions that do not 
satisfy the hypotheses of (2.4) can fail to have absolute extreme points. 

Let us now look at the problems suggested at the beginning of the 
section. 


EXAMPLE |, What are the dimensions of the largest rectangular field which 
can be enclosed with 200 feet of fencing? Should it be long and narrow, short 
and wide, or somewhere in between? If we let x be the number of feet in the 
length, then 100 — x will represent the width, and we can write the area A 
as a function of x: 

A(x) = x(100 — x) = 100x — x? 


(see Figure 12), Note that the domain of A is the interval consisting of all x 


x 


i 
g ; z 


Figure 12 
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such that 0 < x < 100. We want to find that value of x which will give a 
maximum value of A. Taking derivatives, we obtain A’(x) = 100 — 2x 
and A’(x) = —2. Setting A’ equal to zero, we find x = 50. Since 
A’(50) = Oand A’’(50) = —2 < 0, we know that 50 is that value of x which 
maximizes A. Thus the field, which is 50 feet long and 100 — 50 = S0 feet 
wide, is the largest rectangular field which can be enclosed with 200 feet of 
fencing. 


The problem of solving a maximum or minimum problem consists of 
setting up the function to be maximized or minimized and then taking deriv- 
atives. The theorems of this section tell how to proceed from there. 


EXAMPLE 2. What are the dimensions of the cylindrical quart can which can 
be made from the least amount of tin? This problem is important to the 
manufacturer who produces tin cans and is more concerned with the amount 
of tin used than with the shape of the can. Should he make tall cans with a 
small radius or short cans with a large radius? We shall ignore seams and 
assume that tin cans are perfect cylinders. The volume of a cylinder is 
arh and a quart contains 573 cubic inches. Thus if r is the radius of the can 
in inches and A is the height in inches, ar2h = 57} or 244 (see Figure 13). 


Figure 13 


The area is the sum of the lateral surface area and the area of the bottom and 
the top: A = 2mrh + 2nr?. The area depends on r and h, but we can use our 


231 
volume equation to find / as a function of r: h = tar? and then write 
cr 


A(r) = 2 (324) + 2nr? = a + 2a’. 
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The domain of A is the set of positive real numbers. Taking derivatives, we 
231 231 
have A’(r) = — ap + 4er and A’(r) = a + 4. Setting A’ equal to 
1 ,/231 : 2 
zero, we have 8rr? = 231, or r = 3 '/—— = 2,10 (approximately). Since 
Tv 


A’(2.10) = 0 and A’(2.10) > 0, 2.10 gives a minimum value to A. 
231 

~ 4(2.10)? 

profile, 2.10 inches in radius and 4.20 inches high. This problem could also 


= 4,20 (approximately). The desired can will look square in 


A(h) = 2m. + 2n , although this area function is not as nice as 


4nh 
A(r). Another method involves thinking of has a function of r, writing A(7) 
containing both / and r, and differentiating implicity. Thus we write 


rh = — and A(r) = 2nrh + 2xr’. 


Differentiating with respect to r, we obtain 


sh dle er eo a 6 nd ah) = eke Oe ee 
dr dr 


7 2 
From the first, ge =- dl =- gh . Substituting this in the second, we 
dr bla fe 
h 
find A’(r) = 2ar (— *) + 2nh + 4rr = 4rr — rh. Setting A’(r) = 0, 
we get fe 


h = 2r. 
cask, . . 231 
Substitution in the volume equation yields mr?(2r) = a? or 8r* = 231, 
as in the other solution. This same method could have been used with 
differentiation with respect to h. 

In each of the preceding examples, the domain of the function was an 
interval of positive real numbers. However, if a problem involves the number 
of objects which will maximize or minimize a particular function, it will 
have a domain of positive integers. In this case, we may still do the problem 
as if it were one with the entire set of real numbers as the domain of the 
function, and then consider those positive integers which lie on either side 
of the x-coordinate of the critical point of this function. 


EXAMPLE 3. A telephone company which serves a small community makes an 
annual profit of $12 per subscriber if it has 725 subscribers or fewer. They 
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decide to reduce the rate by a fixed sum for each subscriber over 725, thereby 
reducing the profit 1 cent per subscriber. Thus there will be a profit of 
$11.99 on each of 726 subscribers, $11.98 on each of 727, etc. What is the 
number of subscribers which will give them the greatest profit? 

If we let x be the number of subscribers over 725, there will then be 
725 + x subscribers and the profit per subscriber will be 1200 — x cents. 
The total profit will be P(x) = (725 + x)(1200 — x) = 870,000 + 475x — x’. 
The domain of P is the set of positive integers, but let us treat the problem as 
if the domain were R. The derivatives are P’(x) = 475 — 2x and 
P!'(x) = —2. The value of x which makes P’ zero is 2374, and it also makes 
P"' negative, thereby ensuring a maximum for P. We find P(237) = 926,406 
and P(238) = 926,406. Thus the profit is the same for 725 + 237 = 962 
subscribers and for 725 + 238 = 963 subscribers. If we visualize the graph 
of P, we see a parabola concave downward with its maximum point at 
(237%, 926,406). If we delete all points which do not have integral co- 
efficients, then the points (237, 926,406) and (238, 926,406) are maximum 
points equally spaced on either side of the high point of the parabola and 
just lower than the high point. The profit of the telephone company will 
increase with each new subscriber until they have 962 subscribers. The 
addition of one more subscriber will not alter the profit, but it will then 
decrease with each new subscriber after the 963rd one. 


EXAMPLE 4, Consider the function f defined by 
3 
f@)=S-x +3 25x53. 


The domain of f is the closed interval [—2, 3]. Find the maximum and 
minimum values, The derivatives are f’(x) = x? — 2x = x(x — 2) and 
S'(x) = 2x — 2 = 2(x — 1). Setting f’(x) = 0, we find solutions x = 0 
and x = 2. By Theorem (2.3) we need evaluate f(x) only where x = 0 
and x = 2 [where f’(x) = 0] and at the endpoints of the interval, x = —2 
and x = 3. These values are 


(2) = —6, 
SO) = 4, 
Sf) = -3, 
£Q) = 3. 


Thus the maximum value of fis 3, and the minimum value is —6. Note that 
the maximum value of the function occurs at two points, one of which is a 
local maximum and the other the right endpoint of the interval. The minimum 
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value, on the other hand, does not occur at a local minimum point, but at the 
left endpoint. The graph of the function is shown in Figure 14. 


y-axis 


x-axis 


Figure 14 


We summarize the techniques for solving maximum and minimum 
problems as follows: 


1. Set up the function to be maximized or minimized. If it can easily 
be set up as a function of one variable, it should be. If it cannot easily be set 
up as a function of one variable, it should be accompanied by an equation 
relating the two variables. 

2. Take first and second derivatives of the function. Set the first deriv- 
ative equal to zero and solve the resulting equation. Evaluate the second 
derivative at those values of x for which the first derivative equals zero. 

3. If the function is a “‘nice” function defined on an open interval, its 
maximum will occur where f’(x) = 0 and f’’(x) < 0 and its minimum will 
occur where f’(x) = 0 and f’’(x) > 0. 

4, If the function has a closed interval for its domain, evaluate the 
function at both endpoints to see if maximim or minimum values occur there. 

5. If the function has a domain restricted to integers, evaluate the func- 
tion at integers near the values which give a maximum or a minimum value 
to the continuous function. 
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Sometimes the geometric or physical properties of the problem make it 
obvious that a critical point is of the desired type, i.e., a maximum or a mini- 
mum. If this happens, it is not necessary to compute the second derivative, 
although it may still be used as a check. The complete behavior of the func- 
tion whose extreme points are desired can always be found by carefully 
plotting its graph. 


PROBLEMS 
1, Generalize on Example 1 to show that the largest rectangle with a fixed perim- 
eter p is a square with side ; : 


2. A field is bounded on one side by a stone wall. A rectangular plot of ground is 
to be fenced off, using the stone wall as one boundary and 200 yards of fencing 
for the other three sides. What are the dimensions of the largest such plot? 

3, Find the positive number which is such that the sum of the number and its 
reciprocal is a minimum. 

4, List all local extreme points and all absolute extreme points for each of the 
following functions, noting carefully its domain of definition. Classify each 
extreme point by type. 


(a) 3x° — 5x + 7; domain: all real numbers. 


(b) 4x* + 3x* — 6x + 5; domain: all real numbers. 


(c) x+ & ; domain: all nonzero real numbers. 
aS 
(d) 2x* — 21x? + 60x — 25; domain: all nonnegative real numbers. 


(e) 


; domain: all real numbers except 1. 
aie 


(f) 3x4 — 20x? — 36x? + 54; domain: all nonpositive real numbers. 

(g) (x — 1)*(x + 1)8; domain: all nonnegative real numbers no greater than 2. 
(h) 2 — (x + 4)*/*; domain: all real numbers. 

(i) (« — 1)*( — 4); domain: all nonnegative real numbers. 


5. Generalize on Example 2 to show that the right circular cylinder with a fixed 
volume and the least total surface area has its diameter equal to its height. 

6. Show that f(x) = x‘ has an extreme point where the second derivative is 
neither positive nor negative. What type of extreme point is it? Explain why 
this is not a contradiction of Theorem (2.2). 

7. Aline has positive intercepts on both axes and their sum is 8. Write an equation 
of the line if it cuts off in the first quadrant a triangle with area as large as pos- 
sible. 
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8. 


9. 


10. 


11. 


12. 


13; 


14, 


15, 


16. 


20. 
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Find two nonnegative numbers, x and y, such that x + y = 6 and x*y is as 

large as possible. 

Find all ordered pairs, (x, y), such that xy = 9 and \/x? + y? is a minimum. 

Interpret your result geometrically, 

(a) Graph the set of ordered pairs (x, y) such that 4x? + y? = 8. The graph 
is called an ellipse. 


(b) Find all ordered pairs (x, y), such that 4x? + y? = 8 and 4xy is a maxi- 
mum. 


(c) Find the dimensions of the largest (in area) rectangle which has sides 
parallel to the x-axis and the y-axis and is inscribed in the ellipse of (a). 


Find the dimensions of the largest rectangle which has its upper two vertices 

on the x-axis and the other two on the graph of y = x? — 27. 

Find the dimensions of the rectangle which has its upper two vertices on the 

x-axis and the other two on the graph of y = x? — 27 and which has maximum 

perimeter. 

A box without a top is to be made by cutting equal squares from the corners 

of a rectangular piece of tin 30 inches by 48 inches and bending up the sides. 

What size should the squares be if the volume of the box is to be a maximum? 

(Hint; If x is the side of a square, V(x) = x(30 — 2x)(48 — 2x).] 

(a) A box without a top is to be made by cutting equal squares from the cor- 
ners of a square piece of tin, 18 inches on a side, and bending up the sides. 
How large should the squares be if the volume of the box is to be as large 
as possible? 

(b) Generalize (a) to the largest open-topped box which can be made from a 
square piece of tin, s inches on a side. 

(a) Where should a wire 20 inches long be cut if one piece is to be bent into a 
circle, the other piece is to be bent into a square, and the two plane figures 
are to have areas the sum of which is a maximum? 

(b) Where should the cut be if the sum of areas is to be a minimum? 

A man in a canoe is 6 miles from the nearest point of the shore of the lake. 

The shoreline is approximately a straight line and the man wants to reach a 

point on the shore 5 miles from the nearest point. If his rate of paddling is 4 

miles per hour and he can run 5 miles per hour along the shore, where should he 

land to reach his destination in the shortest possible time? 


. Prove that the largest isosceles triangle which can be inscribed in a given circle 


is also equilateral. 


. Prove that the smallest isosceles triangle which can be circumscribed about a 


given circle is also equilateral. 


. What is the smallest positive number that can be written as the sum of two 


ay 1 
positive numbers x and y so that — + 2 =1? 
Ea gee 


An excursion train is to be run for a lodge outing. The railroad company sets 
the rate at $10 per person if less than 200 tickets are sold. They agree to lower 
the rate per person by 2 cents for each ticket sold above the 200 mark, but the 
train will only hold 450 people. What number of tickets will give the company 
the greatest income? 
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21. Consider the continuous real-valued function f(x) = x with domain0 < x < 1. 
Does this function have an absolute maximum point or an absolute minimum 
point? Why is this function not a counterexample to Theorem (2.4)? 

22. Let 


ts for -1<x<0, 
f(x) = )x 2 Fe ate I 
0; Tore te. 0s 


This real-valued function is defined on the closed interval [—1, 1]. Draw the 
graph of f(x) and explain why this function has neither absolute maximum nor 
absolute minimum points. 


3. Rates of Change with respect to Time. The values of many physical 
quantities depend on time and change with time. In a mathematical formula- 
tion such a quantity is usually denoted by a variable which is a function of 
time. In this section we are concerned with the instantaneous rates of change 
of time-dependent variables. Let u be a real-valued function of a real variable 
1, where we identify ¢ with time. The rate of change of u with respect to time 
at a given instant ¢ = a can be determined by considering the derivative of u. 
We have already observed in Chapter 1 that the derivative f’(a) of a function 
fata particular number ais the rate of change of the value f(x) of the function 
f with respect to x at a. It follows that the instantaneous rate of change of u 
with respect to time, when ¢ = a, is equal to the derivative: 


wa) = F(a) = tim MEO — MO) 


In a physical application the variable u might denote the number of 
gallons of water in a tank at time f, where fis measured in minutes. Then, 


(efi ren, f ; Hiss 
aE (a) is equal to the rate at which water is flowing in or out of the tank at 


time t = a and is measured in gallons per minute. Ti (a) is positive, then 
the quantity of water in the tank is increasing when ¢ = a and water is flow- 
ing into the tank. On the other hand, ir (a) is negative, then the amount 
of water is decreasing at that moment and water is draining out. Finally, if 
a (a) = 0, then the amount is not changing at ¢ = a. 


An important example of rate of change with respect to time is velocity. 
For example, consider a car in motion on a straight road. To formulate 
the situation mathematically, we identify the road with a real number line, 
the car with a point on the line, and the location of the car at time ¢ with the 
coordinate s(t) of the point on the line, Thus, s is a real-valued function of 
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the real variable t. The average velocity during the time interval from ¢ = a 
to t = a + dis equal to the change in position divided by the change in time. 
Denoting this quantity by va,, we have 


v,, = ata) — sla). 
av a 


If we graph s(t) on a time-position graph, as in Figure 15, we see that the 
average velocity is the slope of the line segment connecting the point (a, s(a)) 


S-axis 


s(t) 


(a+d,s(a+d)) 


(a, s(a)) 


a at+d t-axis 


Figure 15 


to the point (a+ d,s(a+d)). If, keeping a fixed, we consider average 
velocities over successively shorter and shorter intervals of time, we obtain 
values nearer and nearer to the rate of change of s at ¢ = a. We take this 
limit as d approaches zero as the definition of velocity at a and use the 
symbol v(a) for it. Thus 
v(a) = lim vg, = lim ta + 4) — s{a) = 
d—0 d—0 


s’(a). 


Hence velocity is the derivative of position with respect to time, and we 
write v(t) = s’(t), or simply v = s’. Geometrically, the velocity at a is the 
slope of the tangent line to the graph of the function s at the point (a, s(a)). 

For a particle moving on a real number line, a positive value of v(t) 
means that the motion at time ¢ is in the direction of increasing numerical 
values, which is called the positive direction (i.e., if the line is the x-axis, 
then the particle is moving to the right). If v(t) is negative, then the particle 
is moving in the opposite direction. Finally, zero velocity indicates that the 
particle is at rest. The speed at time ¢ is defined to be the absolute value 
|v()| of the velocity. Obviously, the speed measures how fast the particle is 
moving without regard to its direction. 
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Velocity depends on time, and its rate of change with respect to time will 
tell us even more about the motion of a particle. This rate of change is called 
acceleration and is defined to be the derivative of velocity with respect to time. 
Denoted by a, it is the second derivative of position with respect to time: 


a(t) = v(t) = s’(t). 


The acceleration is the rate of change of velocity with respect to time. 
It may be positive, indicating that the velocity is increasing; zero, telling us 
that the velocity is constant; or negative, indicating that the velocity is 
decreasing. For motion of a particle on a horizontal number line (or the 
x-axis) we have several possibilities. If the velocity is positive and the ac- 
celeration is positive, the motion is to the right and the speed of the particle 
is increasing. If the velocity is positive and the acceleration is negative, the 
motion is still to the right but the particle is slowing down. If the acceleration 
is zero, the velocity is momentarily not changing. If the velocity is negative, 
the particle is moving to the left and it is slowing down or speeding up, 
depending on whether the acceleration is, respectively, positive or negative. 


EXAMPLE |. A particle moves on the x-axis and its coordinate, as a function 
of time, is given by x(t) = 2¢° — 21”? + 60¢ — 14, where ¢ is measured in 
seconds. Describe its motion. We first take derivatives to find velocity and 
acceleration: v(t) = 61° — 421 + 60 = 6(1? — 7t + 10) = 6(t — 2)(t — 5) 
and a(t) = 12¢ — 42 = 6(2¢ — 7). At zero time the particle is atx = —14, 
moving to the right with a velocity of 60 units per second. At that moment, 
acceleration is —42, and the particle is slowing down. At time ¢ = 2, the 
particle is at rest (v = 0) at x = 38, and the acceleration is still negative: 
a = —18. For the next 14 seconds the particle moves to the left until, at 
t = §, it is at x = 243, moving to the left with a speed of 134 units per 
second. At that moment, however, the acceleration is zero and, in the next 
instant, the velocity will begin to increase to the right and the particle begin 
to slow down. The particle continues to move to the left for the next 14 
seconds, until = 5. At that time, the particle is at rest at x = 11 and the 
acceleration is positive. From that time on, the particle will move to the 
right with ever-increasing velocity. Its motion is indicated in Figure 16. 


-14 -10 0 u 20 30 38 x-axis 


Figure 16 
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EXAMPLE 2. In a first course in physics, one encounters the formula for 
straight-line motion with constant acceleration, s = s) + ut + 4at’, 
where s is the distance from some fixed point, s» the initial distance, vo the 
initial velocity, and a the acceleration. Find v and a, thereby verifying another 
formula which usually accompanies the distance formula and also verifying 
that the acceleration is constant. Taking derivatives with respect to time, we 
obtain v = s’ = vp + 4a(2t) = vo + at and a = v’ = a. Thus we see that 
the derivative definitions do produce the familiar formulas. 


If a particle is constrained to move in the xy-plane on a circle of radius 5, 
then the point where it is at any time has coordinates which satisfy the 
equation x? + y? = 25. Each of the coordinates, however, is a function of 
time and we may write [x()]’ + [y(O) = 25. Here we have an equation 
which states that two functions of 1, [x(#)]}’ + [v()]* and the constant func- 
tion 25, are equal to each other. If the two functions are equal, they will 
change with respect to / at the same rate, Taking derivatives to find the com- 
mon rate of change, we have 


da sd 
ae ty) = Gre 
which implies 
dx ay 
Qx Fi + 2y cee 0. 


We interpret a as the rate of change of the abscissa of the particle with 
respect to time, or as the velocity in the horizontal direction. Similarly, we 
interpret 2 as the velocity in the vertical direction. We use the symbols v, 
for a and v, for # . Another interpretation of v, and v, is that they are 
horizontal and vertical components, respectively, of the velocity of the par- 
ticle. Using this notation, we write xv, + yo, = 0 or v, = — ae These 


equations relate two rates of change, and problems of this type are called 
related rate problems. 


EXAMPLE 3. A particle moves on the circle with equation x? + y? = 10. 
As it passes through the point (—1, —3) the horizontal component of its 
velocity is 6 units per second, Find the vertical component. We first take 


d 
derivatives with respect to time, ‘ f+ y) = oF 10, to get 2xv, + 2yv, = 0. 
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We are given that v, = 6 when x = —I and y = —3. Substituting these 
values in the last equation, we have 2(—1)(6) + 2(—3)v, = 0. Hence 
—12 — 6v, = 0, or v, = —2. The vertical component of velocity is —2 


units per second, indicating that the motion is, at that moment, downward 
and to the right, since v, is given positive. It is, of course, obvious that a 
particle which is constrained to move on the circle must be moving down- 
ward if it is moving to the right in the third quadrant. 


EXAMPLE 4. A spherical balloon is being blown up, and its volume is in- 
creasing at a rate of 4 cubic inches per second. At what rate is its radius 
increasing? The volume of a sphere is given by the equation, V = $nr’. 
Since V and 4rr* are both functions of ¢, their derivatives with respect to ¢ 


d 4 dr dr dv 
equal. —=—-973— = 2 4 aci — by 4; 
are equal. Thus at er 4nr i Replacing zp y 4 and 


: dr dr i 7 Pe Wane r 

solving for ane have a oar The rate at which the radius is increasing 

7 

is not constant, but depends on the radius at a particular moment. When the 

radius is 2 inches, it is increasing re inches per second; when it is 5 inches, 
us 


Feo Fi Be, 
it is increasing 250 inches per second, ete. 
sJT 


Most related rate problems are solved by first finding an equation relat- 
ing the variables. Then we may take derivatives to find an equation relating 
their rates of change with respect to time. Finally, we substitute those simul- 
taneous values of the variables and rates which are given to us in the problem. 


PROBLEMS 


1, A ball is thrown upward with an initial velocity of 80 feet per second. Its 
distance above the ground ¢ seconds later is given by s = 80¢ — 1677. 


(a) Show that it reaches its highest point when it has zero velocity. 
(b) Show that its acceleration is constant. 

(c) For how many seconds is it going up? 

(d) How high does it go? 

(e) Show that it strikes the ground with a speed of 80 feet per second. 


2. A particle moves on the x-axis and its position rf seconds after it starts is given 
by x(t) = 40° — 42° + 135r — 100. Describe its motion. 
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. A particle moves on the y-axis and its position ¢ seconds after it starts is given 


by »(t) = 144¢ — 288 — 167°. Describe its motion. 


. A particle moyes on the x-axis and its position ¢ seconds after it starts is given 


by x() = & — 34+ 5. Describe its motion. 


. A particle moves on the y-axis and its position ¢ seconds after it starts is given 


by y(t) = 3° — 9¢ + 10. Describe its motion. 


. A particle moves on the ellipse with equation 4x? + 9)? = 36. When it is 


passing through the point (—3,0), what is the horizontal component of its 
velocity? 


. A particle moves on the circle with equation x? + y? = 16. Show that Pu at 


(a, b) is equal to the slope of the tangent to the circle at (a, b). ke 


. Two ships leave the same dock at noon, one traveling due north at 15 knots 


(nautical miles per hour) and the other due east at 20 knots. At what rate is the 
distance between them increasing at 2 p.M.? 


. Water is pouring into a conical funnel and, although it is also running out of the 


bottom, the amount of water in the funnel is increasing at the rate of 3 cubic 
inches per minute. If the conical part of the funnel is 5 inches deep and the 
mouth of the funnel is 6 inches in diameter, how fast is the water rising when it is 
2 inches deep? 


. (a) Show that, at any instant, the ratio of the rate at which the area of a circle 


is changing to the rate at which the radius is changing is equal to the 
circumference of the circle. 

(b) Show that, at any instant, the ratio of the rate at which the volume of a 
sphere is changing to the rate at which the radius is changing is equal to the 
surface area of the sphere. 

A man 6 feet tall walks away from a lamppost 15 feet tall at a rate of 4 miles per 

hour. How fast is his shadow lengthening when he is 12 feet from the pole? 

How fast is the distance from the foot of the lamppost to the tip of his 

shadow lengthening? 

At 3 p.m. a ship which is sailing due south at 12 knots is 5 miles west of a west- 

bound ship which is making 16 knots. 

(a) At what rate is the distance between the ships changing at 3 p.M.? 

(b) At what time does the distance between the ships stop decreasing and start 
increasing? 

(c) What is the shortest distance between the ships? 

A ladder 20 feet long leans against a vertical wall. The bottom of the ladder 

slides away from the wall at a constant rate of 1 foot per second. At what rate 

is the top coming down the wall when it is 12 feet from the ground ? 

A particle moves on the parabola with equation y = x2. The horizontal com- 

ponent of the velocity at each point is equal to twice the abscissa of the point, 

Show that the vertical component of the velocity at each point is equal to four 

times the ordinate of the point. 


. Sand is being poured on the ground ata rate of 4 cubic feet per minute. At each 


moment, it forms a conical pile with the height of the cone 4 of the radius of the 
base. How fast is the height of the pile rising when 217 cubic feet of sand is in 
the pile? 
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4. Approximate Values. If we can find the values of a function and its 
derivative at some particular number a, then there is a useful method for 
obtaining an approximation to the value of the function at any number near 
a. For example, knowing that \/9 = 3, we can easily obtain a good ap- 
proximation to /9.1. Similarly, we can use this method to find simple ap- 


1 — 
proximations to such numbers as 402° 4/26.8, and (32.1)"/®, 


To obtain the approximation for \/9.1, we consider the graph of the 
function f defined by f(x) = \/x and drawn in Figure 17. The tangent line 


x-axis 


Figure 17 


to the curve at the point (9, 3) touches the curve at that point and is not 
very far away from it for values of x near 9, Although it is tedious to find a 
decimal approximation for the ordinate of the point on the curve y = \/x 
with an abscissa of 9.1, it is relatively easy to find one for the point on the 
tangent line with that abscissa, and the two points are not very far apart. 


2 1 
Since 4 Nx oe , the tangent line has a slope of 75 = t and has an 
equation 


eae ae) 


If x = 9.1, y = 3 + $0.1) = 344, or 3.017. Thus 3.017 is our approxima- 
tion for \/9.1. That it is a good approximation may be seen by checking a 
table of square roots to find \/9.1 = 3.016621. The same tangent line may 
be used to approximate \/10, but the accuracy will not be as good. If x = 10, 
y = 3+ 4 = 3.167. The tables give 3.162278 for \/10. 

The technique used in the problem above is the computation of an 
approximate value of f(x) under the assumption that the difference x — a 
is small in absolute value and that both f(a) and f’(a) are known, or can 
be easily evaluated. We write an equation of the tangent line to the graph 
of the function f at (a, f(a)) and take the ordinate of the point on the line 


110 APPLICATIONS OF THE DERIVATIVE [cuap. 2 


with abscissa x as the approximation to f(x). The tangent line has equation 
y — f(a = f'(a(x — a), or, equivalently, 


y=fO+/@ER— a). 


The function f(a) + f’(a)(x — a) is a linear function of x, and is the linear 
function which best approximates f(x) for values of x near a. The approxima- 
tion consists of simply replacing the true value f(x) by the corresponding 
value of the linear function. The result is summarized in the formula 


fx) = f(@) + f'(O& — 4), (1) 


in which it is assumed that |x — al is small and the symbol ~ indicates 
approximate equality. 


1 
EXAMPLE 1, Find an approximate value of F02 . If we define f(x) = i, then 
S(4) = 4 = 0.25 is easily evaluated. Moreover, f’(4) = — t =- x = 
—0.0625, and 0.02, the difference between 4.02 and 4, is small. Thus zs 


is approximately equal to 4 — 75(4.02 — 4) = 0.25 — (0.0625)(0.02) = 
0.24875. 


EXAMPLE 2, Compute ~/26.8 approximately. If we let f(x) = x’/*, then 
S(27) = 3. Since f’(x) = 4x7?!", we obtain f"(27) = 4$(27)-?/? = gy. The 
difference |26.8 — 27| = 0.2 is small. Thus we approximate ~/26.8 by 
3 + gy(26.8 — 27) = 3 + gy(—0.2) = 2.9926. A table of cube roots gives 
a more exact value of 2.992574, but the linear approximation gives four- 
decimal accuracy. 


An alternative point of view is obtained if we substitute x = a + fin (1). 
The left side of the formula becomes f(a + 1) and the right side is then 
S(@ + f'(@((a + 1) — a) = f(a) + f’@. Hence, we obtain the equiv- 


alent formula 
fa+ t) = f@ + tf'@, (2) 


which gives an approximate value of f(a + 1) in terms of the known quan- 
tities f(a), f’(a), and t, The same result can also be obtained easily from the 
definition of the derivative of the function f at a, 


Fey cea ia 


to 
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It follows that if ¢ is nonzero and small in absolute value, then f’(a) is given 
approximately by 


Oc 


which immediately implies (2). 


PROBLEMS 
1. Give three-decimal approximations for each of the following numbers. 
1 


ee 
(a) V3.97 (g) 40D: 
(b) V64.2 () V/16.6 (h) 63.7)" 
(c) V31.85 (ft) W166 (i) 0.95)". 


. If f(x) = + , find an approximation for /(4.92). 


. If) = Vx — 2, find an approximation for (27.3). 
. If f(x) = V7? — 3, find an approximation for (1.9). 
. (a) Find the volume of a sphere with a radius of 3 inches. 
(b) Find the approximate volume of a sphere with a radius of 3.1 inches 
6. (a) Find the volume of a cube 6 inches on an edge. 
(b) Find the approximate volume of a cube 5.9 inches on an edge. 
7. Find an approximate value of 1.97¥/ (1.97)? + 4. 
8, Find an approximate value of the product (63.2)'/(63.2)'. 
9. (a) Find the area of an equilateral triangle 4 inches on a side. 
(b) Find an approximation for the area of an equilateral triangle 4.08 inches 
on a side, 
The point P = (2, 1) lies on the curve defined by the equation x*y + xy* = 10. 
Find an approximation to the y-coordinate of the point on the curve near P 
with x-coordinate equal to 2.14. 


WUPwW nN 


10. 


5. Rolle’s Theorem and Its Consequences. There are certain theoretical 
properties of differentiable functions which we are in a position to prove 
and which will aid us in our future work. Two of them express ideas which 
are geometrically obvious but, nevertheless, require proof. The first, due to 
the French mathematician Rolle and named for him, is illustrated in 
Figure 18. The assertion is that a differentiable function which has a graph 
crossing the x-axis at a and also at b must have on its graph at least one point 
between the crossing points where its tangent line is parallel to the x-axis. 


(5.1) ROLLE’S THEOREM. Assume that a < b and that the function f is 
continuous on the closed interval {a, b] and differentiable on the open interval 
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(a,b). If f(a) = f(b) 


= 0, then there exists a real number c such that 
a<c<bandf'(c) = 0. 


y-axis 


a c b x-axis 


y=S(x) 


Figure 18 


Proof. If f(x) = 0 for every x in [a, 4], there is nothing to prove because fis then a 
constant function and f’(x) = 0 for every x in the interval. So we assume that 
Sis not constant on [a, 6]. By Theorem (2.4) a function which is continuous at 
every point of a closed bounded interval has at least one absolute maximum 
point and at least one absolute minimum point. Since f(x) does not equal 
zero for all x in the closed interval and since f(a) = f(b) = 0, the function 
must have one of these extremes in the open interval. Let the abscissa of this 
point be c, and it follows by Theorem (2.3) that /’(c) = 0. This completes 
the proof. 


The reader should try to construct functions which do not satisfy all the 
conditions of the theorem to see why the conclusion will not then hold, and 
hence why all the conditions are essential to the theorem. One such example 
was graphed in Figure 7. 


y-axis 


(b,f(b)) 


(a, f(a)) 


Figure 19 


The second theorem tells us that a function which has a smooth graph 
between (a, f(a)) and (b,f(b)) has a point in between these two where the 
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tangent to the graph is parallel to the line segment connecting these points 
(see Figure 19). Because the point lies between the other two and the tangent 
at this “in-between” point is parallel, this theorem is called the Mean Value 
Theorem. 


(5.2) MEAN VALUE THEOREM. Assume that a < b and that the function 
Sis continuous on the closed interval [a, b] and differentiable on the open interval 
(a, b). Then there exists a real number c such thata < c < band 


po) = LQ=LO, 


or, equivalently, such that f(b) — f(a) = f'(c)(b — a). 


Proof. This theorem is proved as a corollary to Rolle’s Theorem by constructing a 
function which satisfies the conditions of Rolle’s Theorem and gives the same 
result as if we had tilted the graph of Figure 19 and dropped it down, Such a 
function is 


F(x) = (x — a) f(b) + @— b)fQ) + 6 — YC). 


Since f is continuous on the closed interval and differentiable on the open 
interval, it follows that F is, too. We also observe that 


F(a) = 0+ (a— b)/f@ + & — a)f(@ = 0, 
F(b) = (b — a)f(b) + (a — b)f() + 0 = 0. 


Thus the function F satisfies all the conditions of Rolle’s Theorem, and hence 
there is a real number ¢ strictly between a and b such that F’(c) = 0. The 
derivative of F is given by 


F'(x) = f(b) + @— dfx) — S@). 
It follows that 
F'(c) = f(b) + (a — b)f'() — f@ = 9, 
which implies that /(b) — f(a) = (b — a)f’(c). This completes the proof. 


Here again it is a good idea to try various examples to see why all the 
hypotheses of the theorem are necessary. Note that the equation which forms 
the conclusion of the Mean Value Theorem is equivalent to the one obtained 
by interchanging a and 6. Thus, if b < a, the Theorem remains true with 
[a, b] and (a, b) replaced by [b, a] and (b, a), respectively, and the inequalities 
a<c< breplaced byb <c <a. 

One of the most important consequences of the Mean Value Theorem is 
that a function which has a zero derivative on an interval must be a constant 
function on that interval. 
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(5.3) If f'(x) = 0 for every x in an interval, then there exists a constant k 
such that f(x) = k for every x in the interval. 


Proof. Pick an arbitrary point a in the interval, and set k = f(a). Let 6 be any 
other point in the interval. We shall show that f(b) = k also, and this will 
complete the proof. To be specific, let us assume that a < 4; an exactly 
analogous argument can be made if 6 < a. By the Mean Value Theorem 
we know that /(b) = f(a) + (6 — a)f‘(c) for some number c¢ in the open 
interval (a, 6), which is a subinterval of the larger interval referred to above. 
It follows from the hypothesis that /’(c) = 0. Since f(a) = k, we get f(b) = 
k + (6 — a): 0 = k, and the result is proved. 


The preceding theorem has an important corollary—that two functions 
with the same derivative over an interval differ by a constant. 


(5.4) THEOREM. /[f f’ = g’, on an interval, then f and g differ by a constant 
function on the interval. 


Proof. Since f’ = g', we have (f — g)'(x) = f’(x) — g’(x) = 0 for every x in the 
interval. By (5.3) there exists a number & such that k = (f — g)(x) = 
J(x) — g(x) for every x in the interval. This completes the proof. 


The significance of Theorem (5.4), which will be fully exploited in the 
study of integration in Chapter 4, is that it gives a way of describing the set 
of all functions which have a given function as derivative. Specifically, let / 
be a function whose domain contains an interval /. Suppose that in one way 
or another we can find a function F with the property that F’(x) = f(x), for 
every x in J. Then the set § of all functions whose derivatives equal f on I 
consists of all functions which on I differ from F by a constant. To prove this 
assertion, we first observe that, for every real number c, the function defined 
by F(x) + c has derivative equal to F’(x) + 0 = f(x), for each x in /. 
Hence every function F + c belongs to the set $. Conversely, if G is any 
function in the set $, then by definition G’ = f = F’ on J. It follows by 
(5.4) that there exists a real number c (a constant) such that G(x) — F(x) = ¢, 
for every x in J. Thus on / the function G differs from F by a constant, and so 
the assertion is proved. 


EXAMPLE |. If fis the function defined by f(x) = x* + 2x, find the set of all 


functions with derivative equal tof. In this case the interval / is the set of all 
3 


real numbers, and it is easy to see that one function in the set is 7 +, 
since 2 


ae 
4 (5 a x) = x° + 2x = f(x). 
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Hence each function G in the set is defined by 
3 
Gx) =F +x" +6, 


for some real number c. As c takes on all real number values, we get all 
members of the set. There are no other possibilities. 


PROBLEMS 


1. For each of the following functions find those values of x for which f(x) or 
J’(x) vanish and use them to verify Rolle’s Theorem. 


(a) f(x) = x - 7x -8 (d) f(x) = x(x? — 16) 
(b) f(x) = 12x — x8 © f@=x- : 
© f= @+49@4+D—-2 () SO) = O- +) 


2. For each of the following functions and the specified values of a and 4, find a 
number c such that a < e < b and f(b) = f(a) + (b — a)f"(c). 


(a) f) =x -6x+5,a=1,b=4 


(b) f(x) = x,a=0,6=1 
1 


(c) f(x) = Sue 1,b=3 


@ se) =4.a=1,6=2. 


3. Consider the function f(x) = 1 — |x| defined on the closed interval from —1 
to 1. Which hypotheses of Rolle’s Theorem does this function satisfy and 
which does it not satisfy? Does this function satisfy the conclusion of Rolle’s 
Theorem? 

4. Consider the function /defined on the closed interval [4, 7] by 


f(x) = 0, x= 4, 

Yoy=T— x, - <x 57. 
Show where this function fails to satisfy the conditions of Rolle’s Theorem, and 
that it does not satisfy the conclusion. 


5. For each of the following functions /, find the set of all functions with derivative 
equal to /. 


(a) f(x) = 4x (c) f(x) = 


* 


Pee ae Fi a9 Hr aie 3 i 
(b) f(x) = 4 +x°4+2 (dd) {= @+D 


6. Prove that, if on an automobile trip the average velocity was 45 miles per hour, 
then at some instant during the trip the speedometer registered precisely 45. 
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6. The Differential. If » = f(x), we have denoted the derivative of f by 
gd d) Satin Jae 
ap AOr. f, or - . The value of the derivative at a number a is written f’(a), 


d d y : = 
or oo, or oy Up to this point, the expressions df, dy, and dx by 


themselves have had no meaning other than as parts of notations for the 
derivative. However, the cancellation suggested by the Chain Rule 


dy _ dy du 

dx du dx 
indicates that the derivative behaves like a ratio and suggests that it may be 
possible to sensibly regard it as such. In this section we shall define a mathe- 


matical object called the differential of a function, examples of which are 
df, dy, and dx. The ratio of df, or dy, to dx will be equal to the derivative. 


[y-axis 


v=S(x) 


(CAPAC) 


i 
a 


Figure 20 


x-axis 


If f is a function having a derivative at a, we define its differential at a, 
denoted by d,,f, to be the linear function whose value for any number f is 


(du f(t) = f'(a)t. 


For example, if f(x) = x? — 2x, then the differential d, fis the function of r 
defined by f’(a)t = (2a — 2)t. In particular, 


(dsf )(t) = [2-3 — 2]t = 4t. 


The value of the differential for a typical function fis illustrated in Figure 20. 
By simply df we mean the rule (or function) that assigns the linear 
function d,f to each number x in the domain of f’. 


(6.1) If f and u are differentiable functions, then 


df(u) = f'(u) du. (1) 
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Proof. This formula is an abbreviation of the equation 
def(u) = f'(u(x)) dit. (2) 


The proof is an application of the Chain Rule, We first write down the two 
linear functions d,f(u) and d,u. By the definition of the differential they are 


(d,u)(t) = u'(x)t, 
(d-f)O = [FWY Od). 
The Chain Rule says that [/(w]'(x) = f’(u(x) u(x). Hence 


(d-f(u) )() = [f' (uo) u(x) Je 
= f"(u(x) (da). 


Thus (2) appears as an equality between linear functions, and the proof is 
complete. 


If w is the independent variable x, then (6.1) reduces to the formula 


f(x) = f'(x) dx. (3) 


EXAMPLE 1, Evaluate the following differentials: 
(a) d(x’ + 2), 
(b) dVx +3, 
(c) d(2x* — xy’. 
Using formula (3), we get immediately 
(a’) d(x? + 2) = 2x dx 
(b’) dy/x?- +3 = x(x? + ) la 
(c') d(2x* — x)" = 72x" — x)*(4x — 1) de. 
It is worthwhile learning to use the stronger formula (1). In problem (b), 
let f be the function f(u) = \/u. If we setu = x? + 3, then du = 2x dx and 
df(u) = f'(u) du 
= gu"? du 
= (x? + 3)7 "72x dx. 


d(x? +3 


Il 


Let us also do problem (c) using (1), but without explicitly making the sub- 
stitution wu = 2x? — x. We get 
d(2x*° — x) = 7(2x* — x)' d(2x* — x) 
= 7(2x° — x)’ (4x — 1) dx. 


118 APPLICATIONS OF THE DERIVATIVE [cuap. 2 


Formula (3) establishes the fact that the ratio of df to dx is equal to the 
derivative’. We can see this in greater detail by going back to the definitions: 


(dof) = f'(ayt, 
(dax)(t) = x’(a)t. 
Since x is the identity function, its derivative is the constant function 1, Hence 


(dax)(t) = t. The ratio of the two linear functions d,f and d,x is thus the 
constant function 


af — SiO. 4, 
aye pen 


Having proved this formula for every a in the domain of f’, we can write it 
simply as 
af df _ fl 
dx ia 2: 

If f and g are differentiable functions, then it is easy to show that 
di(f + g) = duf + dug. The proof involves only the definition of the 
differential plus the fact that the derivative of a sum is the sum of the deriv- 
atives, In detail: 

[dif + BO = UF + 8 @1O = L'@ + ¥'@Ko 
= fat + g'(@t = dif (O) + (dag(0) 
= [dof + dag\(t). 
The result is simply the equation 
af + g) = df + dg. 
An analogous argument using the Product Rule for differentiation shows that 
di( fg) = f(a)dug + 2(a)d,f, or, more simply, 
d(fg) = fdg + gdf. 


For each one of the six differentiation rules proved in Section 7 of Chapter 1, 
there is an analogous rule in terms of differentials: Let u and v be differ- 
entiable functions, and c a constant. Then 


(a) = f(a) or 


du + v) = du+ de, 
d(cu) = cdu, 

fi joe. 

d(uw) = udv + edu, 


du” = ru" du, where r is any rational number, 


vdu — udv 


ve 
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Note that we have replaced the analogue of (v) in the list in Section 7 
of Chapter 1 by the formula corresponding to the more powerful theorem 
(8.2) of Chapter 1. 


EXAMPLE 2. Find the differential d(x? + \/x* + 2x)’. Applying the above 
formulas successively, we get 
a(x’ + V/x? + 2x 

= 7(x° + Vx? + 2x) d(x’ + Vx? + 2x) by (v) 
T(x? + yx? + 2x)"(dx* + dVx? + 2x) by (i) 
Tx? + \/x? $ 2x) Bx? dx + 40? + 2x)7"? d(x? + 2x)] by (v) 
Tx? + Vx? + 2x) "Bx? dx + B(x? + 2x)7"(2x dx + 2 dx)] 


iH 


by (i) and (ii) 
= 1x2 + xt ox)" ( 3x? + EL) ate, . 
V xt + 2x 
The derivative is therefore given by 
4 /ye 7 eS 
dQ + Vx? + 2x) = 1(x* + Vx? + 2x) ( 3x? + abe eye 
dx Vx? + 2x 


The task of computing the differential of a complicated function of x 
amounts to successively working the differential operator d through the given 
expression from left to right. At each stage one uses the correct one of 
formulas (i) through (vi), or formula (1), until one finally reaches dx, and the 
process stops. The derivative can then be obtained by dividing the resulting 
equation by dx, Note that an equation of the form df(x) = -- + will always 
contain the symbol d on the right side, Equations such as dx’ = 5x‘ are not 
only false; they are nonsense. (Correct version: dx® = 5x‘ dx.) 


EXAMPLE 3. Consider the functions 


(a) y= (4x' + 3x + 1)’, 


e) y= 5 
¢c) z= ay", 
Find the differential of each: 
(a’) dy = 2(4x* + 3x” + 1) d(4x* + 3x° + J) 


= 2(4x* + 3x? + 1)(12x" dx + 6x dx) 
= 12x(4x* + 3x” + 1)(2x + 1) dx, 
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(x? + 1) dQ? = 1) = @ = Id’ + 1) 


(b’) dy G+ 1p 
os + 1)2x dx — G = 1)2x dx _ _4xdx 
Ge -p)? ~ G+ 1p 


(c') dz = (3)(§)y"" dy = Sy" dy. 


If we consider the composition of the function » in (b) with the function 
z in (c), we get for the differential of the composition 


p= gy fede g(x NV 4x 
a= ores (sa) wae 


One traditional interpretation of the differential, which is especially 
useful in physics, is that of an “infinitesimal.” If y = f(x), we know that 
dy = f'(x) dx. Now dx is the function that assigns to every real number a 
the linear function defined by (d,x)(t) = x'(a)t = 1; i.e., it assigns the identity 
function. Hence we can interpret dx as simply another independent variable. 
Then dy is the variable whose value for a given x and dx is shown in 
Figure 21. (Compare this illustration with Figure 20.) The difference between 
the value of fat x and at x + dx is denoted by Ay in the figure. If dx is chosen 


y-axis 


x x+dx x-axis 
Figure 21 


very small, then the difference between dy and Ay is relatively negligible. 
Hence dy measures the resulting change in the value of y = f(x) correspond- 
ing to an infinitesimal change dx in the variable x. 


EXAMPLE 4. The height / of a square pyramid is found to be 100 feet, and the 
length x of one edge of its base is measured to be 160 feet. The volume V 
of the pyramid is given by the formula V = 4hx*. What error in the computed 
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volume will result from an error of 4 inches in the measurement of x? If we 
consider / as fixed, and V as a function of x, then 


dV = thdx° = 3hx dx. 


Since 4 inches is small compared with 160 feet, we set dx = 4inches = 4 foot. 
The resulting change in volume is then approximately 


dV = 3(100)(160)4 = 82 1000 = 3555 feet’. 
The percentage error in volume is 


dV _ §hx dx &, 


V ~ te 7 
dx $ F 
We compute — = 160 = = 0,0021 = 0.21%, and so the percentage error in 
3 
volume is only 0.42%. 
PROBLEMS 
1, Find the following differentials. 
(@) d@+x+1)=0° o) a(“) - 
(b) d(x +2) =--- (g) d(az* + bz +c) = 
(a, b, and c are constants) 
(ce) d(x’ + 1)(Sx - 1)? = ++ hh) dVit¢Viex =: 
1 ‘ 
(d) a(234)- ae (i) dx= 
(e) du'=-:: (j) du’ + 2)" — 1) = 


2. If y = 7x* + 2x + land w = Z , compute the differential of the composition 
y 
of y with w. That is, compute dw in terms of x and dx. 
3. If x = 167° + 2rand y = t and z = y* + 1, compute dz in terms of ¢ and dr. 


4. Using Leibnitz’s Rule (the atick Rule), prove that d.(fg) = f(a)dug + gla)daf, 
thereby establishing rule (iv) on page 118. 

5. Using Theorem (8.2) of Chapter 1, prove that df’ = rf(a)’—'d,f, thereby 
establishing rule (v) on page 118. 

6. What is the approximate change in the volume of a sphere of radius 10 feet 
resulting from a change in the radius of | inch? 
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7. A metal cylinder is found by measurement to be 3 feet in diameter and 10 feet 
long. What will be the error in the computed volume of the cylinder resulting 
from an error of 


(a) 1 inch in the diameter? 
(b) 0.5 inch in the length? 
(c) both the errors in (a) and (b) combined? 


8. If f(x) = kx, in what sense is f its own differential? 


7. L’H6pital’s Rule. This section contains a number of theorems which 
provide an important technique for finding the limit of the quotient of two 
functions. These theorems are usually referred to collectively as L’H6pital’s 
Rule. Two examples of problems which are readily solved by this technique 
are the computations of the limits: 


Properly speaking, this section is a continuation of Section 5, since all the 
results are corollaries of Rolle’s Theorem and of the Mean Value Theorem. 

The following proposition, known as the Generalized Mean Value 
Theorem, is the basic lemma used in proving the theorems which make up 
L’HO6pital’s Rule. (A lemma is a theorem included as a reference in proving 
other theorems.) 


(7.1) GENERALIZED MEAN VALUE THEOREM. Assume that a < b, and 
let f and g be functions which are continuous on the closed interval [a, b] and 
differentiable on the open interval (a, b). If g(x) # Ofor every x in (a, b), then 
there exists a real number c in (a, b) such that 


Note that g(b) — g(a) # 0, For otherwise the Mean Value Theorem 
would imply that g’(x) = 0 for some x in (a, b), which is contrary to hy- 
pothesis. 


Proof. Let h be the function defined by 


_ #06) = fla) 


A(x) = f(x) — fa (5) Ea) 


(g(x) — g(a)), 


for every x in [a,b]. The function / is continuous on [a, 4], differentiable on 
(a, 6), and, in addition, h(a) = h(b) = 0. Hence, by Rolle’s Theorem, there 
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exists a real number c in (a, 6) suck that h’(c) = 0. Since 


0 7 (6) — fla), 
h(x) = f'@) — aaa) B(x), 
we obtain 

f(b) = J@ ee 
g(b) — g(a) 


and from this equation the conclusion of the theorem follows at once. 


0= fc) - 


We first present L’H6pital’s Rule as a theorem about one-sided limits. 


(7.2) L'HOPITAL’S RULE 1. Let f and g be functions which are differentiable 
on a nonempty open interval (a, b) with g(x) # 0 for every x in (a,b). If, in 
addition, 


(i) lim f(x) = lim g(x) = 0, 


tava aa 
Gin FG ~ 
then 
lim A) L 
zat 8(X) 


Proof. We may assume that /(a) = g(a) = 0. (If this is not the case to begin with, 
we simply define, or redefine, the values of fand g to be zero at a.) Thus we 
ensure that fand g are continuous on [a, 5). Let x be an arbitrary nun.oer in 
(a,b). Then fand g are continuous on [a, x] (recall that differentiability at a 
point implies continuity) and are differentiable on (a,x). Moreover, the 
derivative g’ does not take on the value Zero in (a, x). Hence, by the Gener- 
alized Mean Value Theorem and the fact that f(a) = g(a) = 0, we obtain 


£Q) _ f@)—0_ fe), 
vO) ex) —0- gx) 
for some number y in (a, x). As x approaches a from the right, so also does 
i Sie 
y, and hence lim fC) = lim fo) = L. This completes the proof. 
zat B(x) yra4g"(y) 


EXAMPLE 1. Compute lim . Let f(x) = Vx — \/2 and g(x) = 


rt Vx — 2 
Vx — 2. Obviously, lim f(x) = lim g(x) = 0, and, since 
rl rol 
fey= +. and gw) = 1. 
2x la) 
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fand g are differentiable, and g’ does not take on the value zero on any open 
interval with left endpoint equal to 2. We obtain 


FOO. gn Saeed 


rr fal 
Qn 
Ste ees 
zott  /x V2 
Vx —- V2 


And it follows by L’H6pital’s Rule that lim —— 
eaep /x— 2 


=0. 


It is a simple matter to verify that Theorem (7.2) remains true if (a, b) 
is replaced throughout by (4, a), and lim is replaced throughout by lim . 


zat 2a— 


This fact, significant in itself, also implies the following two-sided form of 
L’H6pital’s Rule. 


(7.3) L'HOPITAL’S RULE Il. Consider an open interval containing the number 
a, and let f and g be functions differentiable and with g'(x) # 0 at every point 
of the interval except possibly ata. If 


(i) lim f(x) = lim g(x) = 


P Ld) 
Gi) tim qm) ~ © 


then 


LGD) 
bm g(x) Pi 


The hypotheses of (7.3) have been taken as weak as possible. If, as 
frequently happens, the functions f and g are also continuous at a, then (i) 
can be replaced by the simpler condition f(a) = g(a) = 0. 


P Lis) que 
EXAMPLE 2, Evaluate lim a gil 


roa xX 


, where a> 0. If f(x) = x? — all? 
1 


and if g(x) = x'/* — a’/*, then the derivatives are given by f’(x) = 


and g/(x) = and it is clear that f and g are differentiable (and hence 


1 
3x2/8? 
continuous) and g’ is not zero on an open interval containing a. Moreover, 
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f(a) = g(a) = 0. Hence, by L’H6pital’s Rule, 


et ie Manele afta. P8i a7 

lim —,—,, = lim=— = 53 = 54: 

roa X18 — qils rome il 2ail2 2: 
3x2/3 


EXAMPLE 3. Compute lim are where a # 0. Doing this problem by 


L’H6pital’s Rule is somewhat akin to smashing a peanut with a sledgeham- 
mer, The fact that 


ite x=a | 
x—a (x—alxt+a) x+ta 


if 6 a, 


immediately implies that 


Of course, the same answer is obtained by L’H6pital’s Rule. If we let 
S(x) = x — a and g(x) = x? — a’, then f(a) = g(a) = 0 and f’(x) = 1 
and g’(x) = 2x. Hence 


It is important to realize that L’H6pital’s Rule II can be applied only 


if the function ™ is undefined at x = a and if lim f(x) = lim g(x) = 0. 
za za 


For example, if f(x) = x? + 3x — 10 and-g(x) = 3x, then 
£0) — him 2 3*# = 10 _ 0 


SC 
but 
2 JED) ee nel 
Pay aa 3 


If the hypotheses of Theorem (7.3) are satisfied for the functions f” 
and g’, that is, for the derivatives of fand g, respectively, then we can conclude 


that 
fle) Fx) 
tim (xy) ~ im Gx) 


This fact suggests the possibility of applying L’H6pital’s Rule more than once, 
and in some problems it is necessary to take second or higher derivatives to 
find the limit. 
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tie 


3. 2 
EXAMPLE 4, Evaluate lim = Let f(x) = 3x? — x — 2 and 


21 3x? — 6x + 3° 
g(x) = 3x7 — 6x + 3. Then f(1) = g(1) = 0, and the derivatives are 
given by f’(x) = x7*/* — 1 and g’(x) = 6x — 6. However, the value of 


fix) ‘- xy 
sai g(x) un 6x — 6 


is not obvious because f’(1) = g’(1) = 0. Taking derivatives again, we get 
S''"(x) = —3x7!8 and g’(x) = 6, and it follows that 


La 3 ex? _ 1. 
be g""(x) ee 6 ae 


Thus two applications of L’H6pital’s Rule yield 


FG) _ TMCS pds 
Tim gc) = iM gry = Lim g(x) = 


ol 


A variation of (7.2), not difficult to prove, is the following: 


(7.4) L'HOPITAL’S RULE 1. Let f and g be differentiable on an open interval 
(a, x) with g'(x) # Oforx > a. If 
(i) am f(x) = lim g(x) = 0, 


L(x) 
= im (x) ay 


(ii) 


then 


An analogous theorem holds if (a, ») is replaced by (—~, a) and if 
lim is replaced throughout by lim . 
Ea tae 
Proof. The result is a corollary of (7.2) and the Chain Rule. Let t = i, and set 
F() = 10) = f(x) and G(t) = (3) = g(x). Since t approaches 0 


from the right if and only if x increases without bound, 


lim F(t) = lim r(t ) = lim f(x) = (0; 


0+ 190+ row 


lim G(t) = lim «() = lim g(x) = 0. 
10-4 t0+ r0 


By the Chain Rule, F’(1) =f’ (‘) (- ;) and G'(1) = g’ (‘) (- 5): 
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Hence 


ein : 
104 Gt) 0+ , () ( 1 
ONT No 


The last limit exists and is equal to L since 


ae 


tot (1 POE CS 
BON? 


F(t) 


By L’HG6pital’s Rule I it follows that lim —— = L. Hence 
jos GU) 
tim 2%) = tim £@ — 1, 


sang) ean.G) © 


and the proof is complete. 


An important observation is that all the forms of L’H6pital’s Rule 
developed so far are valid whether L is finite or not. This fact requires no 
new proof and has really already been established. The reason is that the 
basic conclusion of Theorem (7.2) is the equation 


x (x) ee) 
lim —— = lim ==> 
SEC) Pee) 
: maf (Cane as 1s 
and this holds good whether or not lim ~~ is finite or infinite. 
zoat B(x) 


There is another significant variation of L’H6pital’s Rule, whose proof, 
although requiring only the Generalized Mean Value Theorem, cannot (as 
far as we know) be obtained from (7.2) by a simple substitution. It states 
that the several forms of condition (i), lim f(x) = lim g(x) = 0, can be 
replaced by lim |g(x)| = 2%. The specific statement which we prove is the 
following: 


(7.5) L'HOPITAL’S RULE IV. Let f and g be functions which are differentiable 
on a nonempty open interval (a, b) with g’(x) # 0 for every x in (a, b). If 
(i) lim |g@x)| = «, 


a+ 
LX) _ 


re ia 
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then 


Proof. Let € be an arbitrary positive number. By hypothesis (ii), there exists a real 
number c in (a, 6) such that 


SS 1| <6 for every x in (a, c). 


By hypothesis (i) there exists a real number d in (a, 6), which we shall for 
convenience assume to be in (a, c), such that, for every x in (a, d), the follow- 
ing three inequalities hold: 


L@) 
g(x) 


ale) 
a(x) 


g(x) # 0, 5 <e 


(see Figure 22). It is a consequence of the last inequality that 


* y 
+ : ——— + 
a d ic b 
Figure 22 
g(c) j 
1-——| <1+.e6 for every x in (a, d). 
| g(x) i 


Now let x be an arbitrary real number in (a,d). By the Generalized 
Mean Value Theorem, there exists a real number y in (x, c) such that 


f@) = f© _ £0), 


a(x) — ge) 8’) 
Hence 


seiiba) wee ’ 
IQ = ey (g(x) — g(c)) + fc). 


Dividing by g(x), which cannot be zero, we get 


f(x) _ £0) (: “4 sie) So) , 
a(x) ey) a(x) g(x) 


An equivalent equation is 


fe) _,_ (£0) _ ,)(,_ 6) _ © , SO, 
ga) © (2 t) (: so) Fa) * a) 
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From the general properties of the absolute value [see specifically (1.3) and 
(1.4), page 7], it follows that 


f@) | £0) | g(c) g(c) ue 
=Ju) << Sil ee t IL : 
a@) “| = le’) woo! tl lec9) + lace) 
Hence, the inequalities established in the first paragraph of the proof imply 
that 
£8) — 1| <t+e)+(Llet+e. 
g(x) 
Since the right side of this inequality can be made arbitrarily small by taking € 
sufficiently small, it follows that lim fC) = L, and the proof is complete. 
zat 8(X) 


It is not difficult to derive variations of the preceding theorem analogous 
to the modified versions of (7.2) described above. Thus, with the obvious 
changes in the hypotheses, this last form of L’H6pital’s Rule also holds for 
two-sided limits and with a or L (or both) replaced by +a. 


y 1 
EXAMPLE 5. Compute lim vat . Let fand g be the functions defined by 
peek rn : : atte 1 
S(x) = Wx + land g(x) = x + 4, respectively. Since f’(x) = 304 Db 


and g’(x) = 1, we see that f and g are differentiable on the interval (1, «) 
and that g’(x) # 0. Moreover, lim |g(x)| = lim |x + 4| = o, and 


1 
zs 


It follows by L’H6pital’s Rule that 


ee ere a FC) 
emraa: — St ay 


The several forms of L’H6pital’s Rule which we have derived in this 
0 
section fall naturally into two types, symbolically denoted as the 0 type and 


the * type. Theorems (7.2), (7.3), and (7.4) are all examples of the first type, 
ie) 


whereas the harder Theorem (7.5) is the prototype of the second type. The 


full power of the ~* forms will be realized later in the book in conjunction 
i) 


with the logarithmic, exponential, and trigonometric functions. 
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PROBLEMS 
1, Evaluate each of the following limits withour using L’H6pital’s Rule. 

a) (©) tim —+ 

Biers al 
(b) (Onin 

ea, 3 

_ er +1t+6 
(c) (g) lim Reape 

2x7 +x —-1 

d) lim ————— h) li =e 
nae aa (h) ut ee aa 


2. Evaluate each of the limits in Problem 1 using an appropriate form of 
L’H6pital’s Rule, if it is applicable. 
3. Evaluate each of the following limits. 


(a) lim Jah (d) lim aie = = 5 us 

o see 

mi ee 
4, Compute 

eee © tint? 


5. Compute each of the following limits directly using the = form of L’H6pital’s 
Rule. Verify the result by writing the quotient in a different form and using 


either the form of the rule or some other method. 


Beis) es 
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6. Suppose that F is a function differentiable on the open interval (0, 2) and such 


1 
that F’(x) = —, for every x > 0. Show that 
x 


Be ee sd 
(a) lim tay 0 (c) lim ©) =0, 
2900 ova 
FQ) _ for every positive integer 7. 


(b) lim i 0 


z0 


CHAPTER 3 


Conic Sections 


We shall now consider a certain type of curve called a conic section. 
Each of these curves is the curve of intersection of a plane with a right 
circular cone and each is also the curve defined by a second-degree equation. 
It is also true that any second-degree equation in x and y defines one of these 
curves or a degenerate form of one of them. We encounter all of them— 
the circle, the parabola, the ellipse, and the hyperbola—frequently in mathe- 
matics and also in the physical world. 


1. The Circle. We looked at a circle in Chapter | and have a definition from 
a first course in plane geometry. This is still the definition: A circle is the 
locus of points in a plane at a given distance from a fixed point. The given 
distance is called the radius and the fixed point is called the center. 

If the center of the circle is at (h, k), the distance from the center to a 
variable point (x, y) is, by the distance formula, \/(x — f)? + (vy — kp. 
If the radius is r, we have an equation of the circle given by 


Ve= WPF = P= 0. (1) 


An equivalent equation which is more commonly used is 


It is easy to see that, not only do all points at a distance r from (A, k) lie 
on the graph of (2), but also all points on the graph of (2) are at a distance r 
from (A, k). 


EXAMPLE |. (a) Write an equation of the circle with center at the origin and 
radius 3. (b) Write an equation of the circle with center at (—1, 2) and radius 
5: 


(a) By the distance formula, the first circle has equation 


VE=F OHO =3, of x+y? =9, 
132 
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(b) By the distance formula, an equation for the second circle is 
Vix — (—DE+ @ — 2? = 5. Equivalent equations are 


(x + 1° + (y — 2) = 25, 
x? + y? + 2x — 4y = 20. 


As the following examples will show, any equation of the form 
ax’ + ay? + bx + cy + d= 0 is, loosely speaking, an equation of a 
circle. The words “loosely speaking” are inserted to cover possible degenerate 
cases. For example, if a = 0 and b and c are not both zero, the equation 
becomes an equation of a line. In another degenerate case “the circle” may 
be just a point (if its radius is zero), and in another there may be no locus at 
all. 


EXAMPLE 2. Describe the graph of each of the following equations: 
(a) x°+ y? — 6x + 8y — 75 = 0, 
(b) x? + y? + 12x — 2y + 37 = 0, 
(ce) x7+ y*? — 4x — 5y + 12 =0, 
(d) 3x? + 3y? — 9x + 10y - #4 = 0. 


The technique of completing the square is useful in problems of this 
type. In (a), we write equations equivalent to the given equation until we 
recognize the form. 


x? — 6x + y? + By = 75, 
x* — 6x + 9+ y? + By + 16 = 754+9+4 16, 
(x — 3)? + & + 4)? = 100. 


The graph is a circle with center at (3, —4) and radius 10. 
Applying the same technique to (b), we have 


x? + 12x + y? — 2y = —37, 
x? + 12x + 36+ y? — 2y+ 1 = —37 + 364+ 1, 
Ot Oy + & — 1 = 0. 


The graph is a circle with center at (—6, 1) and radius 0; ice., it is just the 
point (—6, 1). We may say that the graph consists of the single point, al- 
though we sometimes describe it as a point-circle. 
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The equation of (c) gives different results: 
x? — 4x + y? — 5y = —12, 
x — 4x+4+ y? — Sy + 28 = -12+4+4 3 
C2) ye 
For any two real numbers x and y, the numbers (x — 2)? and (y — 3)? 
must both be nonnegative, while —j is certainly negative. Hence there are 
no points in the plane satisfying this equation. However, the form of the last 
of the three equivalent equations is that of the equation of a circle, and we 
sometimes say that the graph is an imaginary circle with center at (2, 3) and 
radius $\/—7. 
Equation (d) requires a bit more manipulation: 


3x? — 9x + 3y? + 10y = BH, 


4 = 3x y+ ao = Fb, 
xP Oe ER Ay AE EE Ba, 
7 


@-P+0+H= 


The graph is a circle with center at (3, —$) and radius \/7. 


By completing the square, as in the above examples, one can show that 
any equation of the form 


ax’ + ay? + bx + cy +d=0 


is an equation of a circle of positive radius if and only if a #0 and 
b? + c? > 4ad. 

The circle is also the intersection of a right circular cone with a plane 
perpendicular to the axis of the cone. If the plane passes through the vertex 
of the cone, the intersection is a point. 

We can use the techniques of the calculus, as well as our knowledge of 
Euclidean geometry, to write an equation for a circle or for a line tangent to a 
circle, from given geometric conditions. 


EXAMPLE 3, Write an equation of the line which is tangent to the graph of 
(x + 3)? + (vy — 4)? = 25 at (1,7). We may find the slope by use of the 
derivative, differentiating implicitly and remembering that one interpretation 
of the derivative is the slope of the tangent: 2(x + 3) + 2(y — 4)y’ = 0; 
x+3 1+3 4 


soe The slope of the tangent is — ear ane Oe 


hence y’ = — 
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may also find the slope of the tangent by noting first that the radius to (1, 7) 


7— 3 
has slope i= ea sit and then by remembering that the tangent is 
perpendicular to the radius and hence has slope —%. Thus the tangent line 
has equation y — 7 = —4(x — 1) or 4x + 3y = 25, 


PROBLEMS 
1, Write an equation for each of the following. 
(a) A circle with center at the origin and radius 3. 
(b) A circle with center at the origin and radius 4. 
(c) A circle with center at (—2, 2) and radius 5. 
(d) A circle with center at (3, 0) and radius 3, 
(e) A circle with center at (0, —7) and radius 7. 
(f) A circle with center at (—3, —3) and radius 3/2. 


(g) A circle with center in the first quadrant, radius 4, and tangent to both 
axes. 


(h) A circle with center on the y-axis, radius 3, and tangent to the x-axis 
(there are two such circles). 


(i) Accircle with radius 2 and tangent to the x-axis and to the line defined by 
the equation x = 5 (there are four such circles). 


2. For each of the following equations, describe the curve defined by it. 
(a) x? 9? = 64 (f) (x — 3)? + Qy — 5)? = 28 
(b) y? = 32 (8) y? — 8x — 12y + 27 =0 
©): 7 iy — 4 = 9 (h) y—5x-—Ty+$=0 
(d) («+ 2)? 16 @ 9x7 9p?’ — 129-4): 30p = 71 
@) (@—2?+ (+7)? = 19 (j) 5x? + Sy? — 6x + 8y = 31. 


3. Show that, if b? + ¢? > dad and a # 0, the equation ax® + ay? + bx + cy + 
d = 0 defines a circle with center at 


b c . Ib? + c? — 4ad 
=—, —— )iand radius ./—_————— - 
2a 2a 4a° 


4, Show that the tangents from a point (x, 1) outside the circle defined by 
(x — h)* + (vy — k)? = Pr? to the circle are of length 


V C= AsO = er, 
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5. Show that the line tangent to the circle defined by 
ax’ + ay? + bx + cy +d = Oat (x,y) has the equation 


axix + ayiy +30 ea) rs + yi) +d =0. 


6. Write an equation of the line which is tangent to 
(a) the circle defined by x? + y* = 25 at (—3, 4). 
(b) the circle defined by x* + y* = 9 at (0, 3). 
(c) the circle defined by (x — 2)? + (y + 8)? = 169 at (7, 4). 
(d)_ the circle defined by x* + y* — 10y = 33 at (7, 2). 


7. Write an equation of the line containing the common chord of circles defined 
by x? + y? — 8x — 12y = 48 and x? + y® — 4x + 6y = 23. 


8. Given a circle and a line tangent to it, the segment of the line between a given 
point and the point of tangency is commonly called the tangent from the point 
to the circle. Show that the locus of points from which the tangents to two 
unequal externally tangent circles have equal length is the common internal 
tangent line. 


9. Write an equation for the circle which passes through 
(a) (3, 4), (—4, 3), and (5, 0). 
(b) (7, 1), (6, 2), and (—1, —5). 
(c) (4, 16), (—6, —8), and (11, 9). 


10. Use the results of Problems 3 and 5 to show that a line tangent to a circle is 
perpendicular to the radius drawn to the point of tangency. 


2. The Parabola. A second conic section, which appears in a great many 
physical applications, is the parabola. In this section we shall derive its 
equation and study its properties. 

By definition, a parabola is the locus of points in a plane equidistant 
from a given line and a given point not on the line. The line is called the 
directrix, and the point is called the focus. A simple equation for a parabola 
is found if a point on the x-axis is used for the focus and a line perpendicular 
to the x-axis and on the opposite side of the origin from the focus is used as 
the directrix. In Figure 1, the focus is at (a,0) and an equation of the 
directrix is x = —a. 

The distance from an arbitrary point (x, y) to the focus (a, 0) is, by the 
distance formula, \/(x — a)? + (vy — 0)?. The perpendicular from (x, y) 
to the directrix intersects that line at (—a, y), and so the distance from the 
point to the line is \/(x + a)? + (y — y)? = |x + al. The point (x, y) 
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lies on the parabola if and only if the two distances are equal. Hence an 
equation of the parabola is 


V@q a Fy = [x + al, 


An equivalent equation, which is simpler, is obtained by squaring both sides. 
We get 

x? — 2ax+ a+ y? = x° + 2ax + a’, 
or 


This equation has been derived in such a way that its graph contains all 
points and only those points equidistant from the focus and the directrix. 
y-axis 


(—a, y) >—+ (.) 


(=a, 0) (4,0) 
focus x-axis 
ie parabola 
directrix 


y?=4ax 


Figure 1 

The point on a parabola nearest its directrix is called the vertex. For 
the parabola defined by y? = 4ax, the vertex is the origin, and there are no 
points on the curve to the left of the vertex. Since |y| increases indefinitely 
as x increases, the graph is not a closed curve but opens to the right. We 
cannot, of course, draw the entire curve, but the incomplete graph in Figure 1 
is sufficient to describe the entire curve for us. Note that the graph is sym- 
metric with respect to the x-axis. 

If we had chosen (—a, 0) for the focus and the line x = a for the direc- 
trix, we would have a parabola with equation y? = —4ax. This parabola 
would also have its vertex at the origin, also be symmetric with respect to the 
x-axis, but would open to the left. 
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With a horizontal directrix and the focus on the y-axis, the equation 
would be x* = 4ay or x? = —4ay, opening upward or downward, re- 
spectively. 

Thus the graphs of y? = kx and x* = ky are parabolas with their 
vertices at the origin. The line through the vertex and the focus is called the 
axis of the parabola. The graph of y? = kx has the x-axis for its axis and 
opens to the right or left, depending on the sign of k. The graph of x? = ky 
has the y-axis for its axis and opens upward or downward, depending on the 
sign of k. The absolute value of k determines the shape of the parabola. If 
k = 0, the two equations reduce to y? = 0 and x? = 0, whose graphs are the 
x-axis and the y-axis respectively. Thus a straight line may be regarded as a 
degenerate parabola. 


EXAMPLE |. Find the coordinates of the focus and an equation of the direc- 
trix of x? = —7y, and sketch its graph. An equivalent form of the equation 
is x* = —4(})y, from which it follows that the focus is (0, —4), that the 
directrix is y = 7, and that the graph opens downward. It is shown in 
Figure 2. 


yraxis 


directrix 


x-axis 


(0,-% 
x?=—Ty 


Figure 2 


EXAMPLE 2, Write an equation of the parabola with focus at (—3, 0) and 
directrix x = 3. Sketch its graph. An equation may be found by use of the 
definition or by use of the formulas, either method giving y? = —12x as the 
simplest equation. The graph is shown in Figure 3. 


In every case considered so far, the parabola has one of the coordinate 
axes for its axis and the focus and directrix are equally spaced on opposite 
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sides of the origin. The equations are somewhat more involved if other 
vertical or horizontal lines are chosen as axes, and even more involved if the 
parabolas have axes which are not parallel to one of the coordinate axes. 


y-axis 

yes 1x 

4 x=3 
(-3,0) 
+ + * ft + + > 
focus X-axis 

“ff directrix 
Figure 3 


EXAMPLE 3. Write an equation of the parabola with focus at (2,5) and 
directrix x = —6. Sketch the graph (see Figure 4). From the definition of 


yraxis 


(y—5)?= 16(x +2) 


directrix 


(2,5) 
focus 


x-axis 


Figure 4 
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the parabola, 


|x + 6 = Ve — 28 +O — 5), 


x’ + 12x 4 4x + 4+ (y — 5), 
16x + 32 = (y — 5)’, 
(y — 5) = 16(x + 2). 


Note the similarity of this form to the y* = 4ax form. The x-coordinate of 
the vertex, which is located halfway along the perpendicular from the focus 
to the directrix, is equal to —2. That is, it is found by setting x + 2 equal to 
zero. Hence the y-coordinate of the vertex is found by setting y — 5 
equal to zero. Thus the vertex is the point (—2, 5). 


Let us now write a general equation of an arbitrary parabola with a 
horizontal directrix (see Figure 5). Consider the perpendicular from the 
focus to the directrix, and denote the midpoint of this line segment by 


y-axis 


(x— A?) = 4a(y —k) 


(h, k) 


directrix 


x-axis 


Figure 5 


(A, k), This is the vertex, the point on the parabola nearest the directrix. Let 
the focus be the point (A, k + a). Then the length of the segment is |2a| and 
the directrix is the line y = k — a. By algebra similar to that in Example 3, 
we go from 


lp — (k-a)| =V@— he +b — k++ ap 


(x — hy’ = 4a(y — k). Ly 


to 


This parabola will have the same shape and the same orientation (opening 
upward or downward) as x* = 4ay, but will have its vertex at (A, k). 
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Similarly, (vy — k)? = 4a(x — h) will have the same shape and the same 
orientation as y* = 4ax, but will have its vertex at (h, k). 


EXAMPLE 4. Write an equation of the parabola with vertex at (—3, 2) and 
directrix y = 6, The midpoint of the segment connecting focus and directrix 
and perpendicular to the directrix is at (—3, 4) and the segment is of length 4. 
With directrix above the focus, the parabola opens downward and has the 
equation 

(x + 3)? = —8( — 4). 


EXAMPLE 5. Describe the graph of y? + 2x — 3y + 7= 0. We first write 
y’ — 3y = —2x — 7 and, completing the square, add $ to each side of the 
equation: 
3 AEN Wi UIC 
OY — # = —2@ + 4p). 


The graph is a parabola with vertex at (—42, 3), focus at (—43, 3), and direc- 


trix x = —45. It opens to the left and has the same shape and orientation 
as the graph of y? = —2x. 


The graph of any function defined by an equation f(x) = ax? + bx + ¢, 
where a # 0, is a parabola. The defining equation may be written 


me fw b° Bb 
fea) = a(x text) pe F 


or 


, b\’ , 4ac — b* 
fa) = a(x+ 3) earer ama 


Hence the graph of the function, which is the graph of the equation y = f(x), 
bh 2 2 
is the graph of y = a (« + >) + 


4ac — b 
4a 


Mah b Fare 4ac — b*\ 
= Bayan any 4a 


Comparing this equation with (1), we see that the graph is a parabola with a 


, Or, equivalently, of 


ff ; . b 4ac — b* 
vertical axis and its vertex at { — —, 4 
2a 4a 
PROBLEMS 


1. Write an equation for each of the following. 
(a) The parabola with focus at (—2, 0) and directrix x = 2. 
(b) The parabola with focus at (0, 3) and directrix y = —3. 
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(c) The parabola with focus at (0, —1) and directrix y = 1. 

(d) The parabola with focus at (4, 0) and vertex at the origin. 

(e) The parabola with focus at (0, —2) and vertex at (0, 2). 

(f) The parabola with vertex at (—5, 0) and directrix x + 1 = 0. 


. Sketch the graph of each of the parabolas in Problem 1. 
. Sketch on the same set of axes the graph of each of the following equations, 


Compare and contrast the graphs, noting common features and differences. 
(a) y? © y= 2x 
2 (d) y? = 3x. 


. Sketch on the same set of axes the graph of each of the following equations. 


Compare and contrast the graphs, noting common features and differences, 
(a) y* = 2x (c) x? = 2y 
(be) y= —2x (d) x* = —2y. 


. Consider a point (x), 1) on the graph of y* = 4ax. 


(a) Find the slope of the tangent to the graph at (1, 1). 
(b) Write an equation of the tangent line in (a). 
(c) Show that yy; = 2a(x + x1) is an equation of the tangent line, 


. Consider a point (x, y;) on the graph of x? = 4ay. Show that xx; = 2a(y + 91) 


is an equation of the line tangent to the graph at (x4, 91). 


. If (x), 91) lies on the graph of y = ax? + bx + c, show that $(y + y) = 


axx,; + $b(x + x) + ¢ is an equation of the line tangent to the graph at 
(x1, ¥1)- 


. Write an equation of a line which passes through the point (8, 7) and is a tangent 


to the graph of y? = 6x. 


. (a) Find the point where the tangent to y? = 4ax at the point (x1, y:) cuts the 


x-axis. Assume that a # 0, 

(b) Show that the segment of the tangent line between (x1, y:) and the point 
found in (a) is bisected by the y-axis. 

Write an equation for each of the following: 

-1. 

0. 

(c) The parabola with vertex (4, 3) and directrix x = —2., 

(d) The parabola with vertex (—1, 2) and directrix y = 4. 


ll 


(a) The parabola with vertex (1, 1) and directrix x 
(b) The parabola with vertex (1, 1) and directrix » 


W 


i] 


. Find the focus of each of the parabolas in Problem 10. 
. Do Problem 10 with each occurrence of the word “vertex” replaced by “focus.” 
. Find the focus, vertex, and directrix of the parabola which is the graph of each 


of the following equations or functions. Sketch the graph. 

@) y= (d) y?+ 2y+ 2x =0 
0) y= x? — 2x ©) 80) =-y— 49 +4 
() f(x) =x -—6x+1 (f) *+x+y=0. 
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3. The Ellipse. A third conic section, quite fashionable these days as 
astronauts circle the earth in elliptical orbits, is the ellipse. In this section we 
shall derive its equation and study its properties. 

By definition, an ellipse is the locus of points in a plane the sum of whose 
distances from two given points is a constant. The constant, of course, must 
be greater than the distance between the two given points. The two points 
are called the foci of the ellipse. A simple equation for an ellipse is found if 
the points (—c, 0) and (c, 0) are used for foci and 2a for the constant sum of 
distances. The foci and the arbitrary point (x, y) are shown in Figure 6. The 


(-c,0) (¢,0) oe 


Figure 6 


distance from (x,y) to (—c, 0) is V(x + ce)? + G — 0)?, and that from 
(x, ») to (c, 0) is (x — c)? + G — 0)?. The point (x, y) lies on the ellipse 
if and only if the sum of these two distances is equal to 2a. Hence an equation 
of the ellipse is 


Vet ee + y+ VG = OF Fy? = 2a. 


Simpler equivalent equations are found by subtracting \/(x — c)? +? 
from both sides of the equation 


Viet ce + y? = 2a- Vx oh + 
squaring both sides of the equation and simplifying 
x” + 2ex +c? + y? = 4a’ — dae — ec! + y= + x? — ex tc? + y’, 
4av/(x — cy? + y? = 4a’ — 4cx, 
dividing by 4 and squaring again 
exc? = yi)i=ral—atexi--re'xt, 
and simplifying again, 


(a — c) + ay? = aa — ce’), 
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Finally, dividing by a*(a” — c”) we have 


Since a > c, it follows that a > c*, and we replace a* — c* by b*. We then 
have the canonical form of an equation for the ellipse, 


This equation is derived in such a way that its graph contains all points 
which satisfy the locus condition. One of the problems at the end of the 
section will be to show that the graph contains only those points. 


y-axis 


(0, b) 


X-axis 


(0,6) 


Figure 7 


By placing y equal to 0, we obtain x = -+-a. The graph therefore cuts 
the x-axis at (—a, 0) and at (a,0), and the numbers a and —a are the x- 
intercepts of the graph. The line segment between (—a, 0) and (a, 0) is called 
the major axis of the ellipse. Similarly, the graph cuts the y-axis at (0, —b) and 
at (0, 6), and the numbers 6 and —b are the y-intercepts of the graph. The 
line segment between (0, — 4) and (0, 4) is called the minor axis of the ellipse. 
It is not difficult to see that there are no points on the graph for which 
|x| > aor for |y| > b. Symmetry across both axes and across the origin can 
be seen by noting that (—p, q), (p, —q), and (—p, —gq) all lie on the graph if 
(p,q) does. The complete curve is shown in Figure 7, 
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There is a simple method of constructing an ellipse by placing thumb- 
tacks at the foci and looping around them a string of length 2a + 2c. Ifa 
pencil is placed in the loop so as to hold it taut and moved in a complete 
turn around the foci, the curve traced is an ellipse. This is readily seen from 
the definition. * 


EXAMPLE 1. Describe the graph of 4x? + 25y? = 100 and draw it. An 


equivalent form of the equation is = + . = 1, from which it is apparent 


that the graph is an ellipse with x-intercepts of —5 and 5, major axis of length 
10, y-intercepts of —2 and 2, and minor axis of length 4. The intersection of 
these axes, in this case the origin, is called the center of the ellipse. Using 
a® = 25, a® — c* = 4, we have c? = 21. Thus the foci are at (—\/2I, 0) and 
(21, 0). The graph is drawn in Figure 8. 


praxis 


ae 
(0,2) 25 


(0, 2) 


Figure 8 


If the foci are located on the y-axis at (0, c) and (0, —c), an analogous 
derivation gives the equation 


and its equivalent form 


In this case, the major axis is the line segment between (0, —a) and (0, a), 
and the minor axis that between (—b, 0) and (6, 0). 
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EXAMPLE 2. Describe and draw the graph of 4x + y’ = 36. An equivalent 
form of the equation is = + = = 1, from which we see that the positive 
y-intercept is larger than the positive x-intercept and therefore that the foci 
are on the y-axis. The x-intercepts are 3 and —3, the y-intercepts are 6 
and —6, and the foci are at (0, \/36 — 9) and (0, —3\/3). The graph is 
drawn in Figure 9. 


y-axis 


[(0, 6) 
(0,3 V3) <4 


x-axis 


= <] 
(0, -3 V3} oie 


Figure 9 


Examples | and 2 were each for an ellipse with its center at the origin. 
In a manner similar to that used in the last section, we can write an equation 
for an ellipse with center at (4, k) and foci at (h — c, k) and (A + ce, k). The 
equation is then 


(ee AO 
a 2 a M: 


If the center is at (A, k) and the foci at (h, k — c) and (h, k + c), an 
equation is 
w= bt , @= HI 


a Re suk 


pecan de OF Dies 
9 25 
The graph is an ellipse with center at (—4, 7). The foci are above and below 


EXAMPLE 3. Describe and sketch the graph o Ii 
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the center, the distance being \/25 — 9 = 4. Thus the foci are at (—4, 3) 
and (—4, 11). The ends of the major axis are (—4, 7 — 5) or (—4, 2) and 
(—4,7 + 5) or (—4, 12). The ends of the minor axis are (—4 — 3,7) or 
(—7, 7) and (—4 + 3, 7) or (—1,7). The graph is drawn in Figure 10. 


y-axis 


(—4, 12) 


(x44)? O=7)?_ 
hy 1m! ire 


x-axis 


Figure 10 


There is an alternative definition of the ellipse, one analogous to the 
definition of a parabola, It may be seen in considering the distance from a 
point (x, y) to the focus (c, 0). This distance is \/(x — c)? + y®. If the point 
P g oe 2 r 5 Ct 
lies on the ellipse, then — + = TD Sith ili aerate 
a @—ec a 


2 


= lL Oreye =a 


Thus the distance from the point to the focus is 


a 
or 
2,2 
xc 
— — 2ex + a’, 
a 
or 
xc 
a ard 
a 
, ; ; e @ ae 
This latter expression may be written —|x — —|. But |x — —| is the 
a € c 


a 
distance from the point (x, y) to the line x = Pc Thus the distance from the 
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point to the focus (c, 0) is — times the distance from the point to the line 
a 


2 


x= z . This result could also be stated by noting that the ratio of the two 


distances (that to the focus and that to the line) is a constant for all points 
on the ellipse. The line is called a directrix for the ellipse and the constant 


ratio, — , is called the eccentricity of the ellipse. The eccentricity is less than 1. 
a 


For all points on a parabola, the ratio of the two distances (that to the focus 
and that to the directrix) is also a constant, namely 1. A parabola is said to 
have eccentricity 1. Even as the ellipse has two foci, it also has two direc- 
: : ; a ; : 
trices. The other is the line x = — —, and the ratio of the distance between 
Cc 
a point on the ellipse and the focus (—c, 0) to the distance from the same 
r : : (ion a 
point to the directrix x = — — is the same constant on 
fe l 


Not all equations for ellipses are in canonical form, but equivalent 
equations in canonical form can be found by factoring and completing the 
square. 


EXAMPLE 4. Describe and draw the graph of 16x* + 25y? — 64x + 150» — 
111 = 0. Equations equivalent to this one are 


16(x* — 4x) + 25(y” + 6y) = 111, 
16(x? — 4x + 4) + 25(y’ + 6p + 9) = 111 + 16-44 25-9, 
16(x — 2)’ + 25(y + 3)* = 400, 


@= 2)", +3) 
25 16 


i 


am =1. 
From the last equation we can see that the graph is an ellipse with center 
at (2, —3), horizontal major axis of length 10, vertical minor axis of length 8, 
and c = \/25 — 16. Thus the foci are at (—1, —3) and (5, —3). The graph 
is shown in Figure 11. 


As Example 4 illustrates, almost every equation of the type ax* + by? + 
cx + dy + e = Owithab > Ohas an ellipse for its graph. The reason for the 
“almost” can be seen as we write equivalent equations 


a(x | <x) | o(y' | $y) = e, 
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c 0 da = ore 

a(x ae xt) +4(y +4y+ £) arg eae 
Ne GN Cor a 

a(x 5) ie ( oF 4) 4a? 45 
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If the expression on the right side of the last equation has the same sign as 
a (and hence b), then the graph is an ellipse. If the expression on the right 


c 
Sauld : ; enide Fie ah , afte 
side is equal to zero, the graph is the single point ( a5 » 


A) If the 


expression on the right side has sign opposite to that of a, there is no graph, 
although the equation is said to have an imaginary ellipse for its graph. If 
a = b, the foci coincide and the graph is a circle. 


y-axis 
r (¥=2)? @+3)?_ 
Ql): Ses ems 
+ at a Sa - 
X-axis 
(=33-73); (7, = 3) 


(2,-7) 
Figure 11 
PROBLEMS 
1. Describe and sketch the graph of each of the following equations. Label the 
foci and the endpoints of the major and minor axes. 
a ihr eee 
Vere y a Too 4 
x y x’ y 
) >+y=1 © Gtig=! 
x ¥ i 
© t0 ia! 
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2. Write an equation for the ellipse satisfying the given conditions. 
(a) Foci at (—5, 0) and (5,0). Minor axis of length 24. 


(b) Center at the origin. Major axis horizontal and of length 14, minor axis 
vertical and of length 8. 


(c) Center at the origin. Minor axis vertical and of length 4. Passing through 


(Bi Ya 

(d) Foci at (—4,0) and (4,0). Endpoints of major axis at (—5,0) and 
(5, 0). 

(e) The locus of points the sum of whose distances from (0, 2) and (0, —2) 
is 7. 


3. It has been shown that the distance between a point on the ellipse 


and the focus (c, 0) is 


xe 
Boal 
a 
ay Ps F xe 
(a) Show that this distance is a — — for |x| < a. 
a 


(b) Show that the distance between a point on the ellipse and the focus 


(—c, 0) is lE + 7 and that the distance is a + aes 
a a 


points which satisfy the locus definition. 


4. Describe and sketch the graph of each of the following equations. 
(- 27) o- 4 


a 2 , 2 
@ SS a (a) 25x* + 9 + 3)" = 225 
2 2 
(b) a+) ew ae =a (©) Sx? + 4y? + 36x — 24y + 36 = 0. 
(+5), +2) _ 
ce iosme te mitra 


5. The line segment which passes through a focus, is perpendicular to the major 
axis, and has its endpoints on the ellipse is called a latus rectum, 


(a) Find the length of a latus rectum of the ellipse 4x* + 9y* = 36. 


(b) Find the length of a latus rectum of the ellipse b*) 
(Assume that b < a.) 


(c) Show that both latera recta of an ellipse are the same length. 
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6, Write equations of the directrices and find the eccentricity of each of the 
following ellipses. 
(a) 4x? + 9y? = 36 (b) 9x? + 4y? = 144. 
7. Assume that 0 < ec <a. 
(a) Find the distance between (x, y) and (—e, 0). 
(b) Find the distance between (x, y) and the line x = — ae . 
(c) Find the locus of points (x, y) such that the ratio pee the distance in 


(a) and the distance in (b) is a constant Os 
a 


8. Show that an ellipse becomes more nearly circular as its foci get closer and 
closer together. 
9. Consider a point (x, 1) on the graph of b?x® + a®y? = a®b?. 


(a) Find the slope of the tangent to the graph at (x), »)). 
(b) Write an equation of the tangent line in (a). 
(c) Show that b2xx, + a*yy; = ab? is an equation of the tangent line. 


10. Assume that the constants a, 6, c, d, and e are such that ax* + by* + cx + 
dy + e = Oisan equation of an ellipse. Consider a point (x, y;) on this ellipse. 


(a) Find the slope of the tangent to the graph at (x1, 1). 
(b) Write an equation of the tangent line in (a). 


(c) Show that axx; + byy: + $c(x + x1) + dd(y + v1) fe =O0 is an 
equation of the tangent line. 


11. Write an equation of the ellipse with horizontal and vertical axes satisfying the 
given data. 


(a) Foci at (—3, 2) and (5, 2). Eccentricity is 3. 
(b) Center at (2, —1). One focus at (2, 2). Point (2, 4) lies on ellipse. 


(c) Ends of major axis at (2, 4) and (12, 4). Ends of minor axis at (7, 2) and 
(7, 6). 

12. In the definition of the ellipse on page 143, we asserted that the constant must 
be greater than the distance between the foci. What is the locus of points in the 
plane the sum of whose distances from (—c, 0) and (c, 0) is the constant 2c? 

13. What must be the relation between a and b for the major axis of the ellipse 


= + iS = 1 to be horizontal? Vertical? 
a 2 


4. The Hyperbola. The fourth and last conic section is the hyperbola. By 
definition a hyperbola is the locus of points in a plane the absolute value of 
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the difference of whose distances from two given points is a positive constant. 
The constant must be less than the distance between the two points, since the 
length of one side of a triangle must be greater than the absolute value of the 
difference between the lengths of the other two sides. The two given points 
are called the foci of the hyperbola. 

If we select (—c, 0) and (c, 0) as foci and 2a as the difference of distances, 
the point (x, y) will lie on the hyperbola if and only if 


IW@— of Fy — V@ + cP + P| = 2a. 


This equation is an abbreviation for the two equations 


Va — ch + yy — Ve + cf + y? = 2a, 
V(x +c)! + yy? — Ve — cP + y? = 2a. 


We shall simplify the first of these two equations and leave as Problem | at 
the end of the section the proof that a similar simplification of the second 
results in the same equation. 

The steps are similar to those for the simplification of the defining equa- 
tion of an ellipse: 


VE= FFF = at VETTE 
x — 2ex +c? 4+ y? = 4a + 4a/(x + ce)? + y? +x + 2cx +c? + y’, 
Serie Caw Ea 


cx? + 2a*ex + a’ 


I 


a’(x’ + 2cx +c? + y*), 


(c? — a’)x? — a’y* = a*(c* — a), 


Il 


and finally 


the second term is — Je =instexd’Oh ——— 

| aoa «od Peet 
case that 2a < 2c and so a < c, and therefore c? — a? > 0. Thus it is 
c? — a’ which we replace by b* to obtain the canonical equation for the hyper- 
bola 


. For the hyperbola, it is the 


We know, from the derivation, that the graph of this equation contains all 
points (x, y) such that the distance between (c, 0) and (x, y) is 2a more than 
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the distance between (—c, 0) and (x, y). In Problem 1 you will be asked to 
show that the graph also contains all points (x, y) such that the distance 
between (—c, 0) and (x, y) is 2a more than the distance between (c, 0) and 
(x, y). In Problem 3 you will be asked to show that the graph contains only 
those points. 

By setting y equal to 0, we see that the graph cuts the x-axis at (—a, 0) 
and (a, 0). These points are called the vertices of the hyperbola and the 
line segment joining them the transverse axis. By writing the equivalent 


Feet au ae pee : 
equation y’ = — (x* — a’), we see that there are no points on the graph for 
a 


|x| <a. Hence the graph cannot cut the y-axis. The curve is infinite in 
extent, since there are points on the graph for all x such that |x| > a, and |»| 
increases indefinitely as |x| increases. The curve is symmetric with respect to 
both axes and to the origin, since (—p, g), (p, —g), and (—p, —gq) all lie on 
the graph whenever (p,q) does. Although the graph is infinite in extent, the 
central portion of it is sketched in Figure 12. When we ask for the sketch of a 
hyperbola, it is the central part which is to be drawn. 


y-axis 


x-axis 


a+ b=? 


Figure 12 


b 
The graph of y = i x? — a? is the upper half of the right branch of 
the hyperbola for x > a and the upper half of the left branch for x < —a. 


E aes b es 
In each case, since |x| > \/x? — a®, it is true that ql = aYv™ —a. 


: ed b 
However, the difference between the two functions — |x| and 5 fe 
a 
gets less and less as |x| increases. Thus the upper half of the hyperbola lies 


b mae 
below the graph of y = |x| but gets closer to it as |x| increases. Similarly, 


———— ari 
the graph of y = — 2 \/x? — a? is the lower half of the hyperbola and it lies 
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b 
above the graph of y = — z |x|, but gets closer to it as |x| increases. The 
; b b 5 
union of the two graphs, those of y = ah and y = — = |x|, is also the 
< ‘ 7 b b 
union of the graphs of the straight lines y = ae and y= —-x. These 
a 


lines, approached by the hyperbola, are called the asymptotes of the hyperbola. 
They are of use in sketching the graph of a hyperbola, giving guidelines ap- 
proached by the hyperbola. They are easily drawn as the diagonals of the 
rectangle with vertical sides passing through the vertices of the hyperbola and 
horizontal sides passing through (0, — 6) and (0, b). 


2 


EXAMPLE |. Describe and sketch the graph of = z = 1. Here we have 


a= 4,b = 3,andc = 5. The transverse axis is of length 8, the x-intercepts 
are —4 and 4, the foci are at (—5, 0) and (5, 0), and the asymptotes are the 
lines y = $x and y = —#x. A very useful device for remembering equations 
of the asymptotes is obtained by replacing the “1” in the equation of the 
hyperbola by “0”: 


which is equivalent to 


Figure 13 
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The graph of this equation is the union of the graphs of i + : = 0 and 


; = 0, equations of the asymptotes. The graph is sketched in Figure 13. 


Ble 


If the foci of the hyperbola are on the y-axis, at (0, —c) and (0, c) the 

2 2 
equation will be? =- = = 1. The graph will have branches opening upward 
and downward instead of to the right and left. The lines y = e and 


yer os will be asymptotes. 


EXAMPLE 2. Describe and sketch the graph of 4y? — 5x* = 20, An equivalent 


2 2 


equation ist - j = 1, from which we see that the vertices are at (0, —\/5) 


and (0, \/5). The transverse axis is vertical and of length 2\/5. The foci are 
at (0, —3) and (0, 3) and the lines y = —4\/5x and y = 4\/5x are the 
asymptotes. The branches open upward and downward, as can be seen in 
Figure 14, 


x-axis 


Figure 14 
x? y es x? 
The equations — — — = l and= — — = I have the same asymptotes, 
q fo es Beer fae yO 


b b 
the lines y = a and y = — ae and they are called conjugate hyperbolas. 
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The first mentioned has its foci at (—c, 0) and (c, 0) and the latter has its foci 
at (0, —c) and (0, c), where c = \/a? + 6. The transverse axis of each is 
called the conjugate axis of the other. 

Examples | and 2 have each been a hyperbola with its center at the origin. 
The foci, however, may be anywhere in the plane and the midpoint of the 
segment joining them will be the center. If they are on a line parallel to one 
of the axes, an equation analogous to that of the ellipse can be written. In 
particular, if the foci are at (A — c, k) and (h + c, k), an equation of the 

hor) 5 

hyperbola is 2 Sea aati 1, and an equation for the asymptotes 
G=h? C= ky 


is = 0. The latter equation is equivalent to the separate 


b b 
equations, y — k = a —hyandy—k = — 5 (x — A). If the foci are at 
(h, k — c) and (h, k + c), an equation for the hyperbola is 
Yahi _ @= hy 


=1. 


a be 
y-axis y-l=4(x+2) 
i 
@+27_ =I, 
9 16 
72 UT fat) G1) 
eee gee as 
+—+—+ + t+ + - 
N-aXxis 
| dk y—-1l=-4(x+2) 


Figure 15 


- >) 2 a I 2 
EXAMPLE 3. Describe and sketch the graph of at va res = 
The center of the hyperbola is at (—2, 1), the foci are at (—7, 1) and (3, 1), 
and the transverse axis is horizontal and of length 6. The asymptotes have 
equations y — 1 = (x + 2) and y — 1 = —3(x +2). The graph is 
sketched in Figure 15. 
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There is a focus-directrix definition of the hyperbola, analogous to those for 

the parabola and the ellipse. The distance from a point (x, y) to the focus 

(c, 0) is /(x — c)? + y®. The point lies on the hyperbola if and only if 

a= = v ie lory=a—?—-—x+ ae Thus the distance from a 
ta a 


point on the hyperbola to the focus is 


F ' 
2 2 2 2 2 Cc rote We 2 
a 2ex +c? 4 (« Cae ee <<) = wee 2ex + a* 


. - wee . c Cu. Re 
As with the ellipse, this distance is equal to a\* , or ~ times the distance 
a 


; a’ Sr ; reat 2 
to the line x = —. This line is again called the directrix, and the ratio 5 the 
c 


eccentricity. However, for the hyperbola the eccentricity is greater than 1. 
The hyperbola can therefore also be defined as the locus of points the ratio 
of whose distances to the focus and to the directrix is a constant greater 


. ‘ i a 
than 1. Corresponding to the focus (—c, 0) is a second directrix x = — Fe 


Not all hyperbolas with horizontal or vertical axes appear with equations 
in canonical form. But canonical equations can be found for them by factor- 
ing and completing the square. 


EXAMPLE 4, Describe and sketch the graph of 16x? — 9y* — 32x — 54y — 
641 = 0. Equations equivalent to the given equations are 


16(x° — 2x) — 9(y* + 6y) = 641, 
16(x° — 2x + 1) — 9" + 6y + 9) = 641 + 16-1 — 9-9, 
16(x — 1)? — %(y + 3)? = 576, 
@=1)' _ Oo +3) 


36 64 


The hyperbola, opening to the right and left, has its center at (1, —3), its 
vertices at (—5, —3) and (7, —3), its foci at (—9, —3) and (11, —3), and the 
lines y + 3 = $(x — 1) and y + 3 = —4(x — 1) for asymptotes. The 
graph is sketched in Figure 16. 
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(CEU One 
36 Gk 


x-axis 


asymptotes: 
yt3=t4x-1) 


Figure 16 


The method of Example 4 can be used to show that every equation of the 
type ax? — by® + cx + dy + e = 0 with ab > 0 has for its graph either a 
hyperbola or a pair of intersecting straight lines. Equivalent to the given 
equation are 


If the expression on the right side of the equation has the same sign as a and 


2a’ 2b 
to the left. If the expression has sign opposite to a and b, the graph is a 


d ; 
b, the graph is a hyperbola centered at (- = 5) opening to the right and 


cae! 
hyperbola centered at (- n ; 2) but opening upward and downward, If 


the expression is zero, the graph consists of the two straight lines 


d la c d a é 
y- B= (z+) eae y- Ba -b(2+ 8): 


One particular type of hyperbola with its axes neither horizontal nor 
vertical has a simple equation and appears frequently in mathematics. It is 
the hyperbola with foci at (—a, —a) and (a, a) and the difference of distances 
equal to 2a. By definition, a point lies on this hyperbola if and only if 


IV = a +O — a — Veet a + & + a] = 2a. 
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Squarings and simplifications yield the equation 
This hyperbola has the coordinate axes for its asymptotes and is drawn in 
Figure 17. Its vertices are at (- 3 V2,—- 5v2) and (5 v2, sv2): 


y-axis 


xy=ta? 


X-axis 
Figure 17 
With foci at (—a, a) and (a, —a), the equation is xy = —4a® and the two 
branches lie in the second and fourth quadrants. This type of hyperbola is 
2 2 2 2 
called equilateral, as are the hyperbolas 27 a = 1 and A - a =1 
r 2 e 2 
with a? = b°, 
PROBLEMS 


1, Simplify V(x + ¢)? + y2 — V(« — 02 + 2 = 2a and show that it results 


. . x 
in the equation — — 
a 
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2. Describe and sketch the graph of each of the following equations, Label the 
foci and vertices and sketch the asymptotes. 


@ >-%=! (e) 25)" — 9x" = 225 
) B->=1 () xy =8 
O) aan! (@) xy = -6. 
x y 
MO jen t= 


Call this distance d}. 


= 1 and the focus (c, 0) is [ex -a)\. 
a 


(a) Show that the distance d2 between a point on the hyperbola and the focus 


(-e0i8 Sx tal 
a 


(b) Show that x > a fora point on the right branch of the hyperbola and that 


H G c 
for such a point d} = —x — aand d; = ~x +a. 
a a 


(c) Show that x < —a fora point on the left branch of the hyperbola and that 


. c c 
for such a point d, = — —~x + aandd = —-x—- a. 
a a 


(d) Hence show that the graph of = - 
a 


; = 1 contains only those 


ea 
points which satisfy the locus definition of hyperbola. 


4. Write an equation for the hyperbola with horizontal and vertical axes satisfying 
the given conditions. 


(a) Foci at (—5, 0) and (5,0). Transverse axis of length 6. 


(b) Center at the origin, Transverse axis horizontal and of length 4, conjugate 
axis vertical and of length 12. 


(c) Center at the origin. Transverse axis vertical and of length 6. Passing 
through (1, 2/3). 


(d) Center at the origin. Passing through (1, 5) and (2, 7). 


5, (a) Show that the graph of (x — 3)(y + 2) = 10 is an equilateral hyperbola 
with center at (3, —2) and asymptotes x = 3 and y = —2. 


(b) Sketch the graph described in (a). 
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6. Describe and sketch the graph of each of the following equations. Label the 
foci and vertices and sketch the asymptotes. 


@= 1" _ +3) 


(a) = 1 (e) 2xy — 4x — 4y —17=0 

16 9 
(b) Ory _&-0 (ON aha e = Dee 2) ae O 
©) @- 1 +3) = -12 (g) y° — 4x’ + 4y — 16x — 28 = 0. 


(d) 144(x + 4)? — 25(y + 2)? = 3600 


7. Hyperbolas with the same pair of foci are said to be confocal. Show that the 
following equations have confocal hyperbolas for their graphs and sketch them 
all on the same set of axes, 


2 2 2 
ca Rast lays 
Ss adam ON oe 
x y x’ . 
®) 5-5-1 @ -v=1. 


8. The line segment which passes through a focus, is perpendicular to the transverse 
axis extended, and has its endpoints on the hyperbola is called a latus rectum. 


(a) Find the length of a latus rectum of the hyperbola 9x? — 16y? = 144. 
(b) Find the length of a latus rectum of the hyperbola b2x? — a2y? = a*b*. 
(c) Show that both latera recta of a hyperbola are the same length. 

9, Write equations of the directrices and find the eccentricity of each of the 
following hyperbolas. 
(a) 9x? — 16y? = 144 (b) 144y? — 25x? = 3600. 

10. Assume that 0 <a <c. 
(a) Find the distance between (x, y) and (—e, 0). 


2 


(b) Find the distance between (x, y) and the line x = — ee 
c 


(c) Find the locus of points (x, y) such that the ratio between the distance in 


(a) and the distance in (b) is a constant ch 
a 


11. Consider points on the upper right branch of the hyperbola x? — y? = 16 and 
on its asymptote x = y, Find the y-coordinates of points on each for x = 10, 
100, 1000, 10,000, and show that the vertical distance between corresponding 
points is decreasing as x increases. 
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12. 


13. 


14, 


15. 
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Consider a point (x1, 1) on the graph of b?x* — a’y* = a*b*. 

(a) Find the slope of the tangent to the graph at (x1, yi). 

(b) Write an equation of the tangent line in (a). 

(c) Show that b2xx,; — a®yy,; = a*b* is an equation of the tangent line. 


Consider a point (x1, 1) on the hyperbola ax* — by? + ex + dy +e =0 
with ab > 0. 


(a) Find the slope of the tangent to the graph at (x1, 1). 
(b) Write an equation of the tangent line in (a). 


(c) Show that axx, — byy: + $e(x +) + 4d +1) +e =0 is an 
equation of the tangent line. 


Show that the product of the distances of a point on the hyperbola xy = —12 
to its asymptotes is a constant. 


If the difference of the distances of the point (x, y) from two foci is zero, show 
that the locus of (x, ) is the perpendicular bisector of the line segment joining 
the foci. 


. Describe and sketch the graph of each of the following equations. If the graph 


is a circle, give its center and radius. If the graph is a parabola, give its focus, 
directrix, vertex, and axis. If the graph is an ellipse, give its center, foci, 
directrices, eccentricity, and length of major and minor axes. If the graph is an 
hyperbola, give its center, foci, directrices, eccentricity, asymptotes, vertices, 
and length of transverse axis. 


(a) x+y? + 6x + 4y = 12 

(b) x? + 4y? + 6x + 4y + 6=0 
() + 6x+4y+2=0 

(d) x — 4y?> + 6x +4y+4=0 
(e—) 4° + 6x + 4y + 13 =0 

(f) xy + 6x + 4y = 3 

(g) 3x? + 3y? + 6x — 18y = 162 
+ 6x + 4y = 11 


CHAPTER 4 


Integration 


There are two major topics in calculus, differentiation and integration. 
The theory of integration at first appears to have little connection with 
differentiation. However, we shall see that the two processes are indeed 
closely related. 

Differentiation deals with derivatives of real-valued functions, integra- 
tion with integrals of real-valued functions defined on closed intervals. In 
this chapter we shall define and study the definite integral from a to b of a 
real-valued function f, which is denoted by (ie The integral has countless 
applications both in mathematics and the sciences. One of the most important 
enables us to find the area of a region more involved than those studied in 
plane geometry. If f(x) > 0 for every x in [a, 6], then we shall see that f, fis 
equal to the area of the region lying above the x-axis, below the graph of f, 
and between the vertical lines x = a and x = b (see Figure 1). Thus the 
areas of many irregularly shaped regions can be found by integration. 


y=f(x) 


b x-axis 


Figure | 


Another interesting application enables us to find the distance traveled 
by a particle which moves in a straight line. If the particle moves with a 
velocity equal to v(t) at time f, then the distance traveled during the interval 
of time from ¢ = a to t = bis given by the integral he lo}. 

It will be useful to recall some of the elementary ideas and notations of 
set theory. In particular, the union of two sets P and Q, denoted by P U Q, 
is the set of elements that belong either to P, or to Q, or to both. The inter- 
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section of P and Q, denoted by P - Q, is the set of elements that belong to 
both P and Q. If P and Q have no points in common, they are said to be 
disjoint. The set which contains no elements is called the empty set and will be 
denoted by 9. Thus P and Q are disjoint if and only if PA Q = 0. Finally, 
the difference, P — Q, is the set of all elements of P which do not belong to Q. 


1. The Definite Integral. In defining the definite integral, we shall use the 
concepts of bounded sets discussed in Section | of Chapter 1, Recall that a 
number u is said to be an upper bound of a set S of real numbers if the in- 
equality x < wis satisfied for every number x in S. Thus the numbers 100, 5, 
and | are all upper bounds of the closed interval [0, 1]. The Least Upper 
Bound Property (see page 7) states that every nonempty set of real numbers 
which has an upper bound has a least upper bound. For example, the number 
1 is obviously the least upper bound of the interval [0, 1]. Note that | is also 
the least upper bound of the open interval (0, 1). 

In the same way, a number /is called a lower bound of S provided | < x 
for every x in S. The Greatest Lower Bound Property (see Problem 11, 
page 9) similarly asserts that if Sis nonempty and has a lower bound, then 
it has a greatest lower bound. Finally, a set is simply said to be bounded if it 
has both an upper bound and a lower bound. 

The notion of boundedness can be applied to functions. Specifically, a 
real-valued function f of a real variable is said to be bounded on an interval / 
if the following two conditions are satisfied: 


(i) J is a subset of the domain of f. 
(ii) There exists a real number k such that | f(x)| < k, for every x in J. 


The reader should be able to supply the straightforward argument which 
shows that condition (ii) is equivalent to the assertion that the set S of all 
real numbers f(x) for which x is in J is a bounded set. To illustrate the 
terminology, consider the two functions f and g defined by f(x) = x* and 


1 
g(x) = = The former is bounded on both the closed interval [0, 1] and the 


open interval (0, 1), whereas the latter is bounded on neither, 

Let [a,b] be a closed interval, and let ¢ = {x,.. -+Xn} be a finite 
subset of [a, b] which contains the endpoints a and b. The set o subdivides, or 
partitions, the interval into subintervals, and, for this reason, we shall call it a 
partition of [a, 5]. 

Let f be a function which is bounded on the closed interval [a, 6], and 
let o = {x ,..., Xn} be a partition of [a, b] in which 


W = Fp Se Se ge 


Since fis bounded on the entire interval [a, 5], it is certainly bounded on each 
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subinterval [x;—1, x;], for i = 1,...,n. Hence the set S consisting of all 
numbers f(x) with x in [x;_1, X;] has a least upper bound, which we denote by 
M,. Similarly, of course, the set S has a greatest lower bound, which we 
denote by m;. These numbers are illustrated for a typical subinterval in 


y= f(x) 


m M, 


ietk xi x-axis 


Figure 2 


Figure 2. We now define two numbers U, and L,, called, respectively, the 
upper sum and the lower sum of f relative to the partition ¢ by the formulas 


My(x1 — Xo) + Ma(x2 — x1) + 00+ + MaQin — Xn—1)s 


my(x1 — Xo) + ma(x2 — x1) + +++ + MX — Xn—1)- 


Since M; > m; and since (x; — x;-1) > 0, for each i = 1,...,7, it follows 
that 
U, — Ly = (Mi — m)(x1 — X0) + (M2 — m2)(X2 — x1) Fo 


+ (My — mn)(%n — Xn—1) 2 0. 
Hence, we conclude that 
Teg ile (2) 


EXAMPLE 1. Let f be the function defined by f(x) 


3 at eal Desh 
x 


and consider the partition ¢ = {1, 8, 2,$,3}. There are four subintervals, 
[1, 3] (8, 21, (2, $1, and [§, 3], and each one is of length 4. It is clear from 
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Figure 3 that the maximum value of f on each subinterval occurs at the left 
endpoint, and the minimum value occurs at the right endpoint. Hence 


=f() = 1, m = f(%) = 3, 
=f = 4%. =f) = 4, 
=f{2=% m=f@)=2 
=f®=%  m =f(3) = 3. 
It follows that 
Ur=VE+E E+E E+E SD 
L, = eS - e ee as: 


y-axis 


x-axis 

Figure 3 

Continuing the computation, we obtain 
_ 2,1, 2) _ 130420415412 _ 77 
U= 51434543) 5 30 = 6 
~1(2,1,2, 1) _120415+12+10_ 57, 
t= 3 (3434343) 3 30 ene mod 


for the values of the upper and lower sums of f relative to o. 


In the paragraph preceding Example 1, it is proved that, for a given par- 
tition o, the lower sum is less than or equal to the upper sum, We shall now 
prove the much stronger fact that all the lower sums are less than or equal to 
all the upper sums. More precisely, 


(1.1) Let f be bounded on [a,b]. If o and r are any two partitions of [a, b], 
then L, < U,. 
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Proof. The argument will be divided into three parts. 


(i) If + is obtained from o by adjoining just one new number y, then 
Lz <L,< U, < Us. 


Let o = {%,...,Xn} and a = x) < x1 < +++ < xn = B, and let the 
upper and lower sums U, and L, be defined as in (1), page 165. We shall 
assume that y lies in the Ath subinterval [x,—1, x]. Then 


T = (x0, 6 6 Keds Vy Xk es Xn} 
and 
Ss Ken SY Sty SS Se 


a=xXo 


IA 


Abbreviating the expressions least upper bound and greatest lower bound by 
l.u.b. and g.I.b., respectively, let 


Mi. = |.u.b, of the set of all numbers f(x) with x,1 < x < y, 


i] 


Mi 


l.u.b. of the set of all numbers f(x) with y < x°< xp, 


" 


mi, = g.L.b. of the set of all numbers f(x) with x1 < x < y, 
mi! = g.l.b. of the set of all numbers f(x) with y < x < xn. 


These numbers are illustrated in Figure 4. The key idea in the entire proof is 
the fact that the least upper bound of fon any set S is greater than or equal to 


fa 


i 
ke 


M 
me 


/——--- my, 
-——_——_—— M, 


Cal a x-axis 
Figure 4 


its least upper bound on any subset of S, and, similarly, the greatest lower 
bound of fon S is less than or equal to its greatest lower bound on a subset 
of S. This means that 


M.> Mi and M.> Mi’, 


my < me and my < mi, 
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as is borne out by Figure 4. Hence 


Mix — Xk—1) = Mi(xn — y) + Maly — xx—-1) 
Mixx — y) + Mily — xx), 


IV 


I 


mi(xn — y) + my — Xe—-1) 


mi (xn — y) + mkly — xe). 


mlx — Xk—1) 


IA 


But the other terms in the upper and lower sums are the same for the two 
partitions. We conclude that U, > U, and that L, < L,. Since it follows 
from (2) that L, < U,, we obtain 


Le SL, <5 U, < Us. (3) 


(ii) If o is a subset ofr, then the preceding inequalities (3) are still satisfied. 


This follows by repeated applications of part (i), since the partition 7 
can be obtained from ¢ by adjoining one number at a time. 


(iii) If o and 7 are any two partitions, then Lz < U;. 


Both o and r are subsets of the partition ¢ U 7 consisting of their union. 
Hence, one application of part (ii) gives L, < Loy;, and another application 
yields U,y, < U;. Combining these inequalities with Loy, < Usy-, we 
obtain 

Le S Lous S Usur S Us, 


and the proof of (1.1) is complete. 


Theorem (1.1) states that, for a given function f bounded on an interval 
[a, 6], if we consider all partitions of [a, 5], then every lower sum is less than 
or equal to every upper sum. It is instructive to picture the relative positions 
of these numbers on the real line. If we indicate each lower sum by a right- 
hand parenthesis, “)’*, and each upper sum by a left-hand parenthesis, **(”, 
the situation looks as shown in Figure 5 (except that in general there are 


upper sums 
—————— 
} } }} yy} PE DASSEANS ct { { f real line 
ee ee 
lower sums 
Figure 5 


infinitely many sums of both kinds). The question naturally arises as to the 
existence of numbers in between the two sets, and this brings us to the 
definitions of integrability and of the definite integral: Let the function f be 
bounded on the closed interval [a,b]. Then f is said to be integrable over 
[a, 6] if there exists one and only one number J such that 


Cea (4) 
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for any two partitions o and 7 of [a, b]. If fis integrable over [a, b], then the 
unique number J is called the definite integral of f from a to b, and is denoted 


by ff. That is, ; 
i / f. 


Almost all the functions encountered in a first course in calculus are 
integrable over the closed intervals on which they are bounded. The reason 
is that for these functions the differences between the upper and lower sums 
can be made arbitrarily small by taking partitions which subdivide the in- 
terval into smaller and smaller subintervals. Many conditions which ensure 
that a function is integrable are known. Among these, we shall consider two 
[see Theorems (3.3) and (5.1)]. The second condition is continuity. We shall 
see that if f is continuous at every point of a closed interval [a, b], then f is 
integrable over [a, 5]. 

If fis a function bounded on [a, 5], there are, according to the definition, 
two conditions which must be satisfied for f to be integrable over [a, b]. The 
first is that there must exist a number J such that the inequalities (4) hold 
for all partitions o and 7 of the interval. The second is that there must be 
only one such number. It is not hard to prove that the first condition is 
always satisfied (see Problem 9 at the end of this section). It is the second 
which may fail, as the following example illustrates. Let f be the function 
defined by . . 
eM 0 if x is rational, 

1 if x is irrational. 


This function is bounded on the interval [0, 1]. However, if o is any partition 
whatever of [0, 1], it is easy to see that U, = 1 and L, = 0. This means that 
every number J between, and including, 0 and 1 will satisfy (4). The function 
is therefore not integrable because J is not unique. 


1 
EXAMPLE 2. Assuming that the function f defined by f(x) = — is integrable 
over the interval [1, 3], prove that a 
pi 


a< | rst 


This is the function and interval described in Example 1. For the partition 
o = {1,#, 2, §, 3), we saw that L, = $4 and U, = 4; hence the integral is 
bounded by these two numbers. 


EXAMPLE 3. Consider the function f defined by f(x) = x°. 
is integrable over the interval [0, 1], show that 


Assuming that f° 


1 
ws | ssh. 
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We use the partition ¢ = {0, 4, 2, #, #, 1} and compute the upper and lower 

; ch ' i 
sums U, and L,. The points of the partition are given by x; = 5° for 
i=0,...,5. Hence 


wy = 4 POPs yiee Nees 


Since in this case the subintervals are all of length 4, equations (1) can be 
simplified to read 


U, 
L, 


SOL), 
$(m, + +++ + m5). 


It is clear from Figure 6 that the maximum value of f on each subinterval 
[x;—1, x;] occurs at the right endpoint, and the minimum yalue occurs at the 


y-axis 


ei 1 X-axis 
Figure 6 


left endpoint. Hence M; = f(x;) and m; = f(x:-1). Since f(x) = x%, we 
have 


2 
M; = xt= 


m= = SY 


Thus 
LW aru Sere cine Sees 
ake 35 statist a) 
0° a 
see 1G 705 as + 55+ 35+ 35)" 


Since cease 55 and 0? + 12+ 2? + 32+ 42 = 30, 
it follows that 


i 


ns 
ae 


w 
g 

i 
oH oe 
Ne 


This establishes the desired bounds, since L, < <fire Ses 
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An alternative notation for the integral, which we shall use interchange- 
ably with ier? is ies) dx, This is the traditional way of writing the integral, 
and its usefulness will become increasingly apparent as we go on. Ina later 
section we shall show how the dx which appears to the right of the integral 
sign may be interpreted as a differential. At present, however, it is important 
to realize that dx is only a part of the notation for the integral. The variable x 
which occurs in ils f(x) dx is often called a dummy variable. This name serves 
as a reminder of the fact that the value of the integral depends only on the 
function f and the numbers a and b. Its value is not determined by giving a 
value of x. Thus 


ike [1 dx = Pre = [ 10 dt = etc., 


and x, y, and f each occurs as a dummy variable. Thus the inequalities es- 
tablished in Examples 2 and 3 can al be written 


a b x-axis 


Figure 7 


Although we shall not give a definition of area in this book, the basic 
properties of area can be used to establish its connection with the definite 
integral. Let the area of a set P be denoted by area (P). Two basic properties 
are: 


(1.2) The area of a set is never negative: area(P) > 0. 
(1.3) If P is a subset of Q, then area(P) < area(Q). 


In addition, we shall assume the elementary facts about the areas of 
rectangles. 
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Let be a function which is integrable over the interval [a, b], and which 
also satisfies the inequality f(x) > 0 for every x in [a, b]. Let P be the region 
under the curve. That is, P is the set of all points (x, y) in the plane such that 
a<x<band0 < yp < f(x) (see Figure 7). Next, consider two partitions 
go and T of [a, 6]. The lower sum L, is the area of the union of rectangles 
contained in P; hence, by (1.3) we conclude that L, < area (P). Conversely, 
P is a subset of the union of rectangles the sum of whose area is the upper 
sum U,. Hence area (P) < U,, and we have shown that 


L, < area(P) < U,, 


for any two partitions o and 7. But the integrability of f asserts that the 
definite integral fe J (x) dx is the only number with this property. Thus we 
have proved 


rb 


(1.4) / f(x) dx = area(P), if f(x) = 0 for every x in [a, 6). 


EXAMPLE 4, Assuming the formula for the area of a circle and the integrability 
of the function \/1 — x? over the interval [0, 1], compute 


pl 


| VT — x? dx. 
0 


The graph of the function y/1 — x? is the upper half of the circle x? + y? = 1 
shown in Figure 8. It follows from (2.4) that the integral in question is equal 


praxis 


x-axis 


Figure 8 


to one fourth of the area of the circle. Hence 


el 
/ c2 oe 
i V1 — x? dx 4 


sec. 1] THE DEFINITE INTEGRAL 173 


PROBLEMS 


1. Draw the graph of the function f defined by f(x) = ul , and answer the following 
questions. * 


(a) Is f bounded on the closed interval [2, 5]? 

(b) Is f bounded on the open interval (2, 5)? 

(c) Does /have an upper bound on the interval (0, 2)? If so, give one. 
(d) Does /have a lower bound on the interval (0, 2)? If so, give one. 


2. If the number M is the least upper bound of the set of all numbers f(x) for x 
lying in an interval 7, we say simply that M is the least upper bound of fon J. 
A similar remark holds for the greatest lower bound. Draw the graph of the 


1 F é 
function f defined by f(x) = — =o and answer the following questions. 
x= 


(a) What is the least upper bound of fon the closed interval [2,3]? 
(b) What is the greatest lower bound of fon [2, 3]? 


(c) What are the least upper bound and greatest lower bound of f on the open 
interval (2, 3)? 


(d) What is the greatest lower bound of f on the interval (1, 2)? 


3. Compute the upper and lower sums U, and L, in each of the following examples. 


(@) £0) = *,{a,61 = (1,4), and o = {1,2,3,4}. 
(b) f(@) = : [a, b] = [0,2], and o = (0,4, 2, 1,4, §, 2) 


(c) g(x) 


x= 


+1, [a,b] = [0,1], and o = {xo, x1, X2, x3, x4, X5}, Where 


AL sean ees 


(d) g(x) = x°, [a, 6] = [—1, 1], and o = {-1, —4, 0, 4, 1}. 


4, True or false, and give your reason: If a function fis continuous at every x ina 
closed interval [a, ], then f has both a least upper bound and a greatest lower 
bound on [a, 4). 

5. Assume that the function f defined by /(x) = x* + 1 is integrable over the in- 
terval [0, 1]. Using the partition « = {0, 4, 2, 2, 4, 1}, show that 


95) 5? B? 


ae 


1 
a<| rs Bs 
Jo 


6. Assuming that the function g defined by g(x) = 2x is integrable over the interval 
(0, 2], use the partition ¢ = {0, $, 1, $, 2} to show that 


2 
af rar ss. 
Jo 
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7. Assume that the function x? is integrable over the interval [0,1]. Using the 


partition o = {xy,..., xn}, where n = 10 and x; = ns ; for 0,..., 10, prove 
that 10 


1 
foo < [ x" dx < ah. 


8. Compute the definite integral fre= PP 40d dx = Lr dt in each of the 
following examples. Assume that f is integrable, and use Theorem (1.4) and 
the standard formulas for the areas of simple plane figures. In each case, 
draw the graph of fand shade the region P. 


1 1 
(a) [ fr where f(x) = V1 — x2. «d) (5 — 2x) dx 
Jl 0 


2 1 
(b) [ S() dt, where f(t) = t — 1, (e) / |x| dx. 
v1 -1 


(c) | 2x dx 
0 


9. It is stated on page 169 that the first condition for integrability is always satisfied : 
If fis bounded on [a, 4], then there exists a real number J such that L, < J < U, 
for any two partitions o and 7 of [a, 5]. 

(a) Show that one such number is the least upper bound of all the lower sums 
L,. (This number is called the lower integral of {from a to b.) 

(b) Show that another possibility is the greatest lower bound of all the upper 
sums U,. (This number is the upper integral of f from a to b.) 

(c) Show that fis integrable over [a, 5] if and only if the lower integral from a 
to b equals the upper integral, and that if the lower integral equals the upper 
then their common value is J, fe 


2. Sequences and Summations. We shall return to the definite integral in 
Section 3, The purpose of the present digression is to develop some tech- 
niques, applicable not only to the study of the integral but also to many other 
parts of mathematics. 

Most of the functions studied in this book have as domains intervals on 


; ° ; 5 coos 
the real line, or unions of intervals; e.g., the domain of the function — is the 
x 


union (—«, 0) U (0, ~). In this section, on the other hand, we are concerned 
with functions whose domains are sets of integers. An example is the function 
a defined by a(n) = /n — 2, for every integer greater than 1. If ais a func- 
tion whose domain is a subset of the integers, it is common practice to denote 
its value at n by a,. Thus 

G; = a(n). 
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A simple example in which the domain is a finite set of integers is a partition 
of an interval in which we have indexed the points of the partition as 
X0,+++5Xn- In this case, 


Ke XD); LOL TE = Oyevicne 50s 


We come next to the definition of a sequence, which is a special case of a 
function defined on a set of integers. We shall accept the intuitive idea of a 
sequence to be that of a list (in mathematics, most likely, a list of numbers). 
With this in mind, we define a sequence to be a function whose domain D is a 
set of integers such that 


(i) Disa set of consecutive integers; i.e., if i andj are in D, then every 
integer between j and / is also in D, 
(ii) D contains a least element. 


If s is a sequence and if /is the least, or smallest, integer in its domain, 
then s(/) = s; is the first member of the sequence, s(/ +-1) = s741 is the 
second member, and so on. In the most Common applications / is either 0 or 
1, and so the values of the sequence appear as either so, 5), S2,... Or as 


A sequence is finite or infinite according as its domain D is finite or in- 
finite. Note that the range of an infinite sequence need not contain infinitely 
many numbers. The function a defined, for every positive integer n, by 


0, if n is even, 


am =) =) if nis odd, Gl) 


is the infinite sequence 1, 0, 1,0, 1,0, 1,.... Aneven simpler example of an 
infinite sequence is the constant function 6 defined by 


b, = 1, for every positive integer 1. 


A common notation for a sequence s, whether finite or infinite, is {s,}. When 
a sequence is written in this way, the letter n is called an index. Like the vari- 
able of integration in a definite integral, it is a dummy symbol. Any letter 
can be used, although 7, m, i, /, and k are the most common. Thus 


Peay me fig Vac feuh vac 
$= {Sry = my = Sis = Cte. 


Of course, a finite sequence can be described by simply enumerating its terms, 
CLR, Shy «= aig Siig OF Ga, Ags, nis s-6 Cin. 

We shall study two major topics in this section. The first is the limit of 
an infinite sequence. This is actually just an application of the idea of the 
limit of a function which we defined and studied in Chapter 1. As an example, 
let s be the infinite sequence defined by 


In +n Eel 


FS for every positive integer n. 


Sn 
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We ask for the limit of {s,} asm increases without bound, which we denote by 
lim s,. Dividing both numerator and denominator of the above expression 
ne 
by n?, we obtain 
2c ee 
ore 
a 2 2 
3— ote m 
fe ond 1 a 8 
If n is very large, it is clear that 2 + — — Sais nearly equal to 2, and that 
2 2 n n 
a = + ef is nearly equal to 3. We conclude that the number which the 


values of the sequence are approaching, i.e., the limit, is 3. Thus we write 


: 2n? +n —1 Ses 
HitiSair UN Geyer Ts 


EXAMPLE |. Let {s,,} and {a,,} be two infinite sequences defined, respectively, 
by 


(I, 5 
Sn = sa 2G LOK Pee S45 iin 5 
a= 
2 
Gn = isi, LOLA Me! 1 2,/95.0s05.5 
m 


Find lim s, and lim a,,. For the sequence s, we divide numerator and 


ne m0 


denominator by +/n, cs 


—z 5 
/an — 4 
vaY 2n — 5 2 a 


V5n — 2 nee? 
Van 5 n 


5 Dre ce ? 5 
Both 5 and = obviously approach 0 as a limit as ” increases without bound. 
iN V 


sn = 


We conclude that 


lim s, = lim B 
nom noe /5n — 7 
For the sequence {a,,} we have 


m+ em 
m 


an = 


j A ‘ F 1 
It is obvious that, as m increases without bound, so does m + —. Hence no 
m 


limit exists. On the other hand, we can unambiguously express the fact that 
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the values of the sequence are increasing without bound by writing 


lim a, = lim Pires = 


me mon Mm 


. 


As we have remarked, the definition of the limit of a sequence is in- 
cluded in the definition of the limit of a function. For emphasis, however, 
we shall give it in this special case. Let s be an infinite sequence of real 
numbers. Then the limit as ” increases without bound of s,, is equal to b, written 

tims, — 0; 

nw 
if, for any € > 0, there exists an integer m in the domain of s such that when- 
ever n > m, then |s, — b| < €, The definition can be phrased geometrically 
as follows: The limit of {s,} is 6 if, given an arbitrary open interval (b — e, 
b + 6), all the numbers s,,, from some integer on, lie in that interval. Thus for 
the oscillating sequence 1, 0, 1, 0, 1, 0, . . . defined in (1), no limit exists. 

The second topic in the section is the study of a convenient notation for 
the sum of a finite number of consecutive terms of a sequence. Let a be a 
sequence (finite or infinite) of real numbers. If mand n are in the domain of 
the sequence, and if m <n, then the sum dp, + Gm4i + + ** + @ is called a 
series and is abbreviated }/_,, a;. Thus 


DS ai = am + Angas +++ + Gn 
We call 7_,, a; the summation of {a;} from m to n. 


EXAMPLE 2. Let {a;} be the sequence defined by a; = i”, for every positive 
integer i. Then 
5 


Da = P= V+ 274344459 = 55. 


i=l i=l 
Another series defined from the same sequence is 
6 6 
Da =P =37 4+ 4457+ 6 = 86. 
i=d i=3 


On the other hand, we might be interested in the sum of the squares of the 
first n integers for an arbitrary positive integer n. This would be the series 


Sera rr = P4243? 4---47°, 
i=l tal 


The symbol j which appears in the series 0", a; is called the summa- 
tion index. It, too, is a dummy symbol, since the value of the series does not 
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depend on i. Like the definite integral, 7, a; depends on three things: 
the sequence a (the function) and the two integers m and n. Thus 


n " 0 
Do ai = DF ay =D) ae = am + ang +o + dye 
i=m 


j=m k=m 


EXAMPLE 3, Using the summation notation, write a series for the sum of all 
the odd integers from 11 to 101. An arbitrary odd integer can be written in 
the form 2/ + 1 for some integer 7, It is not hard to see, therefore, that one 


answer to the problem is given by the series 
50 


DY @i+ Dd. 


i= 


Another is the series 


eee 1). 


It should be emphasized that the summation notation offers no new 
mathematical theory. It is merely a convenient shorthand for writing sums 
and manipulating them. The ability to manipulate comes from practice, but 
the techniques are based on the following properties: 


Qa) ¥ @+6)= at Ob. 


i=m i=m i=m 


n n 


(2.2) Dd cai = ¢ Dai. 


i=m i=m 


c(n — m+ 1). 


(2.3) ae 


i=m 


Proof. The proofs are very simple. For (2.1) we have 


Do i + Bi) = Cn + Bm) + Gangs + bgt) + 2 + Cdn + bud 
ila (aim + dings + 2+ + ay) + (bm + Bg + 2+ + Be) 


= a+ = bi. 


i=m i=m 


tt 


For (2.2), 
>s Cay = Cam + COm41 + °° * + Cay 
er = cam + amy + +++ + an) 
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To prove (2.3), one must understand that 7, ¢ means ))/-», ai, where 
{a;} is the constant sequence defined by a; = c. Hence 


n n n— m-+ | terms 
wea Da 


Oooo 
Gm + amo + °° + dn 
i=m i=m 


i 


Chie set sig 
e(n — m+ 1), 


This completes the proof. 
There are two other summation identities which are useful and which 


we shall include. They are the formulas for the sum of the first n positive 
integers and for the sum of the squares of the first 1 positive integers: 


(2.4) 


_ a(n + 1)Qn + Dn 
6 


(2.5) 


Proof. There is a very clever proof of (2.4), which the great mathematician Carl 
Friedrich Gauss (1777-1855) is said to have figured out for himself in a few 
seconds in his first arithmetic class at the age of 10. Write the sum S = Sia i, 
once in natural order and, underneath it, the sum in reverse order as follows: 


Sar Pep = ya, 
S=n+m—1)4+-°°+24+1. 


If each number on the right side of the first equation is added to the number 
directly beneath it, the sum isn + 1. Hence the sum of the two right sides is a 
series consisting of n terms each equal ton + 1. It follows that 


2S = n(n + 1), 


from which (2.4) is an immediate corollary. 


Formula (2.5) is probably most easily proved by induction on n, The 
proof is straightforward, and we omit it. 


EXAMPLE 4. Evaluate 


(a) ss Cen); 
i=l 


(b) » Gi + 5i = 2), 


n 
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Using the various properties of summation, we obtain for (a), 
n n n n 
» G? + 5: aa ee 2) 
t==l i i 


gmat DOnt gin + 1) 
2 


2n 


_ 2m +3n* +n Sn? +5n — 4n 

a 2 ! 2 2 
3 2 

= GONE & ae i ae +n 


Part (b) is really a trivial modification of (a). The number n* which appears 
in the denominator is the same for each term in the sum, i.e., it is a constant, 
and can be factored out immediately. Thus 


py ee Ue) not SE ehh, 


Hence, using the answer from (a), we . 


vee 


ns ni 


1 
=1+34H. 


Lee + 4n® + n) 


t=1 


We conclude the section with an example which combines the summation 
convention with the limit of an infinite sequence, 


EXAMPLE 5. For every positive integer n, let S,, be defined by 


The numbers S;, S:, Ss, ... form an infinite sequence, and the problem is to 
evaluate lim S,,. Using the properties of summation, we obtain 


ne 


Si ==) +2) 


4s 4 [nt DGn +) D+ 20] 
n 

sual Qn? 42 Sno 12a 

ee) 


6 
2n* + 3, n+ I3n_ 
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Hence 
3 2 
imi Seen See 


no nn 6n* 


+ 1 | 13 1 
tim (5+ 5+ as) be 


which is the answer to the problem. Frequently the notations are com- 


pounded; i.e., we write 


PROBLEMS 


1. For each of the following sequences {s,,}, compute lim s,, if the limit exists. 


non 


nal 


(a) s = ——? forn = 2,3,.... 
i | 
2n? —3n+1 
fe feel lit a Pr eel coe 
(b) sn Sac 


1 ieee 
(c) SS =1+ =? for every positive integer n. 


—2 he 
(d) s = ator every positive integer 1. 


Nv ‘n 
2. Let sequences {a;}, {b;}, and {s,} be defined by 


3 
a=i, 


i 
L + 
n+1 


= 
i 


z 
i 


: 
©) Ca; + 56) () Yo ashy. 


j=. j=0 
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3. Compute 
5 4 i 
(@) D7 @? — 31 +4) () = 
i=. =] 
5 3 
6) Yiu+y-s/ © a-»>y x. 
j=t k=0 


() = e 


k=0 


4. For any sequence do, . . . , an, show that S>f1 (a; — ax—1) depends only on the 
first and last terms. 
5. Using the various properties of summation, evaluate 


@ a?+2) @ p44 
i=1 i=] 

6) a - 7+ © Verity. 
j=l i=0 

(c) ee 


tel 


6. If f(x) = x? — x + 1, find 


4 
@) so ©) ro 


i=l vowel 
fi “fi 
(b) eG) @) v1(4)- 


7. Compute lim S,,, if the limit exists, for each of the following sequences. 


nw 
3i 


2 
@) S, = is + for every positive integer n. 
fab 


6) S.= a 


> for every positive integer 7. 


(ce) S. = 


(@) eo ae 
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8. Evaluate 


(b) lim ee 


n0 


9. Prove (2.5) by induction on n. 
10. Using the identity 


prove that 


Verify this result directly for n = 1, 2, 3. 

11. (a) How many presents did I receive from my true love on the 12th day of 
Christmas, when she gave me “12 drummers drumming, 11 pipers 
piping, ..., and a partridge in a pear tree”? 

(b) How many presents did I receive during the entire 12 days of Christmas? 
(Some familiarity with the words of the song is required.) 


3. Integrability of Monotonic Functions. Let f be a given function bounded 
on a closed interval [a, 6]. How do we know whether or not fis integrable 
over [a, 6], i.e., whether or not ie f exists? In this section we shall give a 
partial answer, and also compute some integrals. Note that there is one 
situation where we know the answer immediately: If a = 6, then all upper 
and lower sums are equal to zero. Hence f is integrable, and 


[7 [seas =0) 


So we now assume that a < b. For every positive integer n, we shall 
denote by o,, the partition which subdivides [a, 6] into n subintervals each of 


GB.) 


b- 
length -——*.. Thus on = {xo,.-. Xn}, where 
n 
b—a)\. , 
neat (5 i, T= Os. aig Mi 
ne 
Moreover, 
gut! - 
bpd WN OL eran Nie a rrr aA 
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The upper and lower sums of f relative to a, will be denoted simply U,, and 
L,,, respectively. That is, we abbreviate U,, by U,, and in the same way 
L,, by Ln. One criterion for integrability is expressed in the following 
theorem, 


(3.2) If lim (U, — Ly) = 0, then f is integrable over [a, b] and 
nn 


“b 
lim: 2, = lim G, = i f(x) dx. 
Ja 


noo ne 


Proof. We recall the basic theorem of Section 1—that the upper and lower sums of 
f relative to any two partitions o and 7 of the interval [a, 4] satisfy the in- 
equality L, < U;. This implies, in particular, that any upper sum U, is an 
upper bound of the set L of all lower sums L,. Hence, by the Least Upper 
Bound Property, the set L has a least upper bound which we denote by J. 
Since this number J is an upper bound of L, we know that L, < J for every 
partition o. Furthermore, since J is a /east upper bound, we have J < U, 
for every partition 7, Thus 


L,SJ<U,, 


for all partitions o and r of [a,b]. As a special case of these inequalities, we 
have 

Eyes JOS Un, for every positive integer n. (1) 
Since by hypothesis lira (U;, — L,,) = 0, it follows that this number J is the 


only number which can lie between all upper and lower sums. Hence, by the 
definition, fis integrable over [a, b] and J = if J (x) dx. From (1) we obtain 
the inequalities 


O0<J—Ly < Un — Ly, for every positive integer n. 


Since the right side of the above inequalities approaches zero, the expression 
in the middle is caught in a squeeze and must also approach zero. Hence 
lim (J — L,) = 0, or, equivalently, 


ob 
limLy = J = | F(x) dx. 
n= a 


Finally, consider the identity U, = J + (Un, — Ln) — (J — L,). Since the 
two expressions in parentheses approach zero, it follows that 


b 
lim U, = J = [ I(x) dx, 


nm 


and the proof is complete. 


An important class of functions to which the preceding theorem can be 
readily applied, and which we now define, is the class of monotonic functions. 
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To begin with, a real-valued function f is said to be increasing on an interval 
Tif the domain of f contains / as a subset and if, for every x, and x. in J, 


X, < x2 implies f(x) < f(x»). G25 


If (2) holds for every x; and x, in the entire domain of f, we say simply that f 
is an increasing function, Companion definitions are obtained by simul- 
taneously replacing the second inequality in (2) by f(x) > f(x) and the 
word increasing by the word decreasing. For example, the function f defined 
by f(x) = x* is increasing on the interval [0, 2) and decreasing on the 
interval (— «, 0]. The function g defined by g(x) = —2x + lisa decreasing 
function. 

Note that, according to our definition, a constant function is both in- 
creasing and decreasing. Thus “increasing,” as it is used here, literally means 
“nondecreasing,” and in the same way “‘decreasing’’ means “nonincreasing.” 

A monotonic function is one which is either increasing or decreasing. 
Similarly, a function is monotonic on an interval if it is either increasing or 
decreasing on the interval. For such functions it is not difficult to prove the 
following integrability theorem. 


(3.3) THEOREM. Jf the function f is monotonic on the closed interval [a, b}, 
then f is integrable over [a,b]. Specifically, lim (U, — Ln) = 0. 


nv 


Proof. For the sake of concreteness, we shall assume that fis increasing on [a, 5]. 
An analogous argument works if fis decreasing. By far the best proof of this 
theorem is obtained from a picture, which provides a completely convincing 


y-axis 


y=S(x) 


£(b)— f(a) 


x-axis ke] b-a@ 


Figure 9 


argument. A typical example of an increasing function together with a 
partition of the interval is shown in Figure 9(a). The difference U, — Ly 
is equal to the sum of the areas of the shaded rectangles. By sliding these 
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rectangles under one another to form a single stack, we obtain the tall 
rectangle shown in Figure 9(b), whose area is also equal to U, — Ly. This 
b-—a 


rectangle has base and altitude f(b) — f(a). Its area is the product of 


these, and so 


a= : y 
Un = Ln = ( = 2) (4) — fta)). 
This difference can be made arbitrarily small by taking n sufficiently large. It 
follows that lim (U;, — L;,) = 0, and we conclude from (3.2) that / is inte- 


nm 


grable over [a, 6]. This completes the proof. 


EXAMPLE 1, Evaluate f x’ dx. The function f to be integrated is defined by 
J(x) = x*, and the interval of integration is [0, 2]. Since fis increasing on the 


interval, the integral certainly exists. The partition o, = {Xxo,..., Xn} 
which subdivides [0, 2] into n subintervals of equal length is given by 
b-a, oy 2 ak 
Xi=at = mee a 
for each i = 0,...,. Moreover, 


. ; b-a 
BN Sy Rea Pe Saas 


n 


iae ATs iasieng Pd 


Gy 
It follows from Theorems (3.2) and (3.3) that 


2 


[ x’ dx = lim U, = lim Ly. 
0 


ne n—00 


That is, we may compute the integral using either the lower or the upper 
sums. Choosing the latter, we observe from Figure 10 that, on each sub- 
interval [x;_1, x;], the function f has its maximum value at the right endpoint, 
i.e., at x;. Hence 


M; = f(x), ieee tts 5 


2i 47? 
Since f(x,) = x} and since x; = = it follows that M; = x} = =? . Sub- 


stituting in the formula for the upper sum, 


Un = Dy Mix — xi-1), 
t=1 


n= E(E)G) - 2 


we obtain 
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From (2.5), we have 


_ n(n + 1)2n +1) _ 2n° + 3n? +n 
= ; = - F 


Hence 


and so 


iim U, = lim $(2 a 


nw n—ve 3 


We conclude that 


i ee} | 1 2 x-axis 


Figure 10 


It was shown in Section | that the integral of a nonnegative function is 
equal to the area under its graph. It follows from the above example that the 
area of the region bounded by the parabola y = x’, the x-axis, and the line 
x = 2 is equal to §. 


EXAMPLE 2. Evaluate ily (5 — x) dx. The function f, defined by f(x) = 5 — x, 
is linear and decreasing on the interval [1, 4]. Its graph is shown in Figure 11. 
The partition o, = {Xo,..., Xn} subdivides the interval [1, 4] into subin- 
4-1 3 

tervals of length —— = — 
n a 


wait (3); $103 c:..05 Me 


, and the points are given by 


188 INTEGRATION [cuap. 4 


In addition, 


Xi—- Xu ==? Dome Veet tet st 


We shall compute the integral as a limit of lower sums, and it follows from 
Theorems (3.2) and (3.3) that 


y-axis 


Figure 11 


Since fis decreasing, its minimum value on each subinterval [x;—;, x;] occurs 
at the right endpoint. Hence 


m; = f(x), cid ay et 


We have x; = 1+ * and fox) = 5 — x;, and so 


; 3 
Since:x; — xj.1 = —, we get 
n 


L, = 3 mx; — Xia) = 2 (4 = =) se 
= 3 
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The rest of the problem uses the manipulative techniques of the summation 


convention, 
- 3i\ 3 2/12 9 
in = 3(4-2)3 = > (2-2) 


n i 
IS TM: i 
IMP sis 
ii 
| 
N=) 
. Bly 


1 
Since S7., 1 = mand since DL, i = more , we get 
_ 12, 9 nn +1) 
In = in re? 


i] 
is) 
| 
NiO 
= 
ve 
ile, 


But it is easy to see that 


9 1 9 1 
i pte fete) lier oe cme 7 
lim [12 3(1 | Me 2 15 


and we finally conclude that 


ed 

i (5 — x) dx = lim L, = 74. 
This answer can be checked by looking at Figure 11. The value of the 
integral is equal to the area of the shaded region P, which is divided by the 
horizontal line y = 1 into two pieces: a right triangle sitting on top of a 
rectangle. The area of the triangle is $(3 : 3) = 3, and that of the rectangle is 
3-1 = 3. Hence 


“4 
| (5 — x) dx = area(P) = 3+ 3 = 74. 
Ji 


The excessive lengths of the computations in Examples | and 2 make it 
obvious that some powerful techniques are needed to streamline the process 
of evaluating definite integrals. The advent of modern high-speed computers 
is one answer to the problem, and occasionally, as in Example 2, a simple 
formula for area will do the trick. The classical solution to the problem, 
however, is the Fundamental Theorem of Calculus, which we shall study in 
detail in Section 5. 
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PROBLEMS 


1. Evaluate the following definite integrals by finding the limits of the upper or 
lower sums. 


1 pb 
(a) [tax (c) / (x + 1) dx 
0 Jl 


2 1 
(b) i 2x dx (d) [ (3x° + 1) dx. 
0 J0 


2. For each of the integrals in Problem 1, draw the region whose area is given by 
the integral. 

3. Let / be the step function defined by /(x) = i, if i — 1 < x < i, for every in- 
teger i. Draw the graph of fand compute the following integrals. (Hint: These 
problems are neither hard nor long. They require an understanding of the 
definition of integrability and possibly some ingenuity.) 


2 3 
(a) i (c) [ f 

1 Jl 

3 eT 
(b) ie (d) [xr 


4. Every constant function is both increasing and decreasing. A stronger condition, 
which excludes constant functions, is obtained by defining / to be strictly in- 
creasing if 

x <y implies /(x) </0), 
for every x and y in the domain of f. The companion definitions of what it means 
for a function to be strictly decreasing, strictly increasing on an interval, etc., 
should be obvious. Using the Mean Value Theorem (page 113), prove that if a 
differentiable function f satisfies the inequality f’(x) > 0 for every x in an in- 
terval /, then f is strictly increasing on I. 

5. Prove the converse of Theorem (3.2); i.e., if fis integrable over [a, 4], then 
lim (U, — Ly) = 0. (This is a difficult problem.) 


nn 


4. Properties of the Definite Integral. If a function / is integrable over an 
interval [a, 5], then in the definite integral 


b b 
y f= S(x) dx 


the function f is called the integrand, and the numbers a and 6 the limits of 
integration. 

The basic properties of the definite integral are contained in the follow- 
ing five theorems. 
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(4.1) If f(x) = k for every x in the interval [a, b], then 


" play dx - Hen = k(b — a). 
[ roan | 


(4.2) The function f is integrable over the intervals [a,b] and [b,c] if and 
only if it is integrable over their union [a, c]. Furthermore, 


[1 dx + [seas = [sora 


(4.3) If f and g are integrable over [a, b] and if f(x) < g(x) for every x in 
[a, 6], then 


b b 
[ sora < [ g(x) dx. 


(4.4) If f is integrable over [a, 6] and if k is any real number, then the product 
kf is integrable and 
b 


b 
, kf(x)dx =k] f(x) dx. 


(4.5) If f and g are integrable over [a, b], then so is their sum and 


b 


PUG) sta) dem i L(x) dx +f g(x) dx. 


None of the proofs of these theorems is deep in the sense of requiring 
great ingenuity or any techniques beyond the use of least upper bounds and 
greatest lower bounds. However, they vary considerably in the amount of 
detail required. The proof of (4.1) is a triviality. For if f has the constant 
value k on the interval [a, b], then, for every partition o of [a, 6], the upper 
sum U, of f relative to @ is equal to k(b — a), and so is the lower sum, Thus 


L, = k(b — a) = Un, 


which proves both that f is integrable and that the value of the integral is 
k(b — a). 

The proof of (4.3) is slightly more difficult and probably most easily 
obtained by contradiction. Suppose the premise true and the conclusion 
false. That is, we assume that ife "js iy g. The definition of integrability 
asserts that if a function is integrable over an interval, then there exist upper 
and lower sums lying arbitrarily close, to the definite integral. Therefore, 
since g is integrable and since f g< tle f, there must exist an upper sum for 
g which is less than J, f. Specifically, there exists a partition o of [a, b] such 
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that the upper sum of g relative to ¢, which we shall denote by U,(g), satisfies 


the inequality , . 
[ g < U,(g) fi f. 


But since f(x) < g(x) for every x in [a, b], the corresponding upper sum of f, 
denoted U,(f), is less than or equal to U,(g). Thus we obtain the inequalities 


eb 
UAf) < Ug) <{ f. 


However, every upper sum of f is greater than or equal to the integral ines 
Hence we have arrived at a contradiction, and (4.3) is proved. The proofs 
of (4.2) and (4.5) are given in Appendix B, and that of (4.4) is assigned as a 
problem at the end of the section. 

The additivity property of the integral stated in Theorem (4.2) obviously 
extends to any finite number of intervals. Thus if ¢ = {xo,...,Xn} isa 
partition of [a, b] with a = xo < x1 < +++ < x, = b, and if fis integrable 
over each subinterval [x;—1, x;], then by repeated application of (4.2) it 
follows that f is integrable over [a, 6] and that 


rb n es: 
[ Ge) ce rh f(x) dx. (1) 


i=l 

In Section 3 it was proved that if a function is monotonic on a closed 
interval, then it is integrable over that interval. Theorem (4.2), as extended 
in equation (1), increases the scope of this result enormously. For although a 
function f may not be monotonic on a given interval [a, b], it is frequently 
possible to partition [a, b] into subintervals on each of which fis monotonic. 
It then follows that f is integrable over the entire interval; i.e., fPf09 dx 
exists. 


EXAMPLE |. For every nonnegative integer m and interval [a, b], show that 
the definite integral 
b 
i wridx 
a 


exists. To say that ie x" dx exists is just another way of saying that the func- 
tion f defined by f(x) = x” is integrable over [a, 6]. We now prove that this 
is so. For every nonnegative integer n, the function x” is an increasing func- 
tion on the interval [0, «), and it is an increasing or a decreasing function on 
(—~, 0] according as n is odd or even. Hence if [a, 6] is a subset of [0, ») 
or a subset of (— %, OJ, then the function x” is monotonic on [a, b] and is 
therefore integrable over that interval. The remaining possibility is that 
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a <0 <b, In this case, x" is integrable over the intervals [a, 0] and [0, 6] 
separately. It then follows that x” is integrable over their union, which is 
[a, 6], and the proof is complete. 


Just as Theorem (4.2) was generalized to more than two intervals, 
Theorem (4.5) can be extended to any finite number of functions. Thus if 
each one of the functions f;, .. . ,f, is integrable over [a, 5], then by repeated 
applications of (4.5) it follows that the sum f; + --- + f; is integrable over 
[a, b] and that 


b b b 
{ LA@) +++ + fax) dx = [ Si) dx ee [ Sn(x)dx. = (2) 


EXAMPLE 2. Consider an arbitrary polynomial 
P(X) = ayx” + dy—ix"—! + +++ + ax + ay 


and a closed interval [a,b]. Then, for each i = 0,..., 2, we know from 
Example 1 that [7 x' dx exists. It follows by (4. 4) that each function aj ix’ is 
integrable over [a, b] and that f a;x' dx = ail x' dx. We conclude from the 
preceding paragraph that the polynomial p(x), which is the sum of the func- 
tions a,x", is integrable and that 


rb 
i pax = Saif x! dx. (3) 


=) 


As a concrete example of equation (3), consider the polynomial 7x*> — 3x* + 
x’ + 3. We have immediately 


b 
[ (7x5 — 3x° + x* + 3) dx 


b b b b 
-7/ x dx — af sdv+ | xtac+3/ 1 dx. 


Since we know from (4.1) that f 1 dx = b — a, the last term in the above 
equation can be replaced by 3(b — a). 


Summarizing Examples | and 2, we conclude that all polynomials are 
integrable and that the problem of computing their integrals reduces to the 
problem of computing the integrals of the positive powers of x. 

The interpretation of the definite integral as an area will now be general- 
ized to include functions which may take on negative values. To begin with, 
suppose that a function f is integrable over [a,b] and, in addition, that 
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f(x) < 0 for all x in [a,b]. The graphs of both f and —f are drawn in 
Figure 12. As shown in the figure, we denote by P the region consisting of all 


y-axis 


Figure 12 
points (x, y) such that a < x < b and f(x) < y < 0, and, similarly, by Q 
the region defined by a < x < band0 < y < —f(x). It is obvious that 
area(P) = area(Q). 


It follows from Theorem (4.4), by taking kK = —1, that the function —f is 
integrable over [a, b] and that 
b 


b 
ih (—S@)) dx = — J fe) dx. 


Since —f(x) > 0 for every x in [a, 6], we know that 


b 
i (—f(x)) dx = area(Q). 


Combining the preceding three equations, we conclude that 


b 
ii f(x) dx = —area(P). 


Next, we suppose that fis integrable over [a, b] and takes on both positive 
and negative values. Specifically, let [a, b] be partitioned by inequalities 


a=x<Sm<si'Sm=b 


so that on each subinterval [x;_1, x;] the function f is either nonnegative or 
nonpositive. We denote by P* the set of all points (x, ) such that a < x <b 
and 0 < y < f(x), and by P~ the set of all points (x, y) such thata < x <b 
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and f(x) < y < 0 (see Figure 13). It follows from the conclusion of the 
preceding paragraph and from the additivity of the integral, as generalized 
in equation (1), that 


b 
(4.6) [ f(x) dx = area(P*) — area(P-). 


This is the principal geometric interpretation of the integral. 


x-axis 


Figure 13 


EXAMPLE 3, Evaluate (ee (x" — 3x) dx. The integrand, f(x) = x* — 3x, isan 
an odd function; i.e., the equation f(—x) = —f(x) is satisfied for every x. Its 
graph, drawn in Figure 14, is therefore symmetric under reflection first about 
the x-axis and then about the y-axis. It follows that the region P* above the 
x-axis has the same areas as the region P~ below it. We conclude that 


[w- 3x) dx = 0. 


praxis 


Figure 14 
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The final topic of this section is an extension of the definition of the 
integral. Up to this point, SFC) dx has been defined only ifa <b, It 
turns out to be algebraically more convenient to remove this restriction. 
We do so by decree: If/f is integrable over the interval [a, 5], then we now 
define 


a b 
[seas - - [ I(x) dx. (4) 


It is a simple matter to verify that the equations which form the conclu- 
sions of Theorems (4.1), (4.4), and (4.5) remain true, in the light of the 
extended definition of the integral, if a and 6 are interchanged. Thus 


ob 
i k dx = k(b — a), 
a 


b 


k f(x) dx 


Il 


b 
xf I(x) dx, 
rb b 


ip [/(x) + g(x)] dx 


[ f(x) dx + g(x) dx, 


Ja 


are valid equations regardless of whether a < bor b < a. 

On the other hand, if a and b are interchanged in the conclusion of 
Theorem (4.3), then the direction of the inequality must be reversed. 

Less trivial to verify, but equally important, is the generalized form of 
(4.2): 


(4.7) If f is integrable over the smallest closed interval which contains the 
numbers a, b,.and c, then 


b e ¢ 
[ F(x) dx + i f(x) dx -[ f(x) dx. 


The proof is obtained from (4.2) and the definition (4) by simply check- 
ing each of the six possible cases in turn: 

Gi) ais be: 

(ij) a<ec<sb. 

(iii) b<ac<e. 

(iv) b<Sec<a. 

cs a = 6. 

(07) nS 
The details are tedious, and we omit them. 
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PROBLEMS 


1, Expand each of the following integrals. That is, write each one as a sum of 
constant multiples of the integrals of the powers of the variables. 


1 3 
(a) [ (x? + 5x) dx (d) [ (17y"" = ly" + 4) dy 


ot 1 
(b) i (4x° — x — 2) dx (e) [ (x + 2)’ dx. 
2 0 


(c) Gr + 2° + dt 
J1 


2. Given that le x" dx = a , for every nonnegative integer n, evaluate 
n - 
pl 1 
(a) | (2x" + 3x) dx (d) [ (x + 2)" dx 
0 Jo 


1 el 
(b) i (5x° — x’ — 2) dx (e) | Gy —y +1) dy. 
0 0 


“L 


(c) [ or-va 
v0 


3. Use the result 


and the analogous result at the beginning of Problem 2 to evaluate 


(a) [ (3x" — 2x + 1) dx (c) | (4x" — 3x + 2) dx 
J71 0 


(b) [ stax (d) [@+etou. 
/0 v0 


4. Using the definition of integrability, prove Theorem (4.4). (Suggestion: Treat 
the cases k > 0 and k < 0 separately.) 

5. Using (4.3), prove that if f and g are integrable over [a, b] and if f(x) = g(x), 
for every x in [a, 5], then 


b b 
: S(x) dx = fs g(x) dx. 
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6. Prove that if fis integrable over [a, b] and if f(x) < M for all x in [a, 4], then 


+ I(x) dx < M(b — a). 


7. Replace the symbol * by either < or > so that the resulting expressions are 
correct. Give your reasons. 


DY 1 3 3 
(a) [ x dx * [ x" dx (c) i x dx * / x" dx, 
0 JO 1 /1 


1 pl 
(b) x” dx * / x dx 
-1 J—1 
8. Plot the graph of the function /(x) = 1 — x*, and indicate the region P+ 
defined by the inequalities 0 < x < 2 and 0 < » < f(x) and the region P~ 
defined by the inequality 0 < x < 2and /(x) < y < 0, 


(a) Use the identities given in Problems 2 and 3 to evaluate the integrals 
fi £e0 dx, ff £0) dx, and f° G0) de. 


(b) Find area(P*), area(P~), and area(P+ U P~), 


9. Draw the graph of the function /(x) = x(x — 2)(x — 4) = x? — 6x* + 8x, 
and indicate the region P+ defined by the inequalities 0 < x <3 and 
0 < y < f(x), and the region P~ defined by 0 < x < 3 and I@ <y = 0: 
Let P = P+ UP-, and suppose that if S(x) dx = 4 and ii Sade = 
Find area(P*), area(P~), and area(P). 

10. Prove case (iii) of Theorem (4.7). 

11. Consider a function / which is integrable over [a,b] and which, in addition, 
satisfies: 


(i) fis Continuous at every point of [a, 4]. 
(ii) f(x) > 0, for every x in [a, 4]. 
(iii) f(c) > 0 for at least one point c in [a, 5]. 
Prove that re dx > 0, 


5. The Fundamental Theorem of Calculus. In spite of the fact that we have 
thus far developed a significant amount of the theory of the definite integral, 
the actual evaluation off’ J (x) dx, for even a very simple function f, is gener- 
ally an arduous task. For a wide class of functions, the problem of computa- 
tion is solved by a theorem which relates the definite integral to the derivative 
and which has become known as the Fundamental Theorem of Calculus. 
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To understand clearly our presentation of this important result, it is 
necessary to be aware of the following integrability theorem. 


(5.1) THEOREM. [If the function f is continuous at every x in the closed interval 
[a, 5], then f is integrable over [a, b]. 


We shall give only a brief outline of the proof, which shows that the 
result is plausible. Since f is continuous, its values do not vary widely over a 
small interval. Recall that the nth upper and lower sums are defined by 


Un = Mix — Xo) + °°* + Mn(%n — Xn—1), 


Ly = mx, — Xo) + °° + + nn — Xn—1)s 


where M; and m; are, respectively, the maximum and minimum values of f 
on the ith subinterval. We assume that n is large and each subinterval small. 

By the continuity of f, therefore, the difference M; — m;, is small for = 
i= 1,...,n. This in turn implies that U,, — L, is small. In fact, U, — Ly 
can be made arbitrarily small by taking n sufficiently large; i.e., 
lim (U,, — L,) = 0. This limit is sufficient to prove that fis integrable over 
[a, bj, as shown in Theorem (3.2). To change this outline into a complete 
proof, it is necessary to introduce the concept of uniform continuity, which 
we shall not do in this book. 

We shall now show how the definite integral can be used to define a new 
function. Suppose that fis a given function which is continuous at every x 
in some interval /, Let a be an arbitrary number in /. A new function F is 
defined, for every number ¢ in J, by the equation 


t 
F(t) = [ fx) dx. 


The existence of {.f@) dx follows from the continuity of f and the inte- 
grability Theorem (5.1). Thus the function F is well defined by the above 
equation. 

Using the interpretation of the integral as area, we can give geometric 
meaning to F(t), Suppose that a < ¢ and that f(x) > 0 for every x in the 
interval [a, r], as shown in Figure 15(a). The integral J.’ F(x) dx is then equal 
to the area of the region P bounded by the graph of f, the x-axis, and the lines 
xX = aand x = ¢. Thus 


F(t) = area(P). 
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On the other hand, if ¢ < a and f(x) > 0 for every x in [f, a], which is the 
situation shown in Figure 15(b), then the area of P is equal to the integral 


y-axis , eae 
F()= § f(x)dx j 
! F(Q= f fx)dx 
. a 
=area (P) =— area (P) 
y=f() ne 
v2 
BP 
a t x-axis i # Boe 


(a) (b) 
Figure 15 


hie) dx. Hence, in this case, we have 


t a 
F(t) = [ f(x) dx = — 4 f(x) dx = —area(P). 
a t 


In the general case, of course, f may take on both positive and negative values. 
If the region bounded by the graph of /, the x-axis, and the lines x = a and 
x = tis expressed as the union of the part P* above the axis and the part P~ 
below the axis, then 


F(t) = +[area(P*) — area(P-)], 
where we take + or — according asa < tort < a. 
We come now to the main result of the section. 


(5.2) THE FUNDAMENTAL THEOREM OF CALCULUS. Let i be continuous 
at every x in some interval I, and let a be a number in I. If the function F is 
defined by 


t 
F(t) = [ S(x)dx, for every t in I, 
then F is a differentiable function and 
F(t) = f(), for every t in I. 


Proof. According to the definition of the derivative, we must prove that 


iyo es, 4 SU in 


hoo 
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By the definition of the function F, 


th 
F(it+h)= f(x) dx. 


a 


Hence 
th t 
F(t+h)—- F() = i f(x) dx — if S(x) dx. 


By Theorem (4.7) we have 


t th tbh 
[ I(x) dx + [ f(x) dx = F(x) dx, 
a t 


and the preceding two equations therefore imply that 


th 
F(t +h) — F(t)= [ f(x) dx. 


Consequently, 


th . 
ees FO) _ tf ee: a) 
h hse 


These steps are illustrated geometrically in Figure 16. 


praxis 


F(t+h)— F(t) 
tth 


= fsejdx 
t 


x-axis tth 


Figure 16 


Let the maximum and minimum values of f between ¢ and rf + / be 
denoted by fi; and /;,, respectively. Thus 


Im SFO) S fay 
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for every x between t and t + h. If his positive (as it is in Figure 16), then it 
follows by Theorem (4.3) that 


th rth th 
i Smdx < | Sx) dx < [ Sir dx. 
t t é 


Since f,, and fy are constants, Theorem (4,1) implies that 
bth 
i) Sm dx = fn (t+ h= 1) = fnvh, 


th 
| Suds = fu (t+h—- 1) = farcth. 


Hence 


th 
fons f L(x) dx S fish, 
t 


or, equivalently, 
th 


In S S(x)dx < fu. (2) 


ade 
If, on the other hand, / is negative, it is a straightforward (and logically 


necessary) matter to verify that the same inequalities (2) follow. Combining 
(1) and (2), we therefore obtain 


fas FEED AFO fy (3) 


Finally, since / is continuous at 4, we know that 


lim fn = f(t) = lim fir. 
ho ho 


The fraction 


mee a Fo is thus seen in (3) to be caught between two 
t 


quantities both of which approach /(f) as / approaches zero. It, too, must 
therefore approach /(f) as a limit. We conclude that 


Fi) = lim C+ 4 = FO = fo), 


ho h 


and the proof of the Fundamental Theorem is completed. 


Before reaping the computational rewards of this theorem, we give a 


concrete example to emphasize precisely what the theorem says. 
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t 

EXAMPLE 1. If F(t) = [ = find F’(1), F’(2), and F’(x). The 
0 

integrand in this example is the continuous function f defined by 


io ==— 


. In this case, therefore, the interval J can be taken to be the 


coe! 
whole real line. By the Fundamental Theorem, 
1 
1 = = + 
PO =f0= a5 
In particular, 
1 1 
of — =-s) 
= +1 2 
yi al ae 
er ee y's 
and, in general, 
es 
Fi) = = FI for every real number x. 


As the preceding example illustrates, the conclusion of the Fundamental 
Theorem can equally well be written 


F'(x) = f(x), for every x in J. 


We used the letter ¢ in the statement of the theorem simply to avoid con- 
fusion with the dummy variable x which appears in the integral. We might 
just as well have written 


If F(x) = ii S(t) dt, then F(x) = f(x), 


or, perhaps better yet, 
z 
If F(x) = , S, then F'(x) = f(x). 
a 


The important thing to remember is that the derivative of F at any point in 
the given interval is equal to the value of the integrand f at that same point. 
We now consider the implications of the Fundamental Theorem. By an 
antiderivative of a function f is meant any differentiable function F with the 
property that F’(x) = f(x) for every x in the domain of f. Similarly, we shall 
say that a function F is an antiderivative of f on an interval J if F’(x) = f(x) 


; Dex $c Seer 
for every x in J. Thus the function 3 is an antiderivative of x? because 


ee 
aaNet os 
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Sa we Cae 4 ; 
Of course, = is an antiderivative of x? on any interval we care to name. 


The Fundamental Theorem states that if f is continuous at every point of J, 
then the function F defined by 

2 

F(x) = ti i 

a 

is an antiderivative of f on /. 
If a function f has one antiderivative F, then it has infinitely many 

because, for every constant c, 


(F+ol =F +c=F'+0=f. 


Conversely, we have proved that any two functions which have the same 
derivative differ by a constant [see Theorem (5.4), page 114]. Hence, if 
F’ = f, then the set of all antiderivatives of f is the set of all functions F + c 
for every real number c, Combining these facts, we obtain 

(5.3) COROLLARY OF THE FUNDAMENTAL THEOREM. Let f be a function 
which is continuous at every x in some interval I. Then f has an antiderivative 


on I, Furthermore, if F is any antiderivative whatever of f on I, then, for any a 
and b in I, 


b 
it f(x) dx = F(b) — F(a). 


This theorem is the computation tool which we have been seeking. 
Before giving the proof, which is easy, let us see how it works. 


EXAMPLE 2, Evaluate the definite integrals 


(a) a x’ dx, 


4 
(b) [ (5 — x) dx. 


Both integrands are obviously continuous functions. As already observed, 


3 
the function F defined by F(x) = iB is an antiderivative of x*. Hence, by 
3 
Theorem (5.3) 
‘A x’ dx = F(2) — F(0) 
0 
ple 


(i 
3 3) 


BS 
3 3 
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Similarly, we can see by inspection that the function G defined by G(x) = 


ae Ware At re 
5x — ai is an antiderivative of 5 — x, since 


d x 
(sx -%) =5-x 


It therefore follows by Theorem (5.3) that 


4 
h (5 — x) dx = G(4) — G(1) 


= (4-8) (04-8) 


12 — 44 = 7h. 


I 


These are the two integrals whose values were computed in Section 3 by 
finding the limits of upper and lower sums. The difference in the magnitude 
of the computations there and here should render unnecessary any comments 
on the significance of the results of the present section. 


Proof of Theorem (5,3). The assertion that f has an antiderivative on J is verified by 
the Fundamental Theorem, Let G be the antiderivative defined by 


G(x) = i, f, for every x in I. (4) 


Suppose now that F is an arbitrary antiderivative of fon J. Then 
G'(x) = f(x) = F’(), for every x in J. 


It follows by Theorem (5.4), page 114, that on the interval J the two functions 
G and F differ by a constant. That is, there exists a real number c such that 


G(x) = F(x) + ¢, for every x in J. 


Substituting x = 5 in equation (4), we obtain 


b 
G(b) =| aR 


Moreover, we know that G(a) = IE = 0, Hence 


b b 
i S(x) dx = [ f = Gb) — Gla) 
= [F(6) + ¢] — [F(@) + ¢] 
= F(b) — F(a), 
and the proof of (5.3) is complete. 


206 INTEGRATION [cuap. 4 


The following is an extremely useful notational device. For any real- 
valued function F of one variable, we abbreviate F(b) — F(a) by F(x)|i. If F 
is an antiderivative of the continuous function f on some interval containing 
the numbers a and 6, then we may write the value of the definite integral as 


S b 
[ f(x) dx = FQ) . 


The advantage of this notation is that the order of writing is the same as the 
logical order in which the problem is done. Thus one first writes the anti- 
derivative, and then indicates the numbers at which it is to be evaluated. 
As a result, the whole problem can frequently be done in a single line. For 


example, 
- 3 
CF Apa 
i x dx = 3 


EXAMPLE 3. Evaluate the definite integral flex OF — 3y? + 2) dy. 


2 23 
a 


Note that we get the same answer whether the dummy variable of integration 
is y, x, or anything else. The integral is the function f defined by 
SQ) = y’ — 3y? + 2. An antiderivative of y’ is easily seen to be a an 


antiderivative of 3y* is y*, and an antiderivative of 2 is obviously 2y. Hence 
6 


ns — y* + 2y is an antiderivative of f. We conclude that 


1 


6 
Pay er 2) aye (% -»' +2) 


i 


~ (F-0+21)-(QY-C'+2-n) 


= @-1+42)-@+1-2) 
rey 


PROBLEMS 


1. Verify that 


en is an antiderivative of x’, if r is any rational number 
5 


except —1. 
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2. Find an antiderivative of each of the following functions. 


@) f(x) =x" @) sf) = 543° 41 
) f=et+5 © ee) =Gx+1" 

— als oe ay 
© fo) = O O- ay 


3. Evaluate each of the following definite integrals by finding an antiderivative and 
using Theorem (5,3). 


1 1 
(a) [ 3x" dx (i) [o-s+ 1) dy 
1 0 
(b) i (4x° + 3x° + 2x + 1)dx  (j) [ (x? = 9x? + 16x) dx 
0 6 
3 5 7 
(c) f w- 1) dx (k) [ (2x — 1)’ dx 
1 


3 e 
(d) [ (St — 1) dt () [ (61° — 4¢ + 2)at 
1 


2 t 
(e) [ (#+3)ae (m) / (7 + 3x -— Idx 
1 x 0 
(f) [ eta (n) f s'ds 
0 


3 
0 b 
1/5 
y" dy (0) [ dx 
2 a 


: bed 
Those 
Ah) [ G+k+2)ae (p) [ (41 — 1) dt. 


4. Let n be a positive integer. 
(a) Evaluate Wis x" dx. 
b 
(b) Evaluate dix provided (i) » # 1, and (ii) a and 5 are either both 
x 


positive or both negative. 


(g) 


(c) In (b), what is the reason for proviso (i)? For proviso (ii)? 
5. Let F be an antiderivative of f and G an antiderivative of g. 

(a) Prove that F + G is an antiderivative of f+ g. 

(b) For any constant k, prove that kF is an antiderivative of k/. 
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t 
6. What is the domain of the function F defined by F() = [ rt 
1 


x 
7. Let F(t) = f¥ (6x? — 4x + 1) dx. 


(a) Using just the Fundamental Theorem and without evaluating F, find 
F'(t), F'(—1), F’(2), and F’(x). 


(b) Find F(f) as a polynomial in ¢ by finding a polynomial which is an anti- 
derivative of 6x? — 4x + 1. 


(c) Differentiate the answer in (b), and thereby check (a), 


2 
8. Let G(x) = i‘ ( + x) dt, for x > 0. 
1 


(a) Using just the Fundamental Theorem, find G’(x) and G’(2). 
(b) Evaluate G(x) as a rational function of x by finding an antiderivative of 
eel 
(c) Take the derivative of G(x) as found in (b) and thereby check (a). 
9, (a) Evaluate F() = f') (x? + 1) dx. 
(b) Find F’(#) and F’(2) by taking the derivative of the answer to (a). 


(c) Find F’(/) directly using just the Fundamental Theorem and the Chain 
Rule. 


10. If f is continuous and g is differentiable and if F(1) = fo T(x) dx, use the 
Fundamental Theorem and the Chain Rule to show that F’(t) = /(g(9)g'()- 

11. In each of the following integrals evaluate F’(t). Do not attempt to first find an 
antiderivative. 


t 
(a) F(t)-= i V1 + xb dx. 


OE GS ie toe 


241 1 
(c) ro - [ ice 


2 


12 1 12 
1 int: = 
(d) ro- [ Paeai™ (nim: [ ei r+ f r) 


12. Is there anything wrong with the computation 


ig eee: 


1 


=)(= 1) = Mi) seer 


If so, what? 
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13. In each of the following, find the area of the subset P of the xy-plane bounded 
by the curve »y = f(x), the x-axis, and the lines x = a and x = b. Sketch the 
curve and the subset P. 


(a) f(x) = x°+ 1,4 = —l,and b = 2, 

(b) f(x) = x* + 2x, a = 0, and b = 2, 

(c) f(x) = 4x4 1,a = 2,and b = 4. 

(d) f(x) = x3, a = 0, and 6 = 2. 

(ce) f(x) = x? — 2x? + x,a = 0, and b = 2. 


14, Find the derivative of the function F defined by F(x) = [ qt" Sketch 
0 


the graph of F using the techniques of curve sketching discussed in Section 1 of 
Chapter 2. Label any maximum, minimum, or critical points and any points of 


inflection. What is the domain of F? (pe not attempt to find an explicit 


antiderivative of — Le 
rP+i1 


6. Indefinite Integrals. In this section we shall study the problem of finding 
a function given its derivative. The topic is a large one, and the present 
treatment is only an introduction. Many techniques for finding a function 
whose derivative is known have been developed, and some of these will be 
studied in Chapter 7. 

Recall that an antiderivative of a function fis any differentiable function 
F with the property that F’(x) = f(x) for every x in the domain of f. An 
antiderivative of f is also called an indefinite integral of f and is denoted 
by f f(x) dx. If F’ = f, we write 


[400 dx = F(x) +c. 


Since the most we know about { f(x) dx and F(x) is that they have the same 
derivative f(x), they may very well differ by a nonzero constant. If the con- 
stant c is omitted, there is a very real possibility of making an error, since a 
particular indefinite integral may not be the one which is the solution to the 
problem at hand. 


EXAMPLE I. At every point (x,f(x)) on the graph of a given function f, 
there is a tangent line with slope equal to x. If the graph passes through the 
point (3, 2), find f. The solution is based on the fact that the slope of the 


tangent line is given by the derivative. Hence f’(x) = x*. One function with 
3 


* . Re 
this derivative is 3 and so 


fe => +e, a) 
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for some constant c. We also write 


3 
i x dx = z +c. 
Since the point (3, 2) lies on the graph, we know that /(3) = 2. Thus 
3 
2=fG)=T+e=9te, 
whence c = —7, and we conclude that 
3 
fx) = -7. 
Omission of the ¢ in equation (1) would have lead to the incorrect answer 
SQ) = eis 
Sas 


The reason for calling an antiderivative of a function f an indefinite 
integral and for denoting it by J f(x) dx is its close connection with the def- 
inite integral. Let f be continuous on an interval containing a and b. Since 


< Sfx) dx = f(x), we obtain the formula 


f reac = f reas’, (2) 


by applying.Corollary (5.3) of the Fundamental Theorem of Calculus. The 
value of [ f(x) dx} is the same for any two indefinite integrals of f and there 
is therefore no need to include the constant ¢ in applications of equation (2). 
For example, even though 


for+na=84xte 


for an arbitrary real number c, we may write 


2 2 2 
[extnar= far+ nal = 6+ = 6. 


The integration techniques that we shall consider are expressed in for- 
mulas for finding indefinite integrals. The first four of these, (6.1), (6.2), 
(6.3), and (6.4), have already been used in computing definite integrals. We 
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write them down only to make them explicit. They are: 
(6.1) [ If) + g(x) dx = I f(x) dx + J B(x) dx. 
(6.2) fires dx = | p08) dx, for every constant k. 


(6.3) [as =xt+e. 


r-1 
(6.4) | x" dx = a + ¢, where r is arational number different from —1. 


Since an indefinite integral is determined only to within an additive 
constant, (6.1) and (6.2) are open to a possible (but unlikely) false interpreta- 
tion. The precise statement of (6.1) is: If F is an indefinite integral of f and if 
G is an indefinite integral of g, then F + G is an indefinite integral of f + g. 
The proof takes one line: 

(F+GY=Fi+@=f+g. 


On the other hand, if F, G, and H are three arbitrary indefinite integrals of 
Sf. g, and f + g, respectively, we certainly cannot infer that H = F + G. All 
we know is that H’ = F’+ G’, whence H= F+G+c. Similarly, 
(6.2) should be read: If F is an indefinite integral of f, then KF is an indefinite 
integral of kf. The proof: 


(kFY = KF’ = Kf. 
The proof of (6.4) is the equation 
d xt » 
dx (A % ‘) = 
and (6.3) is simply the special case of (6.4) obtained by setting r = 0. Note 


that each of these four integration formulas is the inverse of one of the basic 
rules for differentiation derived in Section 7 of Chapter 1. 


EXAMPLE 2. Evaluate the following three integrals: 


(i) | (2x" a 2) dx, 


(ii) [or + 2y? + 2y + 1) dy, 


5 
(iii) [ors 1) ds. 
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Computation of the indefinite integrals follows directly from (6.1), (6.2), 


(6.3), and (6.4). Thus 
af stax-+ 2f stax 


ii (2° + 2) dx 


= 
x ® 
Remo eimeg ate O 


3 y) 
x =e 


Il 
win 


Since separately we would write 2{x? dx = 3x" + c and also 2fx~* dx = 
2 . a‘ 

——=-+ c, one might think that two constants of integration should appear 
x 


in the sum, i.e., that the answer should have been written 


[Qe djandeta-2+e 


Although this last equation is not false, it is unnecessarily complicated and 
also misleading. If F is one indefinite integral of a function, the specification 
of any other requires the specification of one additional number, not two. 
Remember that, for a given F, the set of all functions F + ¢ such that c is an 
arbitrary real number is identical to the set of all functions F + ¢c; + ce 
such that c, and cy, are arbitrary real numbers. The sum of two arbitrary 
constants is still an arbitrary constant. 

To do (ii), one must realize that the sum rule (6.1) implies an analogous 
rule for integrating the sum of three functions, or four, or any finite number. 


We get 
frat 2[y*dy + 2fray+ fa 


Oy ee 
=F+25 425 +y+e 


Il 


[or + 2y’ + 2y + 1) dy 


=b'+e'+y+yte. 


Finally, to evaluate (iii), we combine the above rules of integration with 
equation (2) to obtain 


= 5/3 \5 
2/8 Fay) (oe 
| (s +a =(s5+5)/ 


BE) + 5) — Ba) + 1 
BiB) toe 


i] 
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The Chain Rule provides an extremely useful technique for computing 
integrals. Suppose that F is an antiderivative of f and that g is a differentiable 
function, According to the Chain Rule, 


[F(@)Y = F’@)e’. 
Since F’ = f, we conclude that 
[F(g)l' = F’(g)g' = f(g)g'; 


i.e., the composition F(g) is an antiderivative, or indefinite integral, of f(g)g’. 
Thus we have proved: 


(6.5) If F is any indefinite integral of f, then 


i S(g(x))g'(x) dx = F(g(x)) + ¢. 


This formula tells us that we can integrate a function of the form 
f(g(x))g’(x) provided we know how to integrate f(x). 


EXAMPLE 3. Compute WED +x + 1 (3x? + 1)dx. The integrand is the 
product of two functions. The first factor, \/x + x + 1, is the composition 
of x* + x + 1 with the square root, and we know how to integrate \/x. 
The second factor is 3x? + 1, which is the derivative of x* + x + 1. Hence 
(6.5) is applicable. We have 


g(x) = x°+x41, 
f(x) = Vx. 
Since 
[vias = [as = $x*? 4 ¢, 
we take F(x) = 3x"/*. According to (6.5), the answer to the problem is 


F(g(x)) te= 2x'+x4+ 1? +. 
That is, 


[vaaet T Gx? + 1)dx = 3° +x+1)*? +e. 
We can check this answer by taking its derivative. We obtain 
2 a0 +x+ 1)? 4 c] = (x9 + x + 19x" + 1), 


which is the original integrand. 
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EXAMPLE 4, Evaluate f(x? + 1)’xdx. It is possible to do this problem by 
first expanding (x* + 1)° by the Binomial Theorem, but formula (6.5) makes 
this unnecessary. Again, the integrand is the product of two functions. The 
first is (x? + 1)°, which is the composition f(g(x)) of the two functions 
g(x) = x? + land f(x) = x°. The latter we know how to integrate: 


6 
[8dc-2 4. 


6 
so we take F(x) = = . The second factor in the integrand is x, which is not 


equal to g(x) = 2x, but is a constant multiple of it. This is just as good 
because of the general rule Sk) ax = kJ J (x) dx. In this case, we may write 


[or + 1)'xdx = aloe + 1)'x dx 
= afc’ + Di@nax 


=4 / S(g(x))g'(x) dx 
= $F(e(x)) + ¢. 


12 2 6 
Since F(x) = a we have F(g(x)) = ae andizo 
2 6 
Jo + 1)'xdx = (5) [ee] +c 
(+ 1) 
alge 


The derivative of the indefinite integral should be the function which was 
integrated, i.e., the integrand. Checking, we get 


ate ¢| = q(x" + 1)'2x = (* + 1)*x. 
To summarize: Formula (6.5) is applicable if the integrand is a product 


of two functions one of which is a composition f(g(x)) and the other of which 
is g’(x) or possibly a constant multiple of g’(x). With a little practice the 
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reader should be able to recognize immediately, for example, that of the three 


integrals 
if Vx? + 2 dx, 
i Vx? + 2x dx, 
if Vx + 2x dx, 


only the middle one can be successfully attacked by this method. 

Formula (6.5) implies an analogous fact about definite integrals. 
Called the Change of Variable Theorem for Definite Integrals, it is the follow- 
ing: 


(6.6) THEOREM. If both integrands are continuous functions on their respective 
intervals of integration, then : 
a(b) 


b 
[ f(g(x))g"(x) dx = na) 100%: 


Proof. Since the integrands are continuous, both integrals exist. Let F be an in- 
definite integral of f. By the definition of the definite integral, 
a(d) 


aw = FCs) — F(s@)). 


g(b) 


‘ SQ) dy = FO) 


(a) 


By (6.5), 


= F(e@)) — F(e(a)). 


b 
[ F(g(x))e'(x) dx = F (g(x) 


This completes the proof. 


. x 
EXAMPLE 5. Compute - PY er repro dx. 
integrand is continuous on the interval [—2, 2]. Since the minimum value of 
x’ + 2x + 2 is 1, which is positive, we know that the denominator is never 
zero, and so the integral is defined. Set g(x) = x? + 2x + 2and f(y) = py". 
Then g/(x) = 2x + 2, g(—2) = 2, and g(2) = 10. Hence 


We first check that the 


a peel wet! ayaa) 
Sayre ONES ee 


I 


+ iN _S(e)) 8) dx 


10 
3 if Van ays 
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Since fy~"? dy = 2y"? + c, we obtain 


10 10 
af yay = 9" = vid - vi. 


We conclude that 


2 
(| = ees 
—2y/x2 + 2x +2 


The differential of a function F was defined in Section 6 of Chapter 2, 
and was shown to satisfy the basic equation dF(x) = F’(x) dx. If F’ =f, 
we therefore obtain 


dF (x) = F'(x) dx = f(x) dx. G30) 

In this section we have expressed the fact that F is an antiderivative of f by 
writing 

[seas = Foy +6. (4) 

Equations (3) and (4) suggest that we interpret the symbol dx that appears to 

the right of the integral sign not merely as a piece of notation but as a 

differential. With this interpretation, the symbol i becomes a notation for the 


operation which is the inverse of taking differentials. Thus, for any differ- 
entiable function F, we define 


(5) 


[aro = F(x) +. 


If f(x) is given and we find F(x) such that dF(x) = f(x) dx, then 


[reas = [ares = F(x)+c. 
If a function is denoted by a variable wu, the definition (5) has the simple 
form fdu =u+c. Moreover, in terms of differentials, Theorem (6.5) 


also has the following simple form: 


(6.7) If F’ = f and if u is a differentiable function, then 


[re du = F(u)+ ec. 


SEC.6] INDEFINITE INTEGRALS 7. 


Proof. If u = g(x), then du = g’(x) dx. The above equation therefore becomes 


| f(g(x))g'(x) dx = F(g(x)) + ¢, 


and this is just (6.5). Another way of proving (6.7) is to start from the 
equation 
dF (u) = F"(u) du, (6) 


[see Theorem (6.1), Chapter 2]. From this follows dF(u) = f(u) du, and so 
Flu+cec= [ar = [rw du. 


It is worth noting that Theorem (6.5) is simply an inverse statement of 
the Chain Rule. The Chain Rule was also the raison d’étre behind equation 
(6). The differential is a handy device solely because this important theorem 
is true. 


EXAMPLE 6, Evaluate the integrals 
(i) [vs + 2 dx, 


(ii) [sc — 1)" ds. 
To do (i), set u = 5x + 2. Then du = 5dx, and so dx = 4 du. Hence 
[vss +2dx = af vadu = 43? +¢ 
= (5x + 2)? +c. 
Similarly, in (ii), let vw = s? — 1. We get du = 2s ds and 
[set — 1)" ds = af a = dqhqu'™ + ¢ 
= gta(s’ — 1)"* +c, 


In each of these examples the reader should verify that the derivative of the 
answer gives back the original integrand. 


Each of the integral formulas (6.1), (6.2), (6.3), and (6.4) can be 
written as a fact about the integral of certain differentials. Let wand v be 
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differentiable functions and ¢ an arbitrary constant. Then 


6.1’) / (du + dv) = / du + / do. 


6.2’) fi du = x fa, for every constant k. 


6.3’) Jaw =ute, 
wrth 
r+1 


+ c, where r is a rational number andr # —1. 


6.4’) i u" du = 


PROBLEMS 


1. Evaluate the following indefinite integrals. 


(a) fe +x+1)dx (f) Jo + 2)°x* dx 


1 ae 
(b) | (3° = is) dx (g) [ava — x? dx 


(c) [oe - 2454 eh ee 
Ve+a+5 


(d) [oe + 1)(y — 3)dy () fae + 35° + 5)(s + 2) ds 


(e) fox - ras (i) fia 


2, Among the following integrals identify those that can be evaluated using the 
techniques in this section. Evaluate them. 


(a) if (« + ‘) dx (g) [ow — 10x + 2) dx 


(b) if (ve + +) dx (h) [o + 1)(s° + 2s — 3)' ds 
Vx 
3 4 (i) j= = Das 

() Jy& +7) a at 

: : 0 ake Tage 
@ ‘i yy? + T)'dy ah faa? 

ss (k) | x-1 d 
(e) n/t — 1dt @+1)! Ix. 


o fe 
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3. The curve defined by y = f(x) passes through the point (1, 4). In addition, at 
each point (x, f(x)), the slope of the curve is 8x? + 2x. Find f(x). 

4. The line tangent to the graph of the differentiable function f at each point 
(x, f(x)) has slope 3x* + 1, and the graph passes through the point (2, 9). 
Find /(x). 

5. If f(x) = 12x? + 2 and the graph of y = f(x) passes through (0, —2) with a 
slope of 5, find f(x). 

6. Evaluate the following definite integrals, 


pl 2 
2 1 
(a) i (3x" + 4x + 1) dx ) f Gri” 
pl 2 
(b) | (27 + 1)dt (g) (I wv = x?xdx 
J—1 = 
1 2 
(c) (x? + 1)"x" de (h) ; (Q|x| + 1) dx 
ee ye 
a2 i. 1 1 
(d) / tT a () [ 1 + 30° = 1)" + 2) at 
| Se ERR ek : J0 


/ 1\' 1 ‘x E22 
(e) [ (« ai ‘) (2 - 1) dx (j) if wae 


7. If f(x) = 18x + 10 and /’(0) = 2, find f’(x). If, in addition, /(0) = 1, 
find f(x). af : 

8. (a) If g(x) = Vx and g/(1) = 0 and g(0) = V2, find g(x). 
(b) If f’’() = 6 and f’(1) = 8 and (0) = 1 and f(1) = 4, find /(/). 


9. If the slope of the curve y = f(x) is equal to 6 at the point (1, 4) and, more 
generally, equals 6x at (x, f(x)), what is the area bounded by the curve 
y = f(x), the x-axis, and the lines x = 1 and x = 3? 


10, Sketch the region bounded by the curves y = — : 


Memmi ce wt ae, ae 


Find its area. 


7. Area between Curves. Let f be a function which is integrable over the 
interval [a, b] and whose graph may cross the x-axis a finite number of times 
in the interval. It was shown in Section 4 that the relation between area and 
the definite integral is given by the formula 


b 
I(x) dx = area(P*+) — area(P~), (ql) 


where P* is the set of all points (x,y) such that a<x<b and 
0< yp </f(x), and P7 is the set of all points (x, y) such thata <x <b 
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and f(x) < y < 0. If we exclude their boundaries, then either or both of 
the regions P* and P~ may consist of several pieces. This possibility is 
illustrated in Figure 17, which shows the graph of a continuous function f 


Figure 17 


which crosses the x-axis at the four points a, b, c, and d. For the regions 
shown in the figure, we have 


eb dd 
area(P+) = | f(x) dx + / f(x) dx, 


area(P~) = =i S (x) dx. 


Since area(P* U P~) = area(P*) + area(P~), it follows that 


b c d 
area(P* U P~) = i T(x) dx — [ f(x) dx + if f(x) dx. 


Suppose in this example that F is an antiderivative of f on the interval [a, d]; 
ie., we have F’(x) = f(x) for every x in [a, d]. Then 


b 


f(x) dx = F(b) — F(a), 
i I(x) dx = F(c) — F(b), 
dd 

S(x) dx = F(d) — F(c). 


Hence the total area is given by 


area(P* U P-) 


[F(6) — F(@] — [F(c) — F(6)] + [F@) — FO] 
F(a) + 2F(b) — 2F(c) + F(a). 


sec. 7] AREA BETWEEN CURVES 221 


In this section we shall extend (1) to compute the areas of regions with 
more complicated boundaries. The principal result here is the following: 


(7.1) Let the functions f and g be integrable over a closed interval [a, b], and 


suppose that g(x) < f(x) for every x in [a,b]. If R is the set of all points 
(x, y) such that a < x < band g(x) < y < f(x), then 


b 
area(R) = ‘ [L/@) — g(x)] dx. 


Proof. The region R is illustrated in Figure 18(a). The only complicating feature 
of the proof is the fact that g or /, or both, may take on negative values in the 
interval [a,b]. If this happens [as it does in Figure 18(a)], we shall simply 


praxis 


y-axis 


y= f*(x) 


y=8*(x) 


(b) 


Figure 18 


slide, or translate, the graphs of g and f upward so that the region between 
them lies above the x-axis and its area is unchanged. The sliding, or transla- 
tion, is shown geometrically in Figure 18(b), and can be accomplished ana- 
lytically as follows. Let / be a lower bound for the values of the function g 
on the interval [a, 5]; i.e., we choose a number / such that / < g(x) for every 
x in [a, b]. Such a number certainly exists since g is assumed to be integrable 
over [a, 5], and is therefore bounded on [a, 5]. In addition, if it does happen 
that g(x) > 0 for every x in [a, 6], then we take / = 0. We now define func- 
tions f* and g* by 

S*x) = f@) + lll, 

g*(x) = g(x) + |Il. 


Their graphs and the region between them, which is denoted by R*, is shown 
in Figure 18(b). It is obvious that 


area(R) = area(R*). 
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Let P be the set of points bounded by the graph of g*, the x-axis, and the lines 
x = aand x = 4. By the integral formula for area, we know that 


6 
area(P U R*) = | S*(x) dx, 


b 
area(P) ah g*(x) dx. 


Since area(R*) = area(P U R*) — area(P), we obtain 


b b 
area(R) = area(R*) = i S*(x) dx — fp g*(x) dx 


b 
if Uf *(x) dx — gX(x)] dx. 


However, 
S*O) — gt) = Lf) + |] — eG) + 


= f(x) — e(). 
Hence 


b 
area(R) = i [/@) — g@x)] dx, 
and the proof is complete. 


It should be remarked that, rigorously speaking, the above proof omits 
some logical details. These occur in our use of the function area. To begin 
with, we have not in this book attempted to give a mathematical definition of 
the area of a set, although we have shown that if area does exist and satisfies 
certain simple properties, then the integral formula (1) is valid. Moreover, in 
the preceding paragraph we have tacitly assumed some of the properties of 
area which are obvious to the intuition, but logically would require proof. 
For example, we assumed that area is invariant under translation when we 
asserted that area(R) = area(R*). In the same way, our statement that 
area(R*) = area(P U R*) — area(P) [see Figure 18(b)] was based solely on 
geometric intuition. There is nothing wrong with omitting these details, but 
it is important that a careful reader realize that the omissions are there. 


EXAMPLE 1. Compute the area of the region R bounded by the graphs of the 
functions f(x) = 2x — 1 and g(x) = —(2x — 1)? and the lines x = 1 and 
x = 2. Since 


a(x) <0, for every x, 
SCMSAOKe Sites 52, 
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it follows that g(x) < f(x) on the interval [1,2]. Both functions are con- 
tinuous and hence integrable, and so (7.1) is applicable. We obtain 


2 
area(R) = [ [f(x) — g(x)] dx. 


Since f(x) — g(x) = (2x — 1) + (2x — 1)? = 4x* — 2x, the answer is 


2 


x! 2 
area(R) = [ (4x? — 2x) dx = (4x* — x’) 
1 1 


mea a) (5 1) ime a 


EXAMPLE 2. Find the area of the region R lying between the lines x = —1 
and x = 2 and between the curves y = x” and y = x*. We first sketch the 


yraxis 


y=x? 


R=R, UR, 


x-axis 


Figure 19 


lines and curves in question and indicate the region R by shading (see Fig- 
ure 19), Observe that 


ete if-l<x<1l, 
Desens ile. 
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Writing R as the union of regions R, and Ry», as is done in the figure, we have, 
by (7.1), 


1 
area(R;) = i . (x* — x*)dx, 


area(R2) = i Ge? — x\de. 
1 
Hence 
area(R) = area(Ri) + area(R2) 


1 2 
= ie (x? — x*) dx + [ (x* — x") dx. 
= 1 


The function F(x) = = - % is clearly an indefinite integral of x* — x’. 
Thus 
a 1 
(x° — x") dx = F(x)|_ = F(1) — F(-1), 
= | -1 
2 2 
i (x* — x*)dx = — [ (x? — x*) dx 
1 1 
2 
= —FO)|, = —F(2) + F(1). 


Finally, therefore, 
area(R) = F(1) — F(—1) — F(2) + F() 
Ssdtiettt+h= fh. 


Because of symmetry, each of the integral formulas for area which we 
have developed has an obvious counterpart for functions of ». For example, 
if fis the function of y whose graph is drawn in Figure 20, then 


ds 
[ f(y) dy = area(P*+) — area(P-), 


where P+ and P~ are the regions indicated in the figure. 

Sometimes a curve in the xy-plane can be defined as the graph of a 
function of y and not as a function of x. An example is the parabola defined 
by the equation (vy — 1)? = x — 1 and illustrated in Figure 21. Although 
this equation cannot be solved uniquely for y in terms of x, it is easy to do the 
opposite. We get 


x=(y—1?+1= y? — 2y4+ 2, 
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and so the curve is the graph of the function f defined by f(y) = y? — 2y + 2. 
The area of the region P bounded by the parabola, the two coordinate axes, 
and the horizontal line y = 2 is given by 


area(P) = i, f(y) dy = if (y* — 2y + 2)dy 


3 
et 
-( y' +2) 


y-axis 


2 


oS 


x-axis 


Figure 20 


praxis 


L (y- 1)? =(x-1) 


x-axis 


Figure 21 


EXAMPLE 3. Express the area of the shaded region Q in Figure 22(a) as a 
sum of definite integrals. There are many different ways to do this. We shall 
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begin by subdividing Q into four subregions Q;, Q2, Q;, and Q, using the two 
vertical lines x = a, and x = a, as shown in Figure 22(b). 

Consider for a moment the region Q; alone. Every horizontal line L 
which intersects Q, cuts its boundary in at most two points. Suppose that L 
crosses the y-axis at the point (0, y). Moving along L from left to right, we 
denote the x-coordinate of the first point encountered on the boundary of 
Q: by gi(y). In this way a function g, is defined whose graph forms the 
“western boundary” of Q;. In fact, Q; is the region between y = by and 


yraxis 


(g,(Y)¥) 


X-axis a, a, *-AXis 


(a) (6) 


yraxis 


x=8,(y) 


x-axis 


Figure 22 


y = b, [see Figure 22(b)] and also between the curves x = gi(y) and x = ay. 
By the counterpart of (7.1) for functions of y, we therefore obtain 


bg 
area(Q1) = is [a1 — gi(y)] dy. 


Turning next to the region Q», we see that the “northern boundary” 
is the graph of a function f;, and the “southern boundary” is the graph of a 
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function f;. These functions are indicated in Figure 22(c). Hence 


area(Qx) = ii : LAG) — fo@)] dx. 
Similarly, we have . 

area(Qs) = ‘i “tin — hi(x)] dx, 
and also _ 

area(Q.) = a “i8) — a] dy. 


Since area(Q) = area(Q,) + area(Q») + area(Q;) + area(Q,), we there- 
fore obtain finally 


be 


area(Q) = [a — gi(y)] dy + [ [ilx) — fax)] dx 


+ i [a(x) — he(x)] dx + ‘J [g2(v) — as] dy. 


PROBLEMS 


1. For each of the following functions and intervals: Compute re F(x) dx; draw 
the graph of /; label the region P* on or above the x-axis which is bounded by 
the curve y = f(x), the x-axis, and the lines x = a and x = 5; label the analo- 
gous region P~ on or below the x-axis; evaluate area(P+) and area(P~); and 
check formula (1) at the beginning of the section. 


(a) f(x) = x — 1,a = 0,and b = 4. 

(b) f(x) = —x?+ x + 2,a = 0, and b = 3. 
(©) f(@) = —x°+x+2,@ = —2, and b = 3. 
(d) f(x) =  — 1)5,a = 0, and b = 2. 


2. In each of the following find the area of the subset P+ U P~ of the xy-plane 
bounded by the curve y = f(x), the x-axis, and the lines x = a and x = b. 


(a) f(x) = x8,a = -l,andb = 1. 
(b) f(x) = x* — 3x + 2,4 = 0, and b = 2. 
(c) fx) = (x + I — Ix — 3), a = 0, and b = 2. 
@) f(x) = |x? -— 1|,a = —2, and b = 2. 
3. Let f be a continuous function. Using areas, show that 
(a) If fis an odd function, then {*., f(x) dx = 0. 
(b) If fis an even function, then f*, f(x) dx = 2,f5 f(x) dx. 
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4. Prove (a) and (b) of Problem 3 analytically using the Fundamental Theorem of 
Calculus. [More specifically, use Theorems (5.2) and (5.3).] 

5. Draw the region R bounded by the lines x = Oand x = 2and lying between the 
graphs of the functions f(x) = x + 2 and g(x) = (x — 1)*. Find the area 
of R. 

6. Draw the region Q bounded by the curves x = 0, 3y — x + 3 = 0, and 
3y + 3x? — 8x = 3. Compute area(Q). 

7. Find the area of the subset R of the xy-plane lying between the lines x = 4 


and x = 2, and between the graphs of the functions f(x) = es and g(x) = x. 
x 


Draw the relevant lines and curves and indicate the region R. 

8. Find the area of the region bounded by the two parabolas y = —x? + x + 2 
and y = x? — 2x. 

9. Draw the graphs of the equations y = x* and y = 4, and label the region R 
bounded by them. 


(a) Express the area of R as an integral with respect to x using (7.1). Evaluate 
the integral. 


(b) Similarly, express the area of R as an integral with respect to y using 
the counterpart of (7.1) for functions of y. Evaluate the integral and 
check the answer to (a). 


10. (a) Iff(y) = —y? + » + 2, sketch the region bounded by the curve x = f(y), 
the y-axis, and the lines y = 0 and y = 1. Find its area. 


(b) Find the area bounded by the curve x = —y? + y + 2 and the y-axis. 


(c) The equation x + y* = 4 can be solved for x as a function of y, or for » 
as plus or minus a function of x. Sketch the region in the first quadrant 
bounded by the curve x + y? = 4, and find its area first by integrating a 
function of y and then by integrating a function of x. 


11. The function fis continuous at every point of the interval [a, b] and may cross 
the x-axis at a finite number of points in the interval. Let P+ and P~ have their 
usual meaning [as in formula (1)]. 


(a) Is | f(x)| continuous at every point of [a, b]? 


(b) Show that 
b 
area(P* U P-) = [ [f(@d)| de. 


12, Find the area of the region bounded by the parabola y = x”, the x-axis, and the 
line tangent to the parabola at the point (2, 4). Do the problem 


(a) using x as the variable of integration. 
(b) using y as the variable of integration. 


13. Do Problem 12 for the line tangent to the parabola at the general point (a, a’). 
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14. Express the area of the ellipse & + — = 1asa definite integral of a function 
a 


of x, and as a definite integral of a function of y. (The resulting indefinite inte- 
grals cannot be evaluated with the theory so far developed.) 

15. Find the area of the shaded region in Figure 23, The curves are parabolas. The 
inscribed square has area 4, and the circumscribed square has area 16. 


Figure 23 


8. Integrals of Velocity and Acceleration. In this section we shall develop 
some of the integral formulas associated with velocity and acceleration. 
Among these is the formula for the distance traveled by an object, or particle, 
which moves with velocity v(t) during the time interval from ¢ = atot = b. 

Consider a particle which, during some interval of time, moves along a 
straight line. We take the straight line to be a coordinate axis of real num- 
bers, and denote the position of the particle on the line at time ¢ by s(f). 
Thus s is a real-valued function of a real variable with value s(t) for every ¢ 
in some interval. We shall assume that s is differentiable. In Section 3 of 
Chapter 2 the velocity v of the particle is defined to be the derivative of s. 
That is, 


v(t) = s’(t). 


Equivalent to this equation is the statement that s is an antiderivative of v. 
It follows that 


s(t) = [ow dt +c. (1) 


If we consider the motion of the particle from ¢ = a to ¢ = b, and add the 
assumption that v is continuous on [a, 5], then, by Corollary (5.3) of the 
Fundamental Theorem of Calculus (see page 204), we obtain the formula 


b 
s(b) — s(a) = [ v(t) dt. Q) 
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EXAMPLE 1. An object dropped from a cliff at time t = 0 falls with a velocity 
given by v(t) = kt. If we take the direction of increasing distance to be down- 
ward, and measure distance in feet and time in seconds, then k = 32 and v(t) 
is in units of feet per second. How high is the cliff if the object hits the bottom 
3 seconds after being dropped? The height equals the difference s(3) — s(0). 
Hence 


s(3) — s(0) = if u(t) dt 


3 


0 


3 
i 32t dt = 161° 
0 
144 feet. 


Acceleration is defined in Section 3 of Chapter 2 to be the derivative of 
velocity. Thus 
a(t) = v'(N), 


and, as before, an equivalent statement is that velocity is an antiderivative 
of acceleration. We therefore have the formula 


v(t) = [aca + (3) 


EXAMPLE 2. A body in free fall under the earth’s gravitational pull falls with 
a constant acceleration g, equal in magnitude to 32 feet per second per 
second. Suppose that at time t = 0 a ball is projected straight up from the 
ground with an initial velocity v9 = 256 feet per second. Write formulas for 
the subsequent velocity v(¢) and distance from the ground s(/). What is the 
maximum height the ball attains? In this example we shall choose the direc- 
tion of increasing distance to be upward. As a result, the gravitational 
acceleration is negative, and the starting point of our calculations is the 
equation a(t) = —32. We have 


faa e = [esate 
—321+c¢, 


v(t) 


whence 
v(0) = —32:0+ c= Cc. 


The initial velocity is given as vy = v(0) = 256 feet per second. Hence 
c = 256 and 


v(t) = —32t + 256, 
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which is one of the formulas asked for. The second integration yields 
s(t) = IEo dt+ec 


= [ese + 256) dt + ¢ 
= —16t° + 256 + ¢. 


The constant of integration c in the preceding equations has, of course, 
nothing to do with the one obtained from integrating a(‘). Here s(0) = 
—16-0° + 256-0+ c¢ =c. Since the ball is at ground level when ¢ = 0, 
we conclude that 0 = s(0) = c, and so 


s(t) = —160° + 2561, 


which is the second formula required. To find the maximum value of the 
function s, we compute its derivative and set it equal to zero: 

s'(t) = v() = —32t + 256 = 0, 
whence it follows that 


t = 288 = 8 seconds. 


Since s’’(t) = v'(t) = a(t) = —32, which is negative, we know that s has a 
local maximum when ¢ = 8, and it is easy to see that this local maximum is 
an absolute maximum. Thus the maximum height attained by the ball is 
equal to 
s(8) = —16- 8 + 256-8 
= —204 9u 
= 1024 feet. 


It is important to realize that the quantity s(b) — s(a) in (2) does not 
necessarily equal the distance traveled by the object, or particle, during the 
time interval from t = a to t = b. This is because the number s(/) simply 
gives the position of the particle on the line at time t. Thus in the preceding 
example of the ball we showed that 


s(t) = —16f° + 256r. 
Substituting ¢ = 0 and ¢ = 16, respectively, we get 


s(0) = —16-0? + 256:0=0, 
s(16) = —16- 16? + 256-16 = 0. 
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The interpretation of these equations is clear: The ball left the ground at 
time ¢ = 0, and 16 seconds later it had fallen back. However, an insect who 
accompanied the ball on its flight would probably not report to his admiring 
friends and relatives that the total distance traveled was 


s(16) — s(0) = 0 — 0 = O feet. 


A similar situation is an automobile trip 10 miles down a road and back 
again. The distance traveled is presumably 20 miles, and not zero. 

It is not hard to guess the proper modification of formula (2) to obtain a 
true distance formula. If we denote the distance traveled during the time 
interval from t = a to t = b, where a < b, by distance|’, then 


' b 
distance) = [ |v(2)| dt. (4) 


a 


Logically, however, there is no way to prove (4), since we have not given 
a mathematical definition of distance|’. Asa result, we shall take (4) as a 
definition after checking that it corresponds to our intuition. First of all, if 
v(t) does not change sign from f = a to ¢ = b, then 


Feo) dt = | [eco af . 


(See Problem 4 at the end of this section.) Hence, by formula (2), 


b b : 
[ |o()| dt = Lf v(t a = |s(b) — s(a)|. 


The assumption that v(t) does not change sign means that the direction of the 
motion does not change. In this case, we would certainly expect |s(b) — s(a)|, 
which equals the distance on the real line between the initial position s(a) 
and the final position s(b), to be the total distance traveled. 

Further motivation for the definition in formula (4) is obtained by going 
back to the definition of the definite integral. We assume that the function 
|v(t)| is integrable over the interval [a, 6]. Consider an arbitrary partition 
o = {to,..., tn} of [a, b] such that 


g@=nSns Shih =. 


Foreachiti= linaas n, we denote by M; the least upper bound of the set of 
all numbers |v(#)|, where f is in the subinterval [f;_1, ¢;]. Similarly, let m,; 
be the greatest lower bound. Thus the number M; is the maximum speed of 
the particle in the subinterval [t;_1, ¢;], and m; is the minimum speed. In- 
tuitively, therefore, the distance traveled by the particle during the sub- 
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interval of time [t;_1, ¢;] must be less than or equal to M,(t; — t;-1) and 
greater than or equal to m,(t; — t;;). Consequently, the upper and lower 
sums, 


Us = Sy Mat — 1-0), 


L, = DY) miti — 1:1), 
tel 


are upper and lower bounds, respectively, of the total distance traveled, But 
the function |v(t)| has been assumed to be integrable over [a, b]. It follows 


that there exists one and only one number, Is |v(t)| dt, such that 


b 
Ly < | |v()| dt < Us, 


for every partition o of [a, b]. This justifies the adoption of formula (4) as the 
definition of distance|’,. 


EXAMPLE 3. A particle moves on the x-axis, and its position at time ¢ is given 


by x(t) = 22° — 214° + 60¢ — 14. Its velocity is the function v defined by 
v(t) = x(t) = 6f — 42t+ 60 


= 6(f — 7t + 10) = 6(t — 2)(t — 5). 


Find the total distance traveled by the particle during the time interval 
t= 0to f= 6. Clearly, v(t) = 0 when ¢ = 2 and ¢ = 5, and the sign of 
v(t) is as indicated by 


Sc 1 i i + + + + sign of v(t) 
1 4 | es 1 1 
Zz 5 t-axis 
Hence 
v(t) if-—0o <t<2, 
WPM =4-0) if2<t<5, 
v(t) ifort < ‘co, 
Consequently, 


6 6 


; [ |o()| at 


2 +5 


“in v(t) dt — | 


distance 


{I 


6 
vt dr+ | v(0 ar 
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Since x(f) is an antiderivative of v(t), 


2 


ie v(t) dt = x(2) — x(0), 
5 

{ v(t) dt = x(5) — x(2), 
6 

[ v(t) dt = x(6) — x(5), 


and so 
if |v(@)| dt = —x(0) + 2+ x(2) — 2: x(5) + x(6). 


Substitution in the equation for x(t) yields x(0) = —14, x(2) = 38, 
x(5) = 11, and x(6) = 22. Hence 


6 6 
J recor 
0 0 


14 + 2-38 — 2-11 4+ 22 
= 90. 


distance 


The motion described in this example is the same as in Example 1, page 
105. By looking at Figure 16, Chapter 2, one can see that the distance traveled 
by the particle during the time interval [0, 6] agrees with the value just ob- 
tained. 


The integral formulas derived in this section all presuppose motion along 
a straight line. The reason for this restriction is that the definition of velocity, 
and consequently of acceleration, has been based on the possibility of re- 
presenting the position of the particle at time ¢ by a real number s(/) along a 
coordinate axis. A coordinate system on a line in turn is defined in terms of 
the distance between two points, and thus far the only measure of distance 
between points which we have is straight-line distance. In Chapter 10 we 
shall introduce the notion of are length along a curve and shall study the 
notions of velocity and acceleration for curvilinear motion. At this point, 
however, it is worth noting that if we think of obtaining a curve by bending a 
coordinate axis without stretching it, and if s(t) measures position on the 
curve in the obvious way, then formulas (1), (2), (3), and (4) still hold. Thus 
if the speedometer reading on a car is given by some nonnegative and inte- 
grable function f of time, then the distance traveled during the time interval 
[a, b] is equal to ro dt whether the road is straight or not. 

We conclude this section with another type of problem illustrating the 
integration of rates of change. 


sec. 8] INTEGRALS OF VELOCITY AND ACCELERATION 235 


EXAMPLE 4. Air is escaping from a spherical balloon so that its radius r is 
decreasing at the rate of 2 inches per minute. Find the rate of change of the 
volume V as a function of time if we are given that r = 10 inches when t = 0. 
What is the volume of the balloon when t = 2 minutes, and at what time will 
V = 0? The volume of a sphere is given by V = $nr’, and we are given that 


dr 


a= 2. 


Hence 
r= Cit te= [enare 
=-2t+e. 


Setting t = 0, we see that the constant of integration c is the value of the 
radius at tf = 0, namely, 10 inches. Hence 


r= —2t+ 10. 
Since 


at al gene vere 


dV _ - 3G \=4 2dr 
we obtain for the answer to the first part of the problem 


dV 


aE = 4n(—21 + 10)°(—2) = —32e(—t + 5)’, 


: an dv. rate ; 
where / is measured in minutes and an cubic inches per minute. Clearly, 


Vit) = 4n[r(OP = $r(—2t + 10)*. 
The volume of the balloon when ¢ = 2 minutes is therefore 
V(2) = $r(—2-2 + 10)* = $16* = 2887 cubic inches, 
and the volume will be zero when 
V(t) = $x(—21 + 10)° = 0, 


i.e., when f = 5 minutes. 


PROBLEMS 


1. A straight highway connects towns 4 and B. A car starts at t = 0 from A 
and goes toward B with a velocity given by v(#) = 60¢ — 12r’, measured in 
miles per hour. When the car arrives at B, it is slowing down and its speed is 
48 miles per hour. 


(a) How far apart are the two towns? 


(b) What are the maximum and minimum speeds obtained during the trip? 
When are they reached, and at what distances? 
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. A straight highway connects towns 4 and B. A car, initially stopped, starts at 


t = 0 from A and accelerates at 240 miles per hour per hour until reaching a 
speed of 60 miles per hour. 


(a) How long does this take, both in time and distance? 

Assume that the car travels at the constant speed of 60 miles per hour once it 
has reached that speed, and that it slows down to a stop at town B in the same 
way that it left A. 


(b) How far apart are A and B if the whole trip takes 5 hours? 


. A projectile is fired straight up with an initial velocity of 640 feet per second 


(see Example 2). 
(a) Find the velocity v(f. 
(b) How far does the projectile travel during the first 10 seconds of its flight? 


(c) How far does the projectile go, and how many seconds after takeoff is this 
maximum height reached ? 


(d) What is the total distance traveled by the projectile during the first 30 
seconds of its flight? 


(e) What is its velocity when the projectile returns to the ground? 


. Let the function / be integrable over the interval [a, b], and suppose that /(x) 


does not change sign on the interval. Prove that 


b b 
ore [sas 


(This is an easy problem. Consider separately the two cases: First, f(x) > 0 
for every x in [a,b], and second, f(x) < 0 for every x in [a, 5].) 


. A particle moves on the x-axis with velocity given by v(t) = —4t + 20. 


(a) In which direction is the particle moving at time t = 0? 


(b) Find-s(4), the position of the particle at time s, if its coordinate is —30 
when ¢ = 1. 


(c) Find the distance traveled by the particle during the time interval from 
t=Otor=4, 


(d) Find the distance traveled by the particle during the time interval from 
t=Otor=8. 


(e) When is s(t) = 0? 


. A particle moves on the y-axis with acceleration given by a(f) = 6f — 2. 


Denote its velocity and position at time r by v(t) and )(1), respectively. At time 
t = 1, the particle is at rest at the zero position. 


(a) Find v(t) and y(t). 


(b) How far does the particle move during the time interval from r = 1 to 
t= 3? 


(c) What is the distance traveled by the particle from ¢ = —1 tot = 2? 
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7. A road borders a rectangular forest, and a car is driven around it. The car 
starts from rest at one corner and accelerates at 120 miles per hour per hour 
until it reaches the next corner 15 minutes later. The second side is 20 miles 
long and the car is driven along it at constant velocity equal to the final velocity 
reached on the first side. The car continues at this same speed on the third side. 
On the fourth side, however, the car slows down with a constant acceleration 
and comes to a stop at its original starting place. Find 


(a) the dimensions of the rectangle. 
(b) the acceleration on the fourth side, 


(c) the time taken for the whole trip. 


8. Let the function / be integrable over the interval [a,b]. From the definition of 
integrability in Section 1, prove that J), is the only number such that 


b 
Ly a LS Us, 


for every partition o of [a, 6). 

9. A conical funnel of height 36 inches and base with radius 12 inches is initially 
filled with sand. At ¢ = 0, the sand starts running out the bottom (apex of the 
cone) so that the volume V of sand remaining in the funnel is decreasing at the 
constant rate of 10 cubic inches per minute. 


(a) Find V asa function of time ¢, and determine how long it takes for all the 
sand to run out. 


(b) Assuming that the sand retains its original conical shape during the 
process, find the radius r of the base of the cone of sand as a function of 1. 


10. A particle moves on the parabola y = x*, and its horizontal component of 


velocity is given by x/(1) = ,t>0. At time ¢ = 0 the particle is at 


Peo 
(Ce 
the origin. 


(a) What are the x and y coordinates of the particle when ¢ = 1? When 
t= 3? 


(b) As ft increases without bound what happens to the particle? 


11. At time ¢ = 0, an object is dropped from an airplane which is moving horizon- 
tally with velocity vo. As the object falls, its horizontal component of velocity 
x'(t) is constant and equal to vy. Its downward acceleration y’’(1) is constant 
and equal to —g. Measure the positive direction of x in the direction of motion 
of the airplane and the positive direction of » upward. Also assume that 
x(0) = y(0) = 0. 


(a) Find x(t) and y(1). 


(b) By eliminating ¢ from the equations in (a), find the equation in terms of x 
and y in which the object falls. What is the name of the curve? 


CHAPTER 5 


Logarithms and 
Exponential Functions 


1, The Natural Logarithm. If fis any real-valued function of a real variable 
which is continuous on some interval, we have seen that there exists an anti- 
derivative, or indefinite integral, F such that F’(x) = f(x) for every x in the 
interval. For some functions we have been able to write their antiderivatives 
explicitly. For example, if f(x) = x" and r is a rational number different 
from —1, then the general antiderivative is 


[x ax toe +c, 
where ¢ is an arbitrary constant. This formula is not applicable if r = —1. 
Nevertheless, tis certainly continuous on the interval (0, «), and therefore 
some function has it for a derivative. For every positive number a, we can 


define such a function by writing 


FG) = a, for every x > 0. 


For then by the Fundamental Theorem of Calculus [see Theorem (5.2), 
page 200], i 
Res eek 
Ee oat 


‘ 
. dt F ee 
To be specific, we choose a = | and select ch = for a particular antideriv- 
1 


; 1 , ees : 
ative of —. As we shall see, this function is interesting enough to have a 
x 


special name and a special notation. The notation we shall use is In(x), or, 
more briefly, In x, and we shall save the name and reason for its choice until 
we have investigated its properties. For now, we define 


Inx = [ a, for every x > 0. 
v1 
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The reason that x must be positive in this definition is that the function 7 


has a discontinuity at ¢ = 0. If x is negative, the integral does not exist and 
In x is not defined. 
Geometrically, In x is an area or the negative of an area, If x > 1, then 


1 
In x is the area of the region bounded by the hyperbola y = pe the f-axis, 


and the lines t = 1 and ¢ = x [see Figure 1(a)]. On the other hand, if 
0 < x < 1, we have 


ee ‘at 
Inx = —=- a 
re 2 t 


and In x is the negative of the area shown in Figure 1(b). Thus we have the 
following properties of the function In. 


In 1 = 0, 
Ci): Inx > 0, if) 
Ene sO) ae Oh <i oemc 


y-axis 


t-axis t-axis 


Figure | 


Another interesting property is obtained by taking the derivative 


d : é we ; 
ae In kx, where k is an arbitrary positive constant. By the Chain Rule, 


d 1d 1 1 

Besi| So Shy = he os 

dx” Se kx dx* ~ kx a a 
Hence the functions In kx and In x have the same derivative. We know that 
two functions which have the same derivative over an interval, in this case 
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all positive real numbers, differ by a constant. Hence 
Inkx — Inx =c¢, 


for some real number c and all positive x. We evaluate c by substituting a 
particular value for x, Since the value of In 1 is known, we let x = 1, getting 


Ink —Inl=c., 


Since In 1 = 0, we know that c = Ink. Hence Inkx — Inx = Ink, or, 
equivalently, 

In kx = Ink + Inx. 
In deriving this equation we have used the fact that k is a constant and x a 
variable. Once we have derived it, and know that it is valid for every positive 
k and x, we can forget the distinction and write 


(1.2) Inab = Ina+ Ind, for all positive real numbers a and b. 


1 1 
If a is positive, then = — is also Fai and a substitution on for b in 


(1.2) gives the equation In Ga Ina + int —. Since In 1 = 0, we have 


(1:3)) In- = — Ina, a>o. 
a 


1 
Applying (1.2) to the product of the two numbers a and b and using 
1 1 . 
(1.3), we obtain Ing = 1h (a2) =Ina+ Ing = Ina — Inb, That is, 


(1.4) Ing = Ina—In6, a> Oandb > 0. 

In summary: The function In applied to a product is equal to the sum of 
the values obtained when the function is applied to the factors. Applied to 
the quotient, the value of In is the difference between the values of the func- 
tion applied to the numerator and to the denominator. 


d 
Let r be any rational number, and consider the derivative ane: 
By the Chain Rule again, 


Moreover, 


Thus In x” and r In x have the same derivative and so must differ by a con- 
stant: 
Inx’ —rinx = c¢. 
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Substitution of 1 for x tells us that c = 0, and therefore In x” = rIn x for 
every positive number x. For uniformity in appearance with properties 
(1.2), (1.3), and (1.4), we set x = a and obtain 


(1.5) In a” = rina, for every rational number r and 
every positive real number a. 


The properties we have derived for the function In should be recognized 
by anyone who has been exposed to logarithms. However, In is not the same 
as the function logiy or the function log,, which the student may have seen 
earlier. It has many of the same properties though and is called the natural 
logarithm, hence the abbreviation In. 


1 
We next draw the graph of the function In. Since an Inx = = and since 
1 x 
5 is positive for all x for which In x is defined, the slope of the tangent line to 


the graph is always positive. From this we can see that In x always increases 
as x increases; that is, the function \n is strictly increasing. To prove this 
analytically, we use the Mean Value Theorem, page 113. Suppose that 
0 <a <b. By the Mean Value Theorem there exists a number c such that 
a<c< band 


i — apa 6 -a(Zinx)@ = (-a)i>0. 


Hence Ina < In b, and the monotonicity of the natural logarithm is proved. 


‘ Ue l a 
Since oe In x = —~—, the graph of In x is concave downward for all x. 
Ix x 
y-axis 
y=Inx 
1 2 3 4 x-axis 
Figure 2 


With this information and the fact that In | = 0, we can make a reasonable 
sketch of the graph. This appears in Figure 2. Note that the graph is steep 
and the values of the function negative for very small values of x. The values 
increase and the curve goes up to the right, passing through (1, 0) with a 
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: d 1 F ce 
slope of 1, Since ae — a the slope decreases as x increases. This raises 


the question of whether In x becomes arbitrarily large as x increases without 
bound, or possibly tends toward some limiting value. However, it is obvious 


‘ wae ‘ 7 
that the inequality Fi = 518 true for every real number in the closed interval 


[I, 2]. It follows from one of the fundamental properties of the integral 
[specifically, from (4.3) on page 191] that 


“al “il 
[tae [ban 


The left side of this inequality is equal to In 2, and the right side to 4. Thus 
we have proved that 


In2 > 4, 
[a fact which can also be obtained geometrically by looking at Figure 1(a) 
1 
and considering the area under the curve y = 7 between ¢ = 1 and ft = 2]. 
Hence for every rational number r, we have In 2” = rIn2 > ; . By taking r 


large enough, we can make : and, consequently In 2’, as large as we like. We 
conclude that 


lim Inx = a. 


2900 


EXAMPLE |. If In 2 = aand In3 = 5, evaluate each of the following in terms 
of a and b. 


(a) In4, (c) Inf, (e) Ing, 

(b) In6, (d) In 24, (f)) Ini23", 
Using the various properties of logarithms developed above, we find 

(a) In4 = In 2? = 21n2 = 2a, 


(b) In 6 = In(2-3) =1In2+In3 =a+ 4, 
(c) Ing = —In6 = —(a+ b) = -—a- 5, 
(d) In 24 = In(8- 3) = In 8 4+ In 3 = In 234+ In3 = 3 1In2+1n3 


3a + b, 
(e) Ing = In2 — In9 = In2 — In 3? = In2 — 21n3 = a — 26, 
(f) In 2”3" = In 2” + In 3” = mIn2+ nln3 = ma+nb. 
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The derivative of the natural logarithm of a differentiable function is 
found by means of - Chain Rule. Thus if F(x) = In(f(x)), then F’(x) = 


In’ (f@)) f'X) = a= fi) = net 2. 


a differentiable function of x, then the same result can be written 


If the variable wu is used to denote 


EXAMPLE 2. Find the derivatives of (a) In(x? — 3), (b) In\V/4x + 7. Using 
the Chain Rule in (a), we obtain 
1 2x 


Cia = BOR 4 
ge Os Fag Sas 


Note that the original function, In(x? — 3), is defined only for |x| > /3, 
although the function which is its derivative can be defined for all x except 
-+t+/3. We can do (b) either by use of the Chain Rule directly, as 


—1/2 Bae 
4 in Vax +7 — + 4(4x + 7) poeta a7 


or more simply by noting that In \/4x + 7 = 41n(4x + 7). Then 


(Me gf eres 
4x+7 °° 4x47 


Nie 


d, ~—=s_l1ld 
ay Inv4x rll ari ular hE 


The latter method would be much shorter for finding the derivative of 
In(x? + 2)(x — 3)(x + 5)*. The expanded form In(x? + 2) + In(x — 3) + 
3 In(x + 5) is certainly simpler to differentiate. 


Since the natural logarithm is defined only for positive numbers, it 
1 
follows that the function In x is an antiderivative Wire only for x > 0. It is 
1 
natural to ask whether or not =) which is defined and continuous for all x 


except 0, has an antiderivative for x < 0, The answer is yes; In(—x) is an 
antiderivative. Of course, if x is negative, then —x is positive and so In(—x) 
is defined. By the Chain Rule, 


1 1 
‘Ee SEC 2) ie ik DY ee 


d 
fea a 
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d 1 
This equation may be combined with the equation CR: In x = —, which holds 
for all positive x, into the single equation 


1 
4 In|x| = a for all x except 0. 


The corresponding formula for the indefinite integral is 


(1.6) 


If fis a differentiable function, the Chain Rule implies that 


a = £Q), 
ax nILOO| 7 “S'@) = FGy 


Hence, we have the integration formula 
7 
(1.7) [f@ dx = In|f(o)| + ¢. 


i 7 
EXAMPLE 3. Integrate (a) {2 (b) | aaa To do (a), we use 
(1.6) and the fact that the integral of a constant times a function is the con- 


stant times the integral of the function. 


ied 3 Inla| +e. 


For (b), formula (1.7) is applicable because the numerator is 4 times the 
derivative of the denominator. 


eee a 2x + 14 nu 2 
fae m+ lax ps $ln|x” + 14x + 5| +c. 


Alternative ways of writing the integration formula (1.7) are obtained 
by letting vu = f(x). We then get 


1 du 
he Te dx = Inlu| + ¢. 


d 
Using the theory of differentials, we have du = rice and the formula 
becomes ~ 
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uy 


x 
x17" 


2 
EXAMPLE 4, Compute the definite integral / Let'u =x? = 17. 
o 


di 
Then du = 3x°dx, or, equivalently, x°dx = a Hence 


xtdx__ 1 du_ 1 du, 
xe—17 u3 3u 

and so 
eoleke ll Se tnlul he 


ie 
| 
a) 
w 
= 
wa} 


= F injx" -—17|+.¢. 
Finally, therefore, 


seen 2 
dx _ liga — | = injg — 17) — Linke 
i wean 3 In|x 17| i 3 in/s 17| 3 In| 17| 


1 


1 1 
3nd — 3In17 = 


3 
Note that, if we had neglected the absolute value, we would have encountered 
the undefined quantities In(—9) and In(—17). 


G) 
Inj: 


Since logio10 = 1 and log,2 = 1, it is reasonable to ask for that value 
of x for which In x = 1 and to call this number the base for natural logarithms. 
We know that such a number exists, since In x increases as x increases and 
since the graph of y = In x crosses the line y = 1. An accurate graph would 
show that the abscissa of the point where they cross is between 2.7 and 2.8, 
more accurately between 2.71 and 2.72, and more accurately still between 
2.718 and 2.719. Although this number is irrational, we can find better and 
better decimal approximations to it. They start out 2.71828...,. This num- 
ber, denoted by e, is therefore defined by the equation Ine = 1. 


1 1 
al hgainess 


1 
The sequence of rational numbers | + 1, 1 + 2? 1+ 
1 
1+ ae approaches 1 as a limit. The chord connecting points (1, 0) 


1 
and (: + rf In ( + ‘)) on the graph of y = In x has a slope equal to 
t 
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Ne 1 
Hence, by (1.5), the slope is In (1 + ‘) . Asn— x, we have — > 0, and 
n 


the chord approaches the tangent to the curve at (1, 0), which has slope equal 


to 1. Hence 
“ NG 
ist In (1 + ‘) =k 


Furthermore, as can be seen from Figure 3, the slope of the chord increases 


axis 
Ks ea TABLE 1 
n=2 
Ty" 
m= 1 n (1 +1) 
y=Inx 1 ay 
2 2.25 
10 2.594 
50 2.692 
1000 2.717 
x-axis 
e 2.71828... 


Figure 3 


n 
as n increases. Hence In (1 + ‘) increases, and because In is an increasing 


n 
function, it follows that the numbers (1 oe ‘) also increase, Since 
n 


n(i +2) Sale ine, 


(1+) 8, 


It follows immediately from the least upper bound property of the real num- 
bers that a bounded sequence of increasing real numbers must have a limit. 


Hence 
. haere 
hiay (1 + ) exists. 


Since In is a continuous function, the limit of a natural logarithm approaches 
the natural logarithm of the limit, and so 


ei in(1 +1) 2 in} tim (1 +1). 
nn a n0 n 


we know that 
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Since 1 = Ine and since there is only one number whose logarithm is 1, we 
conclude that 


In Table 1 values of (1 + 5) for several values of n are compared with the 


limiting value e. 


PROBLEMS 


1. Find the derivative with respect to x of each of the following functions. 


(a) Inx* (h) (In x)’ 
(b) In(7x + 2) (i) In (in x) 
(c) InV/(x — 3)(x + 4) G) InxVvx-1 
(d) In(x? — 9x + 3) (k) n= = i 

2 x —2x+4 
(e) Ins (dd) In 241 
(ft) InV78 (m) Ins 


243 - 
t 
(g) ip 7 


2. Show that |x? + 2x + 3] = x? + 2x + 3 and hence that In(x* + 2x + 3) 
is defined for all x. 

3. If In2 = p, In3 = q, and In 5 = r, write each of the following as a function 
of p,q, andr. 


(a) In 10 (d) In 0.625 
(b) In 0.25 (e) In 0.03 
(c) In 6000 (f) In 1728. 


4. Integrate each of the following. 


2dx (x — 3) dx 
@) pe ©) {Se 


x dx 
(b) iS. (d) fav x? + 3dx 
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13x" 2 dx 
© ile =o" (h) le —1) 
2 3 4 . 1 
(f) [Gs ee (i) f tinea 


xdx 
(g) fe =a 


5. Sketch the graph of each of the following functions. Label all extreme points 
and points of inflection, and give the values of x at which these occur. Classify 
each extreme point as a local maximum or minimum. 


(a) f(x) = In + 4) (d) f(x) = x° - 4 In x? 
(b) f(x) = Inx® (e) fx) =x +4Inx’. 
(c) f(x) = Ind + x’) 


6. Compute the following definite integrals. 


1 eT 
dt tdt 
yen e [ts 
3 0? 
dx dt 
(b) i) Re aw (e) i Pp 
ae ber awa. (f) de 
© jo e— 4544" Lee oy 


7. In each of the following examples, find the area of the region bounded by the 
graph of y = f(x), the x-axis, and the two vertical lines whose equations are 
given. 


(a) f(x) = tex = 3andx = 7, 


+x = 1landx = 4, 


(o) fe) = 


(c) fe) = Sox = 9and x = 11. 


8. If F(x) = [ Poa , what is the domain of the function F? 
J2 


re) 


2 


dt 


9. (a) For what values of x is [ 


1 defined? 


(b) What, if anything, is wrong with the computation 


2 


2 2 
alee 
HOSED IN 


= In1 — In3 = —In3? 


2 
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10. Use the appropriate form of L’H6pital’s Rule to evaluate each of the following 


limits. 
. In ey 
(a) lim =~ (@) lim “* 
zon X anl—4 
_ Ina ¢ 
(b) lim =>, (e) lim x"Inx, 
pon xX” 204+ 
nan arbitrary positive integer nan arbitrary positive integer. 


(c) lim xInx 
20+ 


2. The Exponential Function. According to the definition in Chapter 1, 
page 13, a function fis a set of ordered pairs with the property that the first 
member x of any pair (x,y) in the set determines the second member y, 
which we call f(x). For example, the set {(1, 3), (2, 5), (4, 3)} is a function. 
Suppose, for a given function f, we consider the set of all pairs (y, x) such that 
(x, y) isin f. This set may or may not be a function. In our example it is the 
set {(3, 1), (5, 2), (3, 4)}, which is not a function because it contains both 
(3, 1) and (3, 4). Hence the first member does not determine the second 
uniquely. However, if the new set is a function, it is called the inverse 
function of f and is denoted by ft. 

If f is the function defined by f(x) = 7x, for every real number x, then 
the inverse function f— exists and is defined by f'(x) = 4x. On the other 
hand, the function f defined by 


oy xy 00) aX 5S 1005 


does not have an inverse. The reason is that if f(x) = x? = 4, for example, 
we have no way of knowing whether x = 2 or x = —2. If we restrict the 
domain of f to the set of nonnegative real numbers, i.e., 


fx=x, 0x, 
then f exists and is the function defined by 
PME Se (NEES 


The following three elementary properties of functions and their inverses 
should be noted: 


Q.1) Cy =F. 

(2.2) y = f(x) if and only if x = f(y). 

(2.3) Two functions f and g are inverses of each other if and only if 
S(g(x)) = x, for every x in the domain of g, 
2(f(x)) =A for every x in the domain of f. 
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The first of these, (f~')~' =f, follows at once from the definition of f—. 

To prove (2.2), suppose first that y = f(x). This means that the ordered 
pair (x, y) belongs to the set f. Hence the pair (y, x) belongs tof. But this 
says that x = f'(y). To prove the converse, suppose that x = f(y). 
Hence, by what we have just proved, we know that y = (f—')""(x). Since 
(f7)7 = f, we obtain y = f(x). 

The importance of (2.3) is that it provides a simple criterion for deciding 
when two functions are inverses of each other. For example, if f(x) = 


3x + Sand g(x) = ~F 


Heo) = £252) = (FF) 45-5 
Get 9—5 


2 , then 


g(f(x)) = gBx + 5) = ; 
and we may therefore conclude that g = f~' and that g“' = f. The proof is 
completely straightforward (and rather tedious), and we omit it. 

The only way a function f can fail to have an inverse is if there exist at 
least two elements a and b in its domain for which a # 6 and f(a) = f(6). 
Suppose that / is a strictly increasing function and that a and b are two 
distinct numbers in its domain. Then either a < borb <a. Ifa < b, then 
S(a) < f(b); and if b < a, then f(b) < f(a). Thus it is impossible that 
f(a) = f(b), and we conclude that f~ exists. A similar argument applies to 
any function that is strictly decreasing, and so 


(2.4) Iff is strictly increasing or strictly decreasing, then f has an inverse. 


The natural logarithm has been shown to be a strictly increasing function, 
and hence must have an inverse. Let us call this function exp(x) and justify 
the name after we have looked at its properties. Thus, by (2.2), 


Since In y is defined only for positive y, we see immediately that exp(x) 
is always positive. Furthermore, for any real number x, there exists a number 
y such that x = In y because the graph of the equation x = In y crosses every 
vertical line. Hence exp(x) is defined for every real number x. Finally, 
since 0 = In 1, we obtain 1 = exp(0), Summarizing, we have 


exp(x) > 0, Sah” ia ea 2 
Gs) exp(0) = 1. 


To develop the algebraic properties of the function exp, let p = exp(a) 
and g = exp(b). Then a = Inp and b = Ing. Hence 


a+b =Inp-+ Ing = Inpq, 
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and therefore pg = exp(a + b). Replacing p and q in this last equation, we 
obtain the important fact that 


(2.6) exp(a) * exp(b) = exp(a + 6). 


1 1 
Similarly, —a = —Inp = a sand serie = exp(—a). Replacing 


Pp in this equation, we find that 


(2,7) = exp(—a). 


exp(a) 
If we apply (2.6) to the sum of the two numbers a and —4, we get 
exp(a — b) = exp[a + (—8)] = exp(a) - exp(—6). 


Since 
1 
exp(—6) = a 
it follows that 
exp(a) _ = 
(2.8) fol) = exp(a — b). 


If a function f has an inverse, then the ordered pairs which comprise it 
become the ordered pairs of f—! when we interchange the order of each pair. 
Hence the graph of f~! may be obtained from the graph of f by interchanging 


[y-axis 


y = exp(x) 


2 3 x-axis 


Figure 4 


xand y. This is equivalent to a reflection across the line y = x. The graph of 
y = exp(x) is thus the reflection of the graph of y = In x across this line, 
and it is shown in Figure 4. The curve passes through (0, 1) and gets closer 
and closer to the x-axis as x decreases without bound. As x increases without 
bound, so also does exp(x). 
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The graph of y = exp(x) is a smooth curve, and it is obvious geometri- 
cally that there is a tangent line at every point. We conclude that exp is a 
differentiable function, [For an analytic proof of this fact, see Theorem 
(3.4) in the next section.] We may compute the derivative by implicit differ- 
entiation. Consider the equation y = exp(x) and its equivalent equation 
Iny = x. The latter implicitly defines exp(x) since Infexp(x)] = x. Hence 
from In y = x we obtain 


ay cae 
PP mer 
ldy _y 
par” 
dy _ 
a 


Replacing » by exp(x), we get 


(2.9) 


Alternatively we may write: If f(x) = exp(x), then f'(x) = exp(x) for every 
real number x. 

Thus exp(x) is a most remarkable function, one which is equal to its own 
derivative. It is quite easy to show that this function and constant multiples 
of it are the only functions with this property. [See Problem 8 at the end of 
this section.] 

Another property of exp arises as a consequence of the logarithmic 
equation, Inp’ = rlnp, for positive p and rational r. If we again let 
a=Inp, then p= exp(a) and ar=rlinp = Inp’. Equivalent to 
ar = |np" is p” = exp(ar). Since p stood for exp(a), we conclude that 


(2.10) [exp(a@)]" = exp(ar), _ for all a and rational r. 


We know that exp(0) = 1 and may wonder what exp(1) is. If we set 
y = exp(1), then 1 = In y, But eis the only number with a natural logarithm 
equal to 1. Hence, exp(1) = e. 

As an application of (2.10), we see that if x is a rational number, then 


e* = [exp(1)}’ = exp(1 + x) = exp(x). 


What about e” if x is real but not rational? Note that if a is any positive 
number, we have previously encountered a raised only to rational powers. 
For example, at this point we have no idea what 3” even means. For the 
number e, however, there is a very natural way to define e” for all real 
numbers x. We have just shown that if x is rational, then e” = exp(x). 
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Since the function exp has every real number in its domain, we shall define 
e” to be exp(x) if x is not rational. Hence 


We shall define a*, for an arbitrary positive number a and real x, in Section 
4, and then 3” will make sense. 

The reason for the term “exp,” which is an abbreviation for “exponen- 
tial,’ should now be clear. The function agrees with our previous idea of an 
exponential for rational values, and it has the following properties translated 
from those derived earlier in this section: 


0 
e 1; 
eed = ott? 
a he (1) 
ea 
apts 
eb 


(2) 


If wv is a differentiable function of x, then the Chain Rule implies that 


a eY = (¢ e) gu Sin oe e”, we have 
dx \du ie da 


diuw_ udu. 
dx® ~ © dx G) 


EXAMPLE |. Find the derivative of each of the composite functions 


Cc TOO Oy ere 


er 


d 
For the first, we have — e+? = end (2x + 7) = 2e*+", For (b), 
x 


dies Sil es i a8 F : 
—e™* = e* — x? = 2xe™. For (c), we write =; as e **” and differentiate 
dx dx 2 e 


to get e~**"(—6x?) or — ate 


254 LOGARITHMS AND EXPONENTIAL FUNCTIONS [cwapr, 5 


Since e” is its own derivative, it is also its own indefinite integral. Hence 


(2.11) 


More generally, from (3) [or, equivalently, from (6.5), page 213] we 
obtain the integral formula 


(2.12) [e@anete 


EXAMPLE 2. Compute the following integrals: 


@ feeds, [ste as, ee. 


To solve (a), we let u = 5x. Then a = 5, and multiplying by 2, we have 


a atfe = fot ae 
fe dx = 5 eS dx = 5 ax 


= teyteo= he +c. 


d 
In the same manner we solve (b) by letting u = x'+ 7. Then Se = Bx, 


Omitting the explicit substitution of the variable u, we write 


- [ee dx = afettas dx = se" te. 


Part (c) combines logarithms and exponentials. Since e* lacks only a factor 
of 4 to be the derivative of 4e — 3, we can supply the 4, and the integral is 


then of the form [; ax, which is equal to In|u| + c. Hence 


d. 1 
eee. ae 4e* dx = 3 Inl4e” — 3| +c. 


Each of these answers can be checked by differentiating to see if we get back 
the original integrand. For example, in (b) we get 


a 1ote+7 = 
apie Pap 
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In (c), 
1 d 
4ez — 3 dx 


eo 


het a 


4 (in|de” — 31 +0) = 5 (4e* — 3) 


Since the natural logarithm and the exponential functions are inverses 
of each other, an application of (2.3) gives the two useful formulas 


EXAMPLE 3. Simplify (a) e?!"* and (b) e**!™*, For the first, since 
21n x = In x’, we have 
ering — ging? _ y2. 


For part (b), 
ei tilnz — eiedinz — ebelnz® = ex), 


PROBLEMS 


1, One must be careful to distinguish between the inverse of a function and the 
reciprocal of the function. If f(x) = 3x + 4, write 


(a) f~!(x), the value of the inverse function f—! at x. 
(b) [f(x)]~1, the reciprocal of f(x). 


2. If fhas an inverse f~!, what relations hold between the domains and ranges of 
fand f-'? 
3. Find the derivative with respect to x of each of the following functions. 


(a) e (s) —— 
(b) Je? () 5 

(c) xe* (i) £ 
aye Gu 
() eInx Qe a 
(f) a (rene 
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4. 
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Solve each of the following integrals. 


az 3 dx 
(a) fi dx (f) Ee 
(b) [ant de (s) [a4 ds 
©) levees (h) ferneme 
@) [ene a) few 
() [fs Ser G) | een das 
+5 


. Evaluate each of the following integrals. 


(a) 2 (c) / edt 
3 8 

(b) | eax (d) i dx 
0 4 @ 


. Sketch the graph of each of the following equations, Label all extreme points 
and points of inflection, and give the values of x at which these occur. Classify 


each extreme point as a local maximum or minimum, 


(a) y=e™ @ y=xe* 
(b) y=xInx ) y=e™ 
() y= xe™ 


. In each of the following examples, find the area of the region above the x-axis, 
below the graph of the function /, and between the two vertical lines whose 


equations are given. 


(a) f(x) = 2e",x=0 and x =2. 
(b) f(x) = xe",x = 2 and x= 4, 
() f(x) = a 15) and) = 


. Suppose f is a function which has the property that it is equal to its own 


derivative; ie. f” = f. 


fe. 


(a) Compute the derivative of the quotient —— 


(b) Using the result of (a), prove that f(x) = ke* for some constant k. 
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9. Let f be the function with domain [0, 1] and defined by 


10. 


it; 


12; 


13, 


14, 


dD: 


f(x) = V2x — x, Ors xd, 


Draw the graph of f and the graph of the inverse function f-'. 
Compute each of the following limits using L’H6pital’s Rule or some other 
method if you prefer. 


@) im —" (e) lim ~ 
ro OX +0 CF 
e —-1-—x e 
(b) i (f) lim 2) 
as 10 
ee In x 
(c) isu eT (g) ay Bil 
xe e a oan 
(d) lim 5 (vine 
20] — @” 20 x 


Show by means of an example that half of (2.3) is not enough. That is, define 
two functions fand g such that /(g(x)) = x, for every x in the domain of g, 
but g # f-. 

nS 


Prove that lim u = 1, using 4 e* = e* and the definition of the deriv- 
[Xx 


enn x 
ative at 0. 
A function of x is a solution of a differential equation if it and its derivatives 
make the equation true. For what value (or values) of m is y = e”* a solution 
oh ar oy = 07 
dx* dx 
Find each of the following limits. 


an 
(a) lim (: + ‘) s nan integer. 


n—10 n 


1 tr 
(b) lim (1 + 1) ; x an integer. 


20 x, 


Let / be a function differentiable on some unbounded interval (a, ©). Prove 
that if lim [/(x) + /’@)] = L, then lim f(x) = L. [Hint: Consider the 


zo 240 
quotient ef) ‘J 
ef 


3. Inverse Function Theorems. In this section we shall prove some basic 
theorems about continuous functions and the inverses of monotonic functions, 
which we have already used in studying the exponential function. These 
theorems are all geometrically obvious. We shall show that they also follow 
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logically from the definitions of continuity and monotonicity using the least 
upper bound property of the real numbers. This shows, as much as any- 
thing, that these definitions say what we want them to say. To put it face- 
tiously, if these theorems could not be proved, we would change the defini- 
tions until they could be. 


(3.1) INTERMEDIATE VALUE THEOREM. If f is continuous on the closed 
interval [a, b] and w is any real number such that f(a) < w < f(b), then there 
exists at least one real number c such thata < c < bandf(c) = w. 

A similar theorem is obtained if the inequalities f(a) << w < f(b) are 
replaced by f(a) > w > f(b). The proof, in all essentials, is the same. To 
see that (3.1) is geometrically obvious, look at Figure 5. The horizontal line 
y = w must certainly cut the curve y = f(x) at least once. 


y-axis 
» = f(x) 
S(b)- —— 
y=w 
f(a) 
1 4 
a b x-axis 
Figure 5 
Proof. Consider the subset L of the interval [a, 5] that consists of all numbers x in 
[a, 6] such that f(x) < w. The set L is not empty because in particular it 


contains a. Since every number in L is less than 5, the number 4 is an upper 
bound for L. It follows by the Least Upper Bound Property of the real num- 
bers (page 7) that ZL has a least upper bound, which we denote by c. More- 
over, c lies in [a,b]. There are three possibilities: 


@ fe) <», 

Gi) fo) > », 

(iii) f(c) = w. 
We shall show that (i) and (ii) are, in fact, not possible. Suppose that 
(i) holds. Since f(b) > w, it follows that c < b. Set e = w — f(c), which is 


positive. Since fis continuous at c, there exists a positive number 6 such that 
whenever |x — c| < 6 and x is in [a,b], then | f(x) — f(0)| < «. Hence, 
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there exist numbers x in [a, 5] larger than c for which | f(x) — f(o)| < «. 
For any such x, 


f(x) — f© < |f&) — fO| < «= w—-fO, 


and so f(x) < w, which implies that x belongs to L, Thus there are numbers 
in L which are larger than c, which contradicts the fact that c is an upper 
bound. 

Next suppose that (ii) holds. Since f(a) < w, it follows that a < c. This 
time set « = /(c) — w, which is positive. The continuity of f at c implies the 
existence of a positive number 6 such that if |x — c| < 5 and x is in [a, 5], 
then | f(x) — f(0)| < €. Pick xo in [a, 4] such that |xo — c| < 5 and x9 < c. 
We contend that x is also an upper bound for L. For if x is any number 
such that x» < x < c, then |/(x) — f(©)| < «. Consequently, 


£0) + f© < |f@) — fO| < € =f - », 


and so —f(x) < —w, or, equivalently, f(x) > w, which implies that x is 
not in L. This proves the contention that xo is an upper bound for L, which 
contradicts the fact that ¢ is the least upper bound. 

The only remaining possibility is (iii). Hence /(c) = w, and the proof is 
complete. 


This theorem, (3.1), was used in Section 2, where it was asserted that, 
for any real number x, there exists a number y such that x = In y. We have 
previously shown that the natural logarithm takes on arbitrarily large positive 
and negative values. Hence we can “surround” a given number x with values 
of In. That is, there exist numbers a and 6 for which Ina < x < Inb. The 
existence of a number y such that x = In y now follows immediately from 
(3.1). 

An interval was defined on page 4 to be any subset J of the set of all 
real numbers with the property that, if a and c belong to Janda<b<e, 
then b also belongs to J. The following proposition is therefore fully equiv- 
alent to Theorem (3.1). [More precisely, it is equivalent to the conjunction 
of (3.1) and its companion theorem with the inequality f(a) > w > f(6).] 


(3.2) If the domain of a continuous real-valued function is an interval, then so 
is its range. 


The reader should convince himself that (3.1) and (3.2) are equivalent. 
We have already proved that every strictly monotonic function has an 
inverse [see (2.4), page 250]. However, more is needed than simply existence: 


(3.3) Iff isa strictly increasing continuous function whose domain is an interval, 
then the same is true of the inverse function f~. 
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A companion theorem is obtained if “increasing” is replaced by 
“decreasing.” 


Proof. There are three things to be proved: (i) f—' is strictly increasing, (ii) the 
domain of f— is an interval, and (iii) /—! is a continuous function. The first 
is completely straightforward, and we leave it as a problem. The second 
follows at once from (3.2) and the observation that the domain of f~' is 
equal to the range of f. In proving (iii), we shall assume that the interval 
which is the domain of fis neither empty nor consists of a single point. This 
is reasonable, because in these two cases the assumption that fis continuous 
is not particularly meaningful. Let 5 be a number in the domain of f~', let 
a = f~‘(b), and let € be an arbitrary positive number. If a is an endpoint of 
the interval which is the domain of /, the following argument must be modified 
slightly. We shall assume that a is not an endpoint and also that e is sufficiently 
small that both a + «anda — ¢ are in the domain of f (see Figure 6). Set 6 


praxis 


y = f(x), or, equivalently, 
oes f(y) 
S(a+e) 


S(a-€) 


X-axis 


Figure 6 


equal to the smaller of the two numbers /(a + ¢«) — 6 and b — f(a — ©). 
Then, if y is any number in the domain of f—! such that |y — b| < 6, we know 
that 

fa-)<y<fa+e. 


Since f' is strictly increasing, we have 
a—e=f(fa— 0) <f"0) <f"V¢@+ 0) =at+6 


which implies that —e < f(y) —a <e. Since a = f—'(), the latter 
inequalities are equivalent to 


If70) — FO < 6 


which proves that f~' is continuous. This completes the proof. 
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Our final theorem concerns the differentiability of an inverse function. 
It was used in Section 2, where we asserted that the exponential function exp 
is differentiable. 


(3.4) Let f be a strictly monotonic differentiable function whose domain is an 
interval. If b = f(a) and if f'(a) # 0, then f~' is differentiable at b. More- 


over, 


SIO = 75" 


Proof. According to the definition of the derivative, we must show that 


Pe ima) icra aL 
non y-b ~ {'@ 


Let x = f—'(y). Then y = f(x) and, of course, a = f~1(b). ‘Hence 


fy) — #6) _ _x- a 1 ; 
y—b tO) — f@ ~ 7@)= f@ 
x—-a 


Since the reciprocal of a limit is the limit of the reciprocal, we know that 


1 1 . 1 
F'@)~ jn, LOD = TO) ~ ee ESTIOW 
ta x*—-—@ = @ 


It is a simple matter to finish the proof provided we know that x approaches 
aas y approaches 5. But this is just the assertion that f—! is continuous at 5, 
which we know to be true as a result of Theorem (3.3). Hence 


2 
L'@ ~ +» $0) — J@ 
e— a 
—\ = p—1 
Fp SSO) 
yob y=s 


= (f'Y@), 
and the proof is complete. 


We have also used Theorem (3.4) before to establish the differentiability 
of the function g defined by g(x) = x", where n is a positive integer and x is 
any positive real number (see page 72). The inverse function f, defined by 
f(x) = x", for every positive real number x, is strictly increasing and has a 
positive derivative at every point in the interval (0, «). Theorem (3.4) tells 
us at once that g is a differentiable function. 
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PROBLEMS 


1. Prove that if fis a strictly increasing function, then the inverse function f—! is 
also strictly increasing. 

2. Does the assertion in Problem 1 remain true if “increasing” is replaced by 
“decreasing”? 

3. Show by giving an example that a strictly increasing function is not necessarily 
continuous. 

4, Give an example of a differentiable strictly increasing function defined for all 
values of x whose inverse is not differentiable everywhere. 

5. Show that Theorem (3.4) is geometrically obvious. [Hint: The derivative is the 
slope of the tangent line, and the graph of » = f(x) is the same as that of 
x = f~().] 

6. Supply the details which prove that Theorem (3.2) is equivalent to (3.1) [i.e., 
to the conjunction of (3.1) and its companion]. 


4, Other Exponential and Logarithm Functions. If m and n are integers 
and n > 0, then 
gle = XVM 


Hence, for any rational number 7, the number 2” is defined. But what is 
2" if x is not rational? More generally, how should a* be defined for an arbi- 
trary real number x and a positive number a? 

If x is a rational number and a is positive, we have shown that 
x Ina = Ina’, and therefore a® = e*!"*, However, e*!"* is defined for every 
real number x. We shall take advantage of this fact, and, if x is real but not 
rational, we define a® to be e”!"*. Consequently, for every real number x, 
we have 


This function, so defined, has all the familiar properties of an exponential 
function: 


a >0, —L SxS SH, 

r 

a= 1, 

1 

a =a; 

ao uy Try 
(4.1) a®-q" = at, 

a | 

QS 3 

at 
x 
a ay 
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The proofs follow readily from the properties of the functions In and 


exp. For example, 


Hirst eilns es eine 


a =a, 


2. q¥ = ptlna, pylna _ gxlnatyina _ o(zty)Ina _ arty 
The derivative of a* is easily computed from its defining equation. Since 


doi¢_ 4 xina _ jxlna d AY x 
en mee =e ay ina) = a Ina, 


we have the formula 


(4.2) 


More generally, if w is a differentiable function of x, the Chain Rule implies 
that 
a du é 


Fe i du 
me =a ina (e105) 


EXAMPLE 1, Compute the derivative of each of the following functions: 


(a) 2%, (b) 22) (c) 207), 


For (a) we get 


d an 2 
ae = 27 In 2: 
fori(b); 
a 2) = 9 In? 2 x? = 2°%n 2)(2x) 
= x24 In2; 
and for (c), 
ee 4 2 = 2n 2)2* In2 


= 2° +(n 2). 


Ifa = 1, then a® = e*!"! = e? = 1 for every real number x. Hence 1” 
is the constant function 1. 
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If a > 1, then the graph of the function a” resembles the graph of e*. 
The slope of the tangent line to the graph is always positive, for if a > 1, 
then Ina > 0, and, since a* > 0, we see that 


=a" =a" lna>0. 


This means that a” is a strictly increasing function (see Problem 10 at the 
end of this section). The second derivative is also always positive, since 


a & ince Aes 2 
=a = a @ Ina) = a“(Ina)° > 0. 


Hence the graph is concave upward for all x. Moreover, there are no extreme 
points, critical points, or points of inflection. The graph is drawn in 


1 
Figure 7. It is relatively flat on the left, passes through (- 1, - (0, 1), 


y-axis 


y =a*, where a> 1 


(1,4) 


x-axis 


Figure 7 


and (1, a), and goes upward to the right. For greater values of a, the graph is 
flatter on the left and steeper on the right. 
If 0 < a < 1, the function a” may be studied by considering it in 


another form, (¢)~. Since + > 1, the graph of the function Gy is of the 
type described in the preceding paragraph, and the graph of a’, which is 
equal to Gy, is the same curve reflected across the y-axis. It is steep on the 
left, passes through (- a , (0, 1), and (1, a), and flattens out as it goes to 


to the right. It is drawn in Figure 8. 
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Every derivative formula has a corresponding integral formula. Since 


aca \ n= Ml da Se 
dx\ina)~ Ina dx* ~ °° 


the integral formula corresponding to (4.2) is 


(4.3) 


As always, the Chain Rule provides a generalization. If uv is a differ- 
entiable function of x, then 


"du ona: 
Ja dt = re tes (2) 


y-axis 


y =a*, where 0<a<l 


X-axis 


Figure 8 


EXAMPLE 2, Compute each of the following indefinite integrals: 
(a) / 3"dy, — (b) / x10" "dx, (c) | : (2.31) !"* dx. 
A direct use of (4.3) gives for (a) 


[svar = ae, 
cee arene 


. d . ? Laveen 
Since re (x? — 7) = 2x, integral (b) can be written ;{ 10° : 2% + dx, 


C ‘ 1 10 
which by (2) is equal to a ATO + c. Hence 


107 dy = 108 
[s10 dx = 7745 To + ¢ 
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, and therefore that the integral is of 


i 
For part (c) we note that a inp 
dx x 


the form in (2). Thus 


tnwlt 5e. oe (28S 
[es eli in2.3I +c. 


It was proved on page 241 that In a” = Ina, for every rational number 
rand every positive real number a. We are now in a position to remove the 
restriction that r be rational. Let x be an arbitrary real number. Then 
a® = e*4, and so Ina® = Ine*!"* = Inexp(x Ina). Since In and exp are 
inverse functions of each other it follows that In exp(x Ina) = xIna. We 
have therefore proved that 


(4.4) In a® = x Ina, for every real number x and every positive real number a. 


Another of the well-known laws of exponents now follows easily: 
(4.5) (a")’ = a™, forall real numbers x and y and every positive real number a. 


Proof. If we let a’ = b, then (a*)” = bY = ev!n>. Replacing / in the last expression, 
we have 
mee 
(at) = 


and, using (4.4), 


Ina? Ina zylna 
ving? _ au(elna) _ gzyina 


Since evna = qv, it follows that (a”)” = a’, and the proof is complete. 


In particular, (e”)” = e” for all real numbers x and y. 
Let a be any real number, and consider the function f defined for every 
positive real number x by 


(@O=x. 


Hitherto in this section we have considered the function a*. Now we reverse 
the roles of constant and variable. One of the basic rules of differentiation 
proved in Chapter 1 states that, if a is a rational number, then 


f(x) = 4 xt = ax", 


We now remove the restriction that a be rational. Observe first that x" is 
certainly a differentiable function, since it is the composition of differentiable 
functions: 


a alnr 


x =e = exp(aIn x). 
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Knowing this, we use implicit differentiation to compute its derivative. Let 
y = x*, Then Iny = In x* = aln x, and so 


—-Iny = 4 ainx, 


: Fr ay ax* > 
Since y = x", it follows that ell ax"~', Thus we have proved that 
x x 


d 
— x* = ax", for any real number a. 


dx 


(4.6) 


The technique of taking logarithms and differentiating implicitly, which 
was used in proving (4.6), can also be used to compute the derivative of a 
positive differentiable function which is raised to a power which is itself a 


d 
oe x”, we let y = x”. Then 


differentiable function. For example, to compute Z 


ny an x = nx; 
and it follows that 


Ue oid Ae re iin oa es : 
nie = pe ND) Seen ie ata 
dy a ; : 
A yi + Inx) = x*(1 + In x), (x > 0). 


This technique is known as logarithmic differentiation and is a basic tool for 
re js - d . 
finding derivatives. We can use it to derive a formula for rE u’, where wis a 

Ix 
positive differentiable function of x and v is any differentiable function of x. 
Let y = uv’, and then In y = v Inw. Hence 


1 dy 
y dx 


eG eee do, 
= qe @ ln uy= De ae t IN 


a, 
= 
I 
ic 
|= 
oe 
|= 
ey 
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and finally, therefore, 


(aes »—-1 du “ dv 
LE ee ee Gus eae 3 
dx" an ane dx cy) 


We do not suggest that the reader memorize this formula, It is more im- 
portant to be able to use the method of logarithmic differentiation. 


d r . z . 

EXAMPLE 3, Find FF (x? + 1). Letting »y = (x° + 1)° and taking natural 
x 

logarithms, we have 
Iny = In(x? + 1)” = e n(x" + 1). 


Differentiating, we obtain 


Neti e on 
tae aye + erin 1) 
dy _ 2) 2x 2 ; 
dx 7 [a Ta | 
Hence 
fot + = é@'+ DF [wa + In(? + 0}: 


The function a’ is strictly monotonic if a is positive and not equal to 1, 
increasing if a > | and decreasing if0 < a < 1. Moreover, it has a nonzero 
derivative at every x. It follows by Theorem (3.4), page 261, that a* has a 
differentiable inverse function, Even as the inverse function of e* is the 
natural logarithm, we call the inverse function of a’ the logarithm to the base 
a. Hence 


We emphasize that a must be a positive number different from 1 and 
that log,x is defined only for positive values of x. The so-called common 
logarithm, usually denoted by simply log and encountered in the usual tables 
of logarithms, is the logarithm to the base 10. Thus log 100 = logi)100 = 2, 
since 10° = 100. The logarithm to the base a has the same algebraic proper- 
ties as the natural logarithm: 


logal = 0, 
log.a = 1, 
(4.7) logapq = logap + logug, 


logs? = logap — logaq, 


logup’ = b logap. 
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The above properties hold for every positive real number a different 
from 1, for all positive real numbers p and g, and for every real number b. 
Each one may be proved by considering the corresponding exponential 
function. Note that since a* and log, x are inverse functions of each other, 


log,a*” = x, —_ for all real x, 


a’%a* = x, _for all positive real x. 


For example, if we let x = log,p and y = log.g, then we have p = a* and 
q = a", and so 
logupq = loga(a*a”) = logaa*™” = x + y 
= logap + logag. 


The other properties are proved in the same way. 

To compute the derivative of log,x, we let y = log,x. The equivalent 
exponential equation is x = a’, from which it follows that In x = Ina” = 
ylna. By implicit differentiation, therefore, 


d d 
a (vy Ina) = ra xs 


dy i, 


(4.8) 


PROBLEMS 


1. Find the derivative with respect to x of each of the following functions. 


(a) 4°* (g) xe“ 

(b) logio(x* + 1) (h) logi(x” — 4") 
(c) logw4*** Oe 

@ ert Gee 

(e) xa" (k) GY. 

(8), 2%x* 


ul 
2. If a and 4 are positive numbers not equal to 1, prove that log,b = is 
OSpa 
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3. Prove that 


fo a logax | 
(a) Inx = (In a)(log,x) (6). Ins = ions 
4, Integrate each of the following. 
(a) [ T' dx (e) / logue’** dx 
(b) f: 22H dy () / ee Set ae 
1 rg(0*) 
Sean eee oleic : 
(c) ihe a gin |x + 2| dx (g) fe Sere 


dx 


(d) ic 


5. (a) Differentiate logarithmically » = 


1 
x 


(b) For what values of x is the differentiation in (a) valid? 


6. If w is a positive function of x and a is positive but not equal to 1, show that 
Inu. 

Ina 

7. Differentiate each of the following functions with respect to x. 


logau = 


(a) int () yt 
(b) (Inx)* (4) dnxy""*. 
8. (a) Given only that log,1 = 0 and that log.pg = log,p + log.g, prove that 


logu () = —log,p. 
P. 
(b) Then prove that log, ae log.p — logug. 
q 


9. Prove all the properties listed in (4.7) (see Problem 8). 

10. Using the Mean Value Theorem, page 113, prove that if /’(x) > 0 for all x, 
then / is a strictly increasing function. 

11. Assume that a > 1. 


(a) Using the definition of a*, show that 


Roe 
lim a” = », 
pares 


(b) Using the result of (a), prove that 


lim a” = 0. 


rn 
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(c) Using (a), show that 


(d) 


(e) What do (a), (b), (c), and (d) say geometrically about the graph of the 
function a‘? 
12. Assume that a; > a > 1. 
(a) Using the definition of a’, show that, if.x > 0, then ay" > ao". 
(b) Using (a), show that, if x < 0, then ay" < ag". 


13, Evaluation of a limit of the form lim /(x)"“" is not obvious if any one of the 


ro * 


following three possibilities occurs. 


(i) lim f(x) = lim g(x) = 0, 


ry ro 


(ii) lim f(x) = Land lim g(x) = ~. 


(iii) lim f(x) = % and lim g(x) = 0. 


These three types are usually referred to, respectively, as the indeterminate forms 
0°, 1%, and «", The standard attack, akin to logarithmic differentiation, is the 
following: Let 
ae) ; In (x 
A(x) = In f(x)! = g(x) In f(x) = = Fs / 
ge) 
One then applies L’HGpital’s Rule to the quotient, thereby hopefully discover- 
ing that lim A(x) exists and what its value is. If it does exist, it follows by the 


roa 


continuity of the exponential function that 
[ez A(x) 


ra 


e = lime 


But, since 
N(2) In f(a)" 
eo =e 


=e) 


we therefore conclude that 
lim MC] 


lim f(y! = ele Fier, 
and the problem is solved. 
Apply this method to evaluate the following limits. 
(a) lim x7 (6) limx’*  (c) lim (1 + 2x)". 


z04 re +0 
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5. Introduction to Differential Equations. For a given differentiable function, 
we are frequently interested in an equation which contains the derivative of 
the function and which is true for every number in the domain of the function. 
These equations arise naturally in physics and in many applied branches of 
mathematics. An example of such an equation is obtained if y is the function 


d 
of x defined by y = 2e*”. Since = = 3(2e%*) = 3y, the equation 


holds for this particular function y and all real values of x. For another 
example, let y be the function defined by y = x* — x*. It is easy to verify by 
differentiation and substitution that the equation 

x2 —3y=x° 
is true for this function and all real values of x. 

The two equations in the preceding paragraph are examples of differ- 
ential equations. They are called first-order differential equations because 
they involve the first derivative of the function but no higher derivatives. In 
each example above we started with a function and then found an equation 
containing its derivative. More commonly we encounter the differential 
equation and then set out to find the function. For example, for what function 
y is the equation 


true for all values of x in the domain of y? If such a function exists, it is called 
a solution to the differential equation. Generally speaking, if a differential 
equation has one solution, it has infinitely many. We may be required to 
find one solution to a given differential equation, or possibly all solutions. 
Let us try to fix the ideas in the above examples by giving a general 
definition. Consider an equation in three variables x, y, and z, which we write 


F(x, y, z) = 0. 
Not all the variables need occur in the equation, but at least z must. Sub- 


eres) ; : 
stituting ye for z, we obtain the equation 
dx 


Gy Nae 
F(x,,2) = 0, (1) 
which is a first-order differential equation. This equation, however, is merely 


ay 
eS . As such, 


a formal statement of equality containing the symbols x, y, and Fi 
x 


it is neither true nor false. By a solution to (1) we mean any differentiable 
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function f such that the equation 
F(x,f0),f'@)) = 0 


is true for every x in the domain of f. 

The reader should realize, of course, that there is nothing sacred about 
the letters x and y which we have thus far used to denote the independent and 
dependent variable, respectively. For example, the differential equation 


dx dae 
COR ue ma 
t 


has for a solution the function of t defined by x = as 


In this section we shall consider some simple types of first-order differ- 
ential equations and the techniques for solving them. Other first-order differ- 
ential equations and differential equations of higher order will be studied in 
Chapters 6 and 11. , 

The first type to be studied has already been solved in this book. Let f 
be a given continuous function, and consider the differential equation 


A solution is any function » with the property that its derivative is the func- 
tionf. That is, a function is a solution if and only if it is an antiderivative, or 
indefinite integral, of f. Hence, if F’(x) = f(x), we have 


w 


y= f peep ax = F(x) + ¢, \ 


where c is an arbitrary constant. Thus solving the differential equation is the 
same thing as finding the indefinite integral. As c ranges over all real numbers, 
we get all antiderivatives and therefore all solutions to the differential equa- 
tion (2). For this reason, (3) is called the general solution to the differential 
equation. 


EXAMPLE |. Find the general solution of each of the following differential 
equations: 


Oe te 3x? + 2x — 1, 
dx _ ot 
(b) wha Ni 


(c) oo = (In x)’, 


274 LOGARITHMS AND EXPONENTIAL FUNCTIONS [cuap. 5 


Solving (a), we obtain 


y= fox 2x — Idx = x*®+x?—x4+e. 
Similarly, for (b), 
x= /('-1l)dt=e'—tt+e. 
As it stands, (c) is not in the form of (2). However, an equivalent equation is 


oy 


1 
oe (In x)’, and so 


y= fan x) Lat. 


The integral is of the form fot — dx, where u = In x; hence 


The second type of differential equation which we consider in this 
section arises when we are given two continuous functions f and g and form 
the differential equation 


(4) 


A differential equation of this form is called separable. An equivalent equa- 
wae dy f A 
tion is By. = f(x), where the variables have been ‘“‘separated” in the 


sense that on the right we have a function of x and on the left a function of y 
and the derivative of y. The differential equation can be readily solved pro- 
vided we can find antiderivatives of f and g. From the latter equation we 
obtain 


Jeon = dx = [re dx. (5) 


Suppose that F’(x) = f(x) and that G’(y) = g(y). That is, 


i S(x) dx 


| eo dy 


F(x) + ¢, 


G(y) + k. 
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Then it is also true that 
ay, F 
f (vy) Fax = GO) + k, 
because, by the Chain Rule, 
4 ay = 6) @ = wy)”. 
qelGO) + kK] = GO). = 80) 5. 


It follows from (5) that G(y) + k = F(x) + c. This tells us that G(y) and 
F(x) differ by the constant c — k, which for convenience we rename simply 
c. Therefore, we finally obtain the equation 


which implicitly defines any solution y of the original differential equation. 
Conversely, if we differentiate (6) with respect to x, we get (4) again: 


d d 
de 0) = GlFOD + a1, 


ao) = soo, 

20) & = fo, 
ee IR) 
dx gy 


Thus, for any value of the constant c, every differentiable function y defined 
implicitly by (6) is a solution. Hence (6) defines the general solution to the 
separable differential equation (4). 


EXAMPLE 2. (a) Find the general solution to the differential equation 
(ae ‘ : i 

ae a - (b) Find the particular solution whose graph passes through the 
point (2,1). This is a separable differential equation, and “separating 


variables” we replace it by the equivalent form y = x,y ~ 0. It follows 
Ix 


that 
y eb dx = ! x dx, 
Ix J 
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and, integrating both sides, we obtain 


ay 


x 
aes 


If we multiply by 2, we get y> = x? + 2c. But twice an arbitrary constant is 
still an arbitrary constant, so we replace 2c by simply c. Hence the general 


d. 
solution to ae = m is implicitly defined by the equation 


Y= xtc. (7) 
Solving for y explicitly, we obtain 
y=tvVxe+e 


as the answer to part (a). To find the particular solution that passes through 
(2, 1), we substitute x = 2 and y = 1 in (7) to get 1 = 4+ c, whence 
c = —3. Since y takes on the value 1, which is positive, we choose the 
positive square root, and the answer to part (b) is therefore the function 
defined by 

y=vxI=3, 


A first-order differential equation F(a y, #) = Ois called linear if the 


corresponding function F(x, y, z) is a polynomial of first degree in y and z, 
ie, if F(x, y,z) = f(x)y + g(x)z + h(x). Thus among the differential 
equations 


=——3y= 
dx se mM 
dy 2 
—-—3y=x), 
X igen 
aes 
dx sy 


the first two are linear and the third is not. The last type of differential equa- 
tion which we study in this section is the simplest linear type, 


(8) 


where k is an arbitrary constant. 
Actually every such differential equation is also separable, since it can 
“ F d. k , ' en 
be written in the form ~ =-— a We treat it as a third type because it is 
dx y 
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linear and because it has many interesting applications. Solving it as a sep- 
arable differential equation, however, we first replace it by the equivalent 


Integrating, we obtain 
In|y| = —kx + ¢, 


which defines the general solution implicitly. Since the natural logarithm and 
the exponential are inverse functions, we can solve for |y|, getting 


Ip| = en bete =, eet 
y = (tee™, (9) 


As c takes on all real values, the quantity e® takes on all positive real values. 
Thus e® is simply an arbitrary positive constant, and --e® is therefore an 


. ech 
arbitrary nonzero constant. The original differential equation = +ky=0 


certainly also has the constant function y = 0 as a solution. From this fact 
and (9) we conclude that the general solution to the linear differential equa- 
tion (8) is 


(10) 


where c is an arbitrary constant. 


EXAMPLE 3. Let x be the amount of radium present in a pile at time ¢. Thus 
xis a function of . It is known that the rate of radioactive decay of the pile 
of radium is proportional to the amount x that remains in the pile. 

(a) Show that the length of time 7 for an amount x to diminish by 


radioactive decay to an amount 5 Is independent of x. The number 7 is 


called the half-life of radium. It is equal to approximately 1550 years. 

(b) If 0.01 grams of radium is present at f = 0, how much is present 
after 500 years? 

The rate of change of the amount of radium present with respect to 


ae See ee ae see ‘ 
time is given by the derivative me This is positive for growth and negative 


for decay. Since the rate of decay is proportional to the amount present, 
i.e., to x, we know that 
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where k is some positive constant of propertionality. This is the differential 
equation governing the physical process. We have shown that the general 
solution is 

x = ce™, (11) 


where c is an arbitrary constant. If after an interval of time equal to T the 


: x 
amount has dwindled to 2? we have 


Oo ee 7 
7 = ¢e RET) 


A 


Solving this equation for x and using (11), we get x = 2ce7*"*™ = ce~™, 
from which it follows that 2e~*” = 1, or 2 = e*?, Hence, In 2 = In(e*”) = 
kT, and we conclude that 
In2 
eet ot 


which is independent of x. 


To do part (b), let us denote by xo the amount of radium present at time 
t = 0. Hence from (11) we get 


‘ki 


In2 , 
and so x = xye~*'. Since k = - , we obtain the formula 


—(In 2/7" 
x = xe7"" ule 


which expresses the amount of radium present at time ¢ in terms of the 
original amount at time ¢ = 0 and the half-life of radium. In our problem 
Xo = 0.01 grams, t = 500 years, and T = 1550 years. Hence, the answer is x 
grams, where 


x = (0.01)e~ "5 "2 — 0,008 (approximately). 


PROBLEMS 


1, Find the general solution of each of the following differential equations. 


gach a as 

(a) ae 3y =0 (d) Gay 0 Ge 10) 
dy _ ag dy _ gee 

(b) a es tel) (e) ae 


(©) x=+y= () ay 
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2. For each of the following differential equations, find the particular solution 
whose graph passes through the point indicated. 


Ces ; 
(a) cea eS passing through (1, 1). 
dy 5 
(b) 2 an 3y, passing through (0, 5). 
dy 3 P 
(c) y ie. 18x", passing through (2, —9). 
(a) & + = 0, passing through (9, 0) 
det y 7 0 Passing igh (>, 0). 


3. Acurve defined by y = f(x) has slope m at every point (x, y) given by m = 2y. 
If the curve passes through the point (0, —1), find /(x). 


4, Find all solutions to the differential equation Oo —~. Sketch the graphs of 
the different solutions. ax y 
5. Find all solutions to the differential equation ay =~. Sketch the graphs of 
the different solutions. dx y 
6. Classify each of the following differential equations as separable, linear, both, 
or neither, 
ti od aaa ee 2 
Rept / oe =0 
elo y = ON yor xy 
ady / os jlyzbaa 
ON Seo A CT 
dy 7 dy px _ 
Op oget + y= 0 (h) Tea 5 x 
dx 3 dy 
teas al = 3y = 7x. 
(d) a It (i) (2 y + 3y = 7x. 
dx 
(e) ce Ix = 


7. Analternative approach to solving the linear differential equation @ +ky=0 
LX 


is to write it as oa = —ky. The latter equation is similar to @ = y, which 
[xX ix 


has e* for a solution. With this similarity in mind, it is not hard to guess, and 
then verify, that y = e—** is a solution to the original equation. The problem 
is now to show that every solution is a constant multiple of e~**. Prove this 


fact by assuming that y = f(x) is an arbitrary solution of 2 + ky = 0 and 
$0; a 


then showing that the derivative of the Suchente — ~ is zero. (See Problem 8, 
page 256.) 
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8. A radioactive substance has a half-life of 10 hours. What fraction of an 
amount of this substance decays in 15 hours? 

9. If a certain population increases at a rate proportional to the number in the 
population and it doubles in 45 years, in how many years is it multiplied by a 
factor of 3? 

10. Find the constant of proportionality relating a radioactive substance and its 
rate of decay if the substance has a half-life of 16 hours. 


a dy : 
11. The number » of bacteria in a culture grows at a rate proportional to the 
t 


number present. If the number doubles in 3 days and there are 10? bacteria 
present at the beginning of the experiment, how many are there after 24 hours? 

12. A toy block lying on the floor is given a kick. The resulting acceleration v’ 
(which is negative) is equal to —Sv. If the kick gives it an initial velocity of 6 
feet per second, how many seconds later is the velocity equal to 2 feet per 
second ? 

13. A car sliding along a track slows down at a rate proportional to its velocity. 
If it has one-half its initial velocity after 30 seconds, at what fraction of its 
initial velocity is it traveling after 1 minute? 

14. Let a and b be constants with a # 0. Show that the differential equation 


@ tay = (12) 


Iz b 
reduces to “ + az = 0 if we let z = y — aa As a result, find the general 
ax a 
solution of (12). 


15, Use the substitution described in Problem 14 to find the particular solution of 


the differential equation — 2y = 6 which passes through the point (0, 4). 
ax 


CHAPTER 6 


Trigonometric Functions 


Although the reader is probably familiar with the geometry of sines and 
cosines, etc., in terms of angles, our definitions will emphasize them as 
functions of a real variable. Thus the stage is set for the development of the 
differential and integral calculus of these important functions. Later in the 
chapter we introduce complex numbers where exponential and trigonometric 
functions are blended in the famous equation e’* = cos x + /sin.x. We con- 
clude with an application to linear differential equations. 


1, Sine and Cosine. In this section we shall define and study the elementary 
properties of two real-valued functions, the sine and the cosine, abbreviated 
sin and cos, respectively. Both functions have as domain the entire set of all 
real numbers, and, as we shall see in Section 2, both are differentiable func- 
tions. 

The definitions will be made in terms of what is called arc length, by 
which is meant the distance from one point on a curve to another measured 
along the curve. This is a new concept, for although we have defined the 
straight-line distance between two points on page 11, we have not yet treated 
distance along a curve. Actually we shall postpone the discussion of arc 
length in general to Section 2 of Chapter 10 because here we need it only for 
distance along a circle, in fact, only along the particular circle C which is the 
graph of the equation x* + y? = 1 in the xy-plane. However, we shall as- 
sume that the idea of distance along this curve is understood. For example, 
we assume the familiar fact that the arc length of the whole circle C, i.e., 
its circumference, is equal to 27. 

Let 1 be an arbitrary positive real number. We denote by P(1) the point 
on the circle C whose distance from the fixed point (1, 0) along C in the 
counterclockwise direction is equal to ¢. Intuitively, we take a piece of string 
of length 1, fasten one end at (1,0), and wrap the string counterclockwise 
around C, Then P(/) is the point on the circle to which the other end of the 
string reaches. Next, for every negative number 1, let P(t) be the point on C 
whose distance from the same fixed point (1, 0) along the curve in the clock- 
wise direction is equal to —/. That is, this time we wrap the string in the 
opposite direction. Finally, for t = 0, we set P(O) = (1,0). The definition 
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is illustrated in Figure 1. Thus, to every real number ¢, we have assigned a 
point P(t) which is an ordered pair of real numbers. Note that, because the 
circumference of the circle C is 27, it follows that 


P(t + 2n) = P(t), (1) 
for every real number f. 
y-axis 
a Bog es 


P(0) = (1,0) x-axis 


: xttyr= 1 
a 


Figure | 


The cosine and sine are now defined as follows: cos(f) is the x-coordinate 
of P(t), and sin(?) is the y-coordinate. More briefly, we write cos ¢ and sin f. 
Thus 


For example, from Figure 1, in which P(5) is seen to be in the fourth quadrant, 
we may conclude that cos 5 is positive and that sin 5 is negative. It is clear 
geometrically that, if the difference between two real numbers f¢ and a is 
small, then the point P(t) is close to the point P(a) and hence the differences 
between their corresponding coordinates are small. More precisely, both 
|cos t — cos a| and |sin t — sin a| can be made arbitrarily small by choosing 
|t — a| sufficiently small. It follows that the cosine and the sine are con- 
tinuous functions. Their common domain is the set of all real numbers. 

For certain values of t which are simple fractions of the total cirecum- 
ference 2r, it is easy to locate the point P(t) on the circle and then to read off 
the coordinates cos ¢ and sin t, For example (see Figure 2), 


PO) = (0), 
»(5) = av2.vd. 
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P (5) = (0,1), 


P(r) = (—1, 0), 


p(=) 6S); 


from which it follows at once that 
cos0 = | and sin0 = 0, 


Tv ae a 
cos; = sing = 4/2, 

Tv et 
cos 5 = Oand sin = we, 
cos = —l and sina = 0, 
Gress 0 and in -i. 


2 2 


The reader should be thoroughly familiar with all these values—not by sheer 
memory, but from an understanding of P(t) and its location on the circle C. 


praxis 
P() = (0,1) 
P(Z) = GV2.4V3 
P(m) = (-1,0) P(0) = (1,0) 
X-axis 
xt+y?=1 
p() = (0,-1) 
Figure 2 


Most of the important properties of the functions cos and sin can be 
expressed in a few equations called trigonometric identities. Some of these 
are obvious from the definition of P(¢). To begin with, it follows from (1) that 


(cos(t + 2), sin(t + 2m)) = P(t + 2r) = P(t) = (cost, sin f), 
and so 


cos(t + 2) = cos ft 
(11) sin(t + 2m) = sin ¢ 


for every real number t. 
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The property of cos and sin stated in these two equations is expressed in 
words by saying that cos and sin are periodic functions with period 27. That 
is, each time the value of the variable is increased by 27, the value of each 
function is repeated. 

Next, since P(f) lies on the circle defined by x? + y? = 1, the coordinates 
of P(t) must satisfy this equation. Hence 


CT2 (cos ft)? + (sin 1)? = 1, for every real number t, 


There is a strong tradition for abbreviating (cos f)" and (sin 7)" by 


cos"f and sin", respectively, provided n is a positive integer. [However, one 
never writes sin~'t for (sin )~'.] As a result, (1.2) is usually written 


cos*¢ + sin’s = 1. 


The third basic property of cos and sin comes from the relation between 
P(t) = (cos t, sin t) and P(—1) = (cos(—1), sin(—1)). It is not hard to see 
that the difference between measuring the arc length || in the counter- 
clockwise direction from (1,0) and measuring the same distance in the 
clockwise direction will be only a difference of sign in the p-coordinate of 
P(t). That is, 


P(—1) = (cos(—1), sin(—1)) = (cos t, —sin 1). 


It follows that 


C13) cos(—/) = cost 
sin(—t) = —sint 


for every real number t. 


Thus the cosine is an even function, and the sine is an odd function (see 
pages 90 and 92). 

If a and b are any two real numbers, what can we say about the relative 
positions of the points P(a), P(b) and P(a + b) on the circle C defined by 
x’ + y? = 1? It follows from the definition of P(t) that the point P(a + b) 
is obtained by moving from P(0) = (1, 0)a distance |a + b| along C counter- 
clockwise or clockwise according as a + 5 is positive or negative. However, 
it is important to realize that P(a + b) can be reached in two steps another 
way: First, move from P(0) a distance |a| along C, counterclockwise or clock- 
wise according as a is positive or negative. This move will take us to P(a). 
Second, move from P(a) a distance |b| along C, counterclockwise if |b| is 
positive and clockwise if |b| is negative. By examining the different cases— 
a> Oand b > 0, then a < Oand b > 0, ete.—one can verify that the final 
point reached in these two steps is P(a + 6). Note, however, that in the 


sec. 1] SINE AND COSINE 285 


second step we move from P(a) to P(a + 6) in exactly the same way that we 
would move from P(0) to P(b) according to the definition of P(b)—by 
moving along C the same distance and in the same direction. Thus the 
distance moved along the circle from P(a) to P(a + 6) is equal to the distance 
moved from P(0) to P(b). It follows that the straight-line distances are the 
same, too. That is, the straight-line distance between P(a + b) and P(a) is 
equal to the straight-line distance between P(b) and P(Q). This important fact 
is illustrated in Figure 3. 


y-axis 
P(b) 
P(0) 
x-axis 
P(a+b 
ey (a+b) 
Figure 3 

We can now derive a formula for the cosine of the difference of two 
numbers, cos(c — d), in terms of the cosines and sines of c and d. Leta = d 


and b = c —d. Thena+ b = ¢, and it follows directly from the conclu- 
sion of the preceding paragraph that the straight-line distance between P(c) 
and P(d) is equal to the straight-line distance between P(c — d) and (1, 0). 
But 

P(c) = (cos ¢, sinc), 


P(d) = (cos d, sind), 
P(e — d) = (cos(c — d), sin(e — d)). 


Hence by the formula for the distance between two points, 


V (cos c — cosd)* + (sine — sind)? 
= V(cos (c — d) — 1)? + (sin (c — d) — 0)? 
Squaring both sides and multiplying out, we get 


cos’e — 2cosccosd + cos’*d + sin’c — 2sincsind + sin*d 
= cos*(c — d) — 2cos(e — d) + 1 4+ sin*(c — d). 
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This equation can be greatly simplified by use of the formula cos? + sin*¢ = | 
three times. The result is 


2 — 2cosccosd — 2sincsind = 2 — 2cos(c — d), 


from which follows the identity 


cos(c — d) = cosccosd + sincsind, 


me) for all real numbers c and d. 


A similar formula for cos(¢ + d) can be obtained easily from (1.3) and 
(1.4). We have 


cos(e + d) = cos(e — (—d)) = cos ccos(—d) + sinc sin(—d). 


Since cos(—d) = cos d, and sin(—d) = —sin d, we get 


(15) cos(c + d) = cosccosd — sine sind, 


for all real numbers c and d. 


Taking ¢ = 3 rin (1.4), we get cos ( = ) =«COS. . cos d + sin 5sin d. 


T Poke + 4. 
Since cos c= 0 and sin = 1, the result is the useful equation 
anh d)= sind. This equation implies its mate. If we write it letting 
. H TT 
d= : — 4a, then = — d= aand we obtain cos a = sin ¢ = a) . Thus we 


have proved the une pair of identities 


sina 


for every real 
(1.6) number a. 
= a) = cosa 


The remaining two identities are the formulas for the sine of the sum and 
difference of two numbers. The first follows easily from (1.4) and (1.6): 


cos ¢ —(a+ ») = cos (( - a) = ) 
cos G = “) cos b + sin G = a) sin b 


= sinacosb + cosasinb. 


sin (a + b) 
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Thence, by (1.3), 


sin(a + (—b)) 
sin a cos(—b) + cos a sin(—b) 


sin(a — b) 


sin acos b — cos asin b. 


We write these together in the formula 


(1.7) sin(a + b) = sinacos b + cosasin b, 


for all real numbers a and b. 


An alternative approach to the trigonometric functions is made with a 
domain of angles instead of real numbers. We shall show that the two ap- 
proaches are in no way contradictory. - 

It is assumed that the reader knows what an angle is and what its initial 
side, its terminal side, and its vertex are. An angle a is said to be in standard 
position on a Cartesian grid if it has its vertex at the origin and its initial side 
lies along the positive x-axis. If any point, excluding the vertex, on the ter- 
minal side is chosen, it has an abscissa x and an ordinate y and lies at a 
distance d from the origin. Although each point on the terminal side has its 


A ; oh ees Vernet 
x, its y, and its d, it is easy to see that the ratios d and d are independent of the 


: p F ‘ r x x vi Vi 
choice of the point, i.e., in Figure 4 we have = —and= =~. 
SC ae o a wdigas wale aici 


praxis 


(1591) 


Figure 4 
Since the location of the terminal side depends on the angle, each of these 
ratios is a function of the angle and we define the cosine of a to be “and the 
sine of a to be = Since we may choose any point (not the origin) on the 


terminal side, we could simplify the process by choosing the point where 
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d= 1. This, of course, is the point where the terminal side cuts the circle 
with equation x° + y* = 1. Then cos ais the abscissa of that point and sin « 
its ordinate. Hence in many ways the two approaches are the same. 

We have not yet mentioned units for measuring angles. If we pick a unit 
to agree with the arc length, we would have exact agreement: The cosine of 
an angle of u such units is equal to the cosine of the real number wu and the 
sine of an angle of w such units is equal to the sine of the real number u. This 
unit is called the radian and it should be obvious that there are 27 radians 
in an angle of one revolution. Another unit, probably more familiar to the 
reader, is the degree, which is stp of a revolution and a of a radian. Thus 
the cosine of an angle of d degrees is equal to the cosine of the real number 
ard 


180 
PROBLEMS 
1. Find the values of 
(a) sin(—7) and cos(—7) (d) sin (6) and cos (3) 
(b)  sin($r) and cos($r) (e) sin @) and cos G) 


(c) sin (-3) and cos (=) (f) sin (=) and cos (=) ( 


2. Make a table like the one below showing the sign of cos ¢ and sin 7 in each of 
the four quadrants, Put + or — in each entry of the table. 


Quadrant cost sin ¢ 


rn IV mt 


3. Find all values of ¢ such that 


(a) sint = 0 (e) sins = —1 
(b) cost = 0 (f) cost = —1 
(Gy esitee = (g) sint = 2 
(d) cost = 1 (h) cost = 2. 


4. What is the domain and range of each of the functions cos and sin? 
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5. If k is an arbitrary integer, find 


(a) cos kr (c) cos G oo kr) 

(b) sin kr ()_ sin G + kn) . 
6. Remembering that ae z = # and i z = a > find 

(a) sin * (c) sin % 

Ta) ee x (d) cos ry ‘ 


7, If fis a function with the property that /(¢ + 2) = /(1), for every real number 
1, show from this that 


(a) f(t — 2) = /(0, for every real number t, 


(b) f(t + 2nn) = f(t), for every real number r and every integer n. (Use 
induction.) 


8. (a) Use (1.5) to write a formula for cos 2a in terms of cos a and sin a. 
(b) Similarly, use (1.7) to write a formula for sin 2a. 


+ . . a are OB 
(c) Write a formula for cos a and another for sin a in terms of cos 5 and sin a 


9. Use the formula for cos 2a [Problem 8(a)] and the identity 1 = cos*a + sin*a 
to derive a formula for 


(a) cos*a in terms of cos 2a (b)  sin’a in terms of cos 2a. 


10. Let / be a function which is periodic with period 2m, i.e., f(t + 2m) = /(1), 
and suppose that the graph of /'for 0 <r < 2m is as shown in Figure 5. Draw 
the graph of ffor —2r < 1 < 6m. 


y-axis 
3h 
eye 
1 
L 1 1 i 
-2n 20 4n 6 f-axis 
=A 
=F 5 


Figure 5 
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2. Calculus of Sine and Cosine. The formulas for the derivative and integral 
of the functions sin and cos follow in a straightforward way from one 
fundamental limit theorem. It is 


(2.1) 


Proof, It is convenient first to impose the restriction that > 0 and prove that the 
limit from the right equals 1; i.e., 

oa. Sie 

lim: —— 
too+ 0 


=1, ley 
Since, in proving (1), we are concerned only with small values of 4, we may 


assume that ¢ < 5 Thus we have 0 <7 as and, as a consequence, 


sin t > 0 and cost > 0. Let S be the region in the plane bounded by the 
circle x* + y® = 1, the positive x-axis, and the line segment which joins the 
origin to the point (cos 1, sin 7); i.e., S is the shaded sector in Figure 6. Since 


y-axis 


(cos f, sin ¢) 


x-axis 
(cos 1,0) 


Figure 6 


the area of the circle is and the circumference is 27, the area of S is equal 
t t 3 c “1 < F 

to oe T= 2° Next, consider the right triangle 7; with vertices (0, 0), 
T 

(cos t, sin 4), and (cos f, 0). Since the area of any triangle is one half the base 

times the altitude, it follows that area(T,) = 4 cos? sin t. The line which 


‘ sin ¢ g 
passes through (0,0) and (cos ?, sin‘) has slope aa and equation 
cos 


sin ¢ M A 
y= ane Setting .« = 1, we see that it passes through the point 
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(224), as shown in Figure 6. Hence if 7» is the right triangle with 
cos 
vertices (0, 0), (1. a) , and (1, 0), then 

cos f 


area(T2) = 1 


1 
2 cost 2 cost 


Since 7, is a subset of S and since S is a subset of 7», it follows by a funda- 
mental property of area [see (1.3), page 171] that 


area(T) < area(S) < area(T>). 


Hence 
1 ’ aeeelesiit 
=cosfsint <= < = —— 
a and ta 2. cost 
‘ 2 
If we multiply through by aa we get 
sil 
1 
cos f ee Siemes | 
sin? — cost 


Taking reciprocals and reversing the direction of the inequalities, we obtain 
finally 
1 i 
a Seas (2) 
cos f t 
With these inequalities, the proof of (1) is essentially finished. Since the 
function cos is continuous, we have lim cos f = cos0 = 1. Moreover, the 
0+ 
Aan oe . iets : 1 1 
limit of a quotient is the quotient of the limits, and so lim —— = —- = 1. 
too Cost 
int). vs ‘ 
Thus = lies between two quantities both of which approach 1 as ¢ ap- 


proaches zero from the right. It follows that 


lim 


sin f 
toot tf 


=1. 


It is now a simple matter to remove the restriction r > 0. Since 


sint  —sint _ sin(—1 
: = — = ( oe we know that 
t = me 
sin¢ — sin|r| 
Se . 3 
: i (3) 


As tf approaches zero, so does |r|; and as || approaches zero, we have just 
proved that the right side of (3) approaches 1, The left side, therefore, also 
approaches 1, and so the proof is complete. 
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It is interesting to compare actual numerical values of ¢ and sin f. 
Table | illustrates the limit theorem (2.1) quite effectively. 


TABLE | 

t | sint 
0.50 | 0.4794 
0.40 | 0.3894 
0.30 | 0.2955 
0.20 | 0.1987 
0.10 | 0.0998 
0.08 | 0.0799 
0.06 | 0.0600 
0.04 | 0.0400 
0.02 | 0.0200 


A useful corollary of (2.1) is 


(2.2) 


sais ; Ae oe Fad iCOSE 
Proof. Using trigonometric identities, we write —-——— in such a form that (2.1) 
t 


is applicable. 


t 2 Pat Bs 
cost = cos{= +=] = cos = — sin =- 
(+4) 2 


Hence 1.— cos ¢ = 2 sin* : , and 


qos ete 2 ates 
t Be ah er 2 


As t approaches zero, also approaches zero, so, by (2.1), the quantity 


ee ~ s oak 
approaches 1. Moreover, sin is a continuous function, and therefore a5 


approaches sin0 = 0, The product therefore approaches 1-0 = 0, and the 
proof is complete. 
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In writing values of the functions sin and cos, we have thus far avoided 
the letter x and have not written sin x and cos x simply because the point on 
the circle x° + y* = 1 whose coordinates define the value of cos and sin has 
nothing to do with, and generally does not lie on, the x-axis. However, when 
we study sin and cos as two real-valued functions of a real variable, it is 
natural to use x as the independent variable. We shall not hesitate to do so 
from now on, 


EXAMPLE |. Evaluate the limits 


sin 3x , 1 — cos’x COS X 
(a) lim ==> (b) lim ————— (c) lim ——.- 
ao SIN 7x 20 x xo SIN X 


We evaluate the first two limits by writing the quotients in such a form 


: Nantes : sin x ; 
that the fundamental trigonometric limit theorem, lim —— = 1, is ap- 
plicable. For (a), zy Xx 


SIDR Sloe 1G 


sin?x 3x sin 7x 7 


sin 3x 
As x approaches zero, so does 3x and so does 7x. Hence Fy approaches 


; = 
1, and Pe = (=) approaches 1~' = 1. We conclude that 
x 
bw 
LT alee 


To do (b), we use the identity cos?x + sin?x = 1, Thus 


l— cos’ sin’x  .._. sinx 
a = —— = sinx : 


A sin x 
As x approaches zero, sin x approaches sin Q = 0, and —— approaches 1. 
Hence a 
1 — cos*x 


lim 


20 


For (c), no limit exists. The numerator approaches 1, and the denominator 
approaches zero. Note that we cannot even write the limit as + or —x 


a ree ; cos x 
because sin x may be either positive or negative. As a result, — takes on 
sin x 


both arbitrarily large positive values and arbitrarily large negative values as 
X approaches zero. 
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am abe 
We are now ready to find FR. sin.x. The value of the derivative at an 
ix 


arbitrary number a is by definition 


(4 Siri x) (a) = lim sin(a + 1) — sina, 
dx 10 t 


As always, the game is to manipulate the quotient into a form in which we 
can see what the limit is. Since sin(a + 1) = sinacos?t + cosasin ft, we 
have 
sin(a + f) — sina _ sinacost + cosa sin? — sin a 
t t 


sin t - _1— cost 
COS aoe ——e 


As t approaches 0, the quantities cosa and sina stay fixed. Moreover, 


t 1. — cost 
approaches 1, and - 


approaches 0, Hence, the right side of the 


above equation approaches (cos a): 1 — (sina)+0 = cosa. We conclude 
that 


Che 
(4 sin x} (a) = cosa, for every real number a. 


Writing this result as an equality between functions, we get the simpler form 


Zo) é sin xX = cos x. 


The derivative of the cosine may be found from the derivative of the 
sine using the Chain Rule and the twin identities cos x = sin ( = x) and 


sin x = cos ( = x) [see (1.6), page 286]. 


t c08 = “sin (2 — x) = cos(% — (ares 
dee rd 2 eae EEG 
= cos (5— x (-1) = —sinx. 


Writing this result in a single equation, we have 


(2.4) 
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EXAMPLE 2. Find the following derivatives. 


(a) @ sin(x’ + 1), (c) 4 sin e', 
d ’ d ~ 
(b) a o98 tee (d) We In(cos x). 


These are routine exercises which combine the basic derivatives with the 
Chain Rule. For (a) we have 


4 sin(x” + 1) = cos(x* + ne (x? + 1) = 2x cos(x” + 1). 


The solution to (b) is 


d z d A 
=- cos 7x = —sin 7x =-7x = —7sin 7x. 
dx dx 
For (c), 
(ae d 
~ sin e' = cose'—e' = e' cose’, 
dt 


and for (d), 


1 d 


d 2 2 
=— In(cos x)" = ———~ —— (cos x)" 
dx ( ) (cos x)? dx ( ) 
1 d 
= ~~ 2.C0S X =- COS. X 
(cos x)? dx 
_ —2cosxsinx 2 sinx 
i (cos x)? cos x 


Every derivative formula has its corresponding integral formula, For 
the trigonometric functions sin and cos, they are 


[sin x dx —cosx +e, 
(2.5) 


[os x ax sinx + ¢. 
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The proofs consist of simply verifying that the derivative of the proposed 
integral is the integrand. For example, 


d d : 
x (008 * +e=- qx COS = sin x. 
EXAMPLE 3. Find the following integrals. 


(a) fain 8x dx, (b) [s cos(x°) dx, (c) [costs sin x dx. 


The solutions use only the basic integral formulas and the fact that if 
F' = f, then [rw fax = F(u) +c. Integral (a) is simple enough to 


write down at a glance: 
[sin 8x dx = —}cos8x +c. 


To do (b), let u = x*. Then “ = 2x, and 


IE cos(x*) dx = + | eoss')ax dx 


i] 


4 [ os u) a dx 


$sinu+c 
= $sin(x’) + ¢. 


du 2 
For (c), we let vu = cos x. Then a = —sin x. Hence 
x 


i 


~ [eos'x(—sin x) dx 


- ! wv ae dx 
dx 


6 
—tu' +e 


= —teos’x+c. 


[cos's sin x dx 


The graphs of the functions sin and cos are extremely interesting and 
important curves. To begin with, let us consider the graph of sin x only for 


Cx < 5 . A few isolated points can be plotted immediately (see Table 2). 


sec. 2] CALCULUS OF SINE AND COSINE 297 


TABLE 2 
x y= sinx 
0|0 
eh a 
6 2 
: $\/2 = 0.71 (approximately) 
- V3 = 0.87 (approximately) 
v 
5) 1 


eeocleeleal tae 
The slope of the graph is given by the derivative, Fx Si X = Cos x. At the 


origin it is cos0 = 1, and, where x = ; the slope is cos = = 0. Since 
OR cote 0 if0<x<t, 
dx 2 


we know that sin x is a strictly increasing function on the open interval 


7 vA : ‘ ; 5 
(0 =). In addition, there are no points of inflection on the open interval 


and the curve is concave downward there because 
me d zoe P . 
= c= = —sinx 2 ss 
ae Sin = GL cos x inx <0 if Onin 2 
On the other hand, the second derivative changes sign at x = 0, and so there 
is a point of inflection at the origin, With all these facts we can draw quite an 
accurate graph. It is shown in Figure 7. 


Tx . x-axis 


| 
! 
zm. 
2 


Figure 7 
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It is now a simple matter to fill in as much of the rest of the graph of 
sin x as we like. For every real number x, the points x and x — x on the real 
number line are symmetrically located about the point = The midpoint 

x+(@r—-x © 


between x and 7 — x is given by —~—~7—— = Be As x increases from 


TT Tv 
0 to > the number 7 — x decreases from 7 to 3° Moreover, 


sin 7 cos X — cos m sin x 


i 


sin(r — x) 
0+cosx — (—1):sinx 


i 


= sin x. 


fg 
2 


It follows that the graph of sin x on the interval [ ; | is the mirror image of 


the graph on [0 | reflected across the line x = : . This is the dashed curve 


in Figure 7. Now, because sin x is an odd function, its graph for x < 0 is 
obtained by reflecting the graph for x > 0 about the origin (i.e., reflecting 
first about one coordinate axis and then the other), This gives us the graph 
for —r < x < 7. Finally, since sin x is a periodic function with period 27, 
its values repeat after intervals of length 27. It follows that the entire graph 
of sin x is the infinite wave, part of which is shown in Figure 8. 


x-axis 


Figure 8 


The graph of cos x is obtained by translating (sliding) the graph of sin x 


to the left a distance 5 . This geometric assertion is equivalent to the algebraic 


equation cos x = sin (« + z). But this follows from the trigonometric 


sin (« te *) 


identity 
Tv 


2 


ll 


: vv . 
sin xX Cos 3 + cos x sin 


ll 


(sin x)-0 + (cos x): 1 
cos x. 
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The graphs of cos x and sin x are shown together in Figure 9. 
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1. Evaluate the following limits. 


(a) 


(b) 


(d) 


140 t 


Figure 9 
PROBLEMS 
sin 2f 

© ean sin 3¢ 

() lim = 
mG 2) 

(h) li cos x 
a X 

Grain see 
240 x? 

G) 


2. Find the derivatives of the following functions. 


(a) 
(b) 


(c) 


(d) 


(e) 


sin(x” + 3) 


F 
cos 

cos /sin¢ 
cos x + sin’x 


cos(sin x) 


(f) 
(g) 


(h) 
(i) 


G) 


In sin x 
sin’x? 


sin x 


cos x 
cos x 


sin x 


—2_. 
e sin x. 


x-axis 
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sh 


NAW 


Evaluate the following integrals. 


(a) [eos Tx dx (f) [cos t)cos(sin f) dt 
(b) it (cos 2x + sin 3x) dx (e) is LEE 
cos x 
(c) | eos e'dx (h) [cos sin x dx 
(d) [sce + a) dx (i) [sats cos x dx 
(e) if (cos x)e"" “dx Gi) | (cos’x + sin’x) dx 


. Find the integrals 


(a) feos's sin x dx (b) fans cos x dx. 


The next two integrals can be reduced to sums of integrals of the forms (a) and 
(b) by using the identity sin?x + cos2x = 1, 


(c) fonts dx (d) [costs sin’x dx. 


. Express cos*x in terms of cos 2x, and thence evaluate {cos*x dx. 
. Express sin’x in terms of cos 2x, and thence evaluate fsin2x dx. 
. Solve the differential equations 


GY wes ag dy _ sinx dy _ cosx | 
@) dx oe (b) dx cosy () * dx ~ sinQ?) 


. Evaluate the following limits using L’H6pital’s Rule. 


. t 
(a) lim “2* @) te 
20 X to 
(6) im == Os @) lim? t= 
0 x 20 xe 
() (f) lim 1 — cosx 


9, Draw the graphs of the equations 


sin(27x) 


2sin (* + 7) 


(a) y=3sinx (c) y 
(b) » = cos G *) (d) 


= 
i 
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3. Other Trigonometric Functions. The other trigonometric functions are 
the tangent, cotangent, secant, and cosecant. They are abbreviated tan, cot 
(or ctn), sec, and csc, respectively, and the definitions are 


sin x 1 
tan x: == —— sec x = —— 
cos x cos x 
cos x 1 
cotx = — csc x = =—* 
sin x sin x 


Unlike sin and cos, these functions are not defined for all real values of x 
since the denominators in the defining expressions are zero for some values 
of x. The set of all solutions to the equation cos x = 0 is the set consisting 


of all odd multiples of 5 . Hence tan x and sec x are defined if and only if x 


is not an odd multiple of . Similarly, cot x and esc x are defined for all real 


numbers x except integer multiples of 7. 

Although sine and cosine were first defined with a domain of real num- 
bers, we have shown that they also can be considered as functions with a 
domain of angles. Since the other four functions are defined in terms of sine 
and cosine, they may also be regarded as functions with a domain of angles. 
Thus it makes sense to speak of the tangent of the angle a, written tan a, 
and of the cosecant of an angle of 30°, written csc 30°. The former is defined 


if and only if the radian measure of « is not an odd multiple of , or, alter- 


natively, if the degree measure of « is not an odd multiple of 90. The latter is 


= 2. 


the reciprocal of sin 30° and is equal to 


rope | 


Two useful trigonometric identities, which are simply alternative state- 
ments of the basic equation cos*x + sin’x = 1, are derived as follows: 
Dividing first by cos*x, we have 

cosx , sin’x 1 
cos?x ' cos’x  cos2x 
ll {I I 


1 tan?x — sec’x, 
hence 1 + tan’x = sec*x. On the other hand, if we divide by sin?x, we have 


2 - 
cos) Sint 11 
sin?x © sim’x — sin?x 


cot’x 1 csc*x, 


302 TRIGONOMETRIC FUNCTIONS [cuap. 6 


and so cot*x + 1 = csc*x. Summarizing, we write 


1 + tan?x 


(3H!) cot?*x + 1 


Another formula which we shall find useful is that for the tangent of the 
difference of two numbers, a — 6, in terms of tana and tan b. First, 


sin(a — b) _ sinacosb — cosasinb 


ten (Glial) hee cos(a — b) cosacosb + sinasinb- 


Dividing both numerator and denominator by cos a cos b, we get 


sinacosh _ cosasinb 


cosacosh _cosacosb 
cos acos b sin a sin b 


tan(a — b) 


cosacosh © cosacosh 


sina — sinb 


cosa cosh 4 
sin, sin) b 


tt 


Hence 


(3:2) tan(a — b 


The trigonometric identities developed in this section are handy tools, 
and we shall not hesitate to use them. In themselves, however, they are of 
secondary importance. Any one of them can be derived quickly and in a 
completely routine way from the basic identities in sin and cos derived in 
Section 1. 

An important application of the tangent function is in connection with 
the slope of a straight line. We define the angle of inclination a of a straight 
line L as follows: If L is horizontal, then a = 0. If L is not horizontal, then 
it intersects an arbitrary horizontal line H in a single point P. Let a be the 
angle with vertex P, initial side the part of H to the right of P, terminal side 
the part of L above P, and whose measure in radians satisfies the inequality 
0 < a < x (see Figure 10). We contend that 


(3.3) The slope of a line is equal to the tangent of its angle of inclination. 


Proof. We refer again to Figure 10. The given line is L, its inclination is a, and its 
slope is m. If L’ is drawn through the origin parallel to L, then L’ also has 
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inclination a and slope m. Furthermore, the point (cos a, sin a) lies on L’. 
Since (0, 0) also lies on L’, the definition of slope yields 


sina—0O_ sing 
ieee (mementos tera) = ATT CY 
cosa—0 cosa 


which completes the proof. If L is vertical, its slope is not defined. But then 


. . . as “ 5 
the angle of inclination is 5 and tan ss is not defined either. 


praxis 


vv 6 


(cos «, sin a) 


X-axis 


xt+y2= 1 


Figure 10 


praxis 


x-axis 


Figure 11 


The importance of (3.2) is apparent when we try to determine the angle 
between two nonvertical intersecting lines. Let « be the angle of inclination 
of one line and 6 the angle of inclination of the other. For convenience, we 
assume that a > 8. It follows that 0 < a — 8 < 7m and, from Figure 11, 
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that the difference a — 8 is an angle between the two lines. We denote the 
slope of the first line by 7m, and that of the second by mm». That is, we have 
m, = tana and m, = tan B. By (3.2), 
_ tana—tanB — m—m_ 
tan(a — B) = 1+tanatanB 1+ mm 


If this number is positive, then a — @ is the acute angle between the lines. If 
this number is negative, then a — @ is the obtuse angle between the lines. If 
this number is undefined, then a — B = 5 and the lines are perpendicular. 
The number 21 —” is undefined if and only if | + myn, = 0. Since this 
1+ myn, 

equation is equivalent to myn. = —1, it follows that we have proved the 
statement made on page 44 that two nonvertical lines with slopes »m, and m» 
are perpendicular if and only if myn, = —1. 

The formulas for the derivatives of the remaining four trigonometric 
functions are found using the derivatives of sin and cos together with the 
usual rules of differentiation. They are 


Cao) 


sec x tan x, 


= —csc x cot x, 


Proving the first of these, we have 


cos x a sinx — sinx @ cos x 
d d sinx dx mode 

sea taneetee SS 
dx dx cos x cos?x 


cos’x + si 1 
COS iets = —— = sec*x, 
cos?x cos*x 


The others are left as exercises. We observe the following mnemonic device. 
From any one of the six formulas for differentiating trigonometric functions 
another one is obtained by adding the prefix “‘co”’ to every function which does 
not have one, removing the prefix “co” from each function which has it 
already, and changing the sign. For example, this procedure transforms the 


re d i d 
equation re sec x = sec x tan x into ai csc x = —csc xcot.x and trans- 
ix 9 
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d , : d. 
forms ~-cos x = —sinx into —sinx = cosx. Hence the number of 
dx dx 


derivative formulas which need to be memorized can be cut in half. 
The integrals corresponding to the above derivatives are 


[ sects dx = tanx+c, 


[sex dx = —cotx +c, 


(3.4) 
[ sec xtanxdx = secx +c, 


[ese xcotxdx = —csex+c. 


EXAMPLE I. Find the following integrals: 
(a) / x’sec*(x*® + 1) dx, 
(b) fran x dx, 
(c) / ese*x cot'x dx. 
d o . 
In (a) we observe that ae (x* + 1) = 3x’, or, equivalently, 
2 Rid: 


x= 3a. Oe + 1). 


Hence 
J sseo%? + Idx = 4 [ect +1) 4 (x* + 1) dx 
= dtan(x* + 1) +. 


dh F 
For (b), we have fan xox = fi; sie ax. If u = cos x, then - Oe —sin x, 
of COS.X: dx 


fran x ax = i ee dx = — / u ollie 
; cos x deve 


and so 


ll 
= 
o 
i 
Ky 
io} 
2 
ae 
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, sole 2k . f i 
Finally, to do (c), we see that since os cot x = —csc*x, the integral is, except 
x 


ae dx. Thus 
i 


for a minus sign, of the form [es 


2 5 ee. 5 da 
[ox x cot’x dx = ic x) ie cot x dx 


—tcot’x + c. 


Each of these integrals can be checked by differentiation. 


The graph of tan x is an interesting curve, which we now describe. 
Note, first of all, that tan is an odd function, 
sin(—x) _ —sinx _ 


tan(—x) = ——~ = = —tan x, 
ee) cos(—.x) cos Xx * 


and the graph is therefore symmetric about the origin. Moreover, 


sin(x + m) _ sin. x cos + cos x sin 3 


tan(x + 7) = = = , 
ois) cos(x + 7) cos xcosm — sin x sin 
—sin x 
= —— = tanx. 
—cos x 


Thus tan is a periodic function with period 7. The slope of the graph is given 
by the derivative, 


d 2 
—- tan x = sec’x, 
dx 


which is positive for every value of x for which tan x is defined. Hence 
* eee ; pies ‘ 7 7 
tan x is a strictly increasing function in the interval — 3 ae 3 From the 
ye sin x A na ‘ 
definition, tan x = mee Tue see that tan x is positive when both functions 
cos x 


ia, wy . yi 
are positive, as they are forO0 < x < 78 zero when sin x = 0, as it is for 
x = 0; and is negative when the two functions have opposite sign, as they 


7 . . 
do for —-><x<0. We also see that tan x takes on arbitrarily large 


Ae 7 ‘ & 
positive values as x approaches 5 from the left, since sin x approaches | and 


cos x approaches 0. Thus 


lim tanx = «. 


ron/2— 
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The second derivative is given by 
SUE ale care 


2 


Stan x = 2sec’xtanx’/ =0 ifx=0, 
>0 if0<x<5> 


from which it follows that the graph is concave downward for — = < x < 0, 


nmla 


concave upward for0 <x < ay and has a point of inflection at the origin. 


Combining all these facts with the few isolated values shown in Table 3, we 
obtain the graph shown in Figure 12. 


praxis 


= tan x 


X-axis 


nia 
3 


Figure 12 


TABLE 3 


y= tanx 


i) 


0.58 (approx.) | 4 = 1.33 (approx.) 


2 
ol 
i] 


1.73 (approx.) | 4 


wid ala ala of x 
a 
pry 
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The graph of cot x can be obtained in the same way in which we worked 
out the graph of tan x. However, there is a quicker way based on an identity. 
Since 


ae ") % sin (x + 5) a sin x cos 5 + cos x sin 5 


2 cos (+3) - cos xcos = — sinx sin= 
2 pi 2 
cos x 
= —— = -cot x, 
—sin x 


we know that 
Tv 
cot x = —tan (x a 3) 3 
The geometric significance of this identity is that the graph of cot x is ob- 


tained by translating (sliding) the graph of tan x to the left a distance 5 and 
then reflecting about the x-axis. 


Ps lh sats 
From the definition, sec x = aaa it is apparent that 


- 1 if n is even, 


sec nr = = ‘ * 
COs nr -1 if nis odd. 


If ais any odd multiple of : , then cos a = 0, and so 


F i 1 
lim |sec x| = lim ————- = o. 
2a za |COS x| 


y-axis 


S30 a x-axis 


Figure 13 
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Moreover, on an interval where one function is increasing, its reciprocal 
function is decreasing, and vice versa. It follows that the over-all shape of the 
graph of sec x can be ascertained quite easily from the graph of its reciprocal 


function cos x. The graph of sec x is shown in Figure 13. 


The graph of csc x is related to that of sec x in the same way as the graph 


of sin x is related to the graph of cos x. 


PROBLEMS 


1, Which of the six trigonometric functions are odd functions and which are even 


functions? 
2. Derive the formulas for the derivatives of the functions cot, sec, and csc. 
3. Find the following derivatives. 


(a) A sec*x ) “ (eae) 
>) “tanax’ - 1) © Hest! - 1) 
() z In|sec | (g) é tan x cot x 
(d) 400s ytany (h) 4 In|cot 7]. 


4, Prove each of the following identities from the basic identities in sine and cosine 


developed in Section 1. 


oy) = fan + tany _ cotacoth = 1 
ni) 1 —tanxtany ) ear a cot a + cot b 
wv 
(b) csc x = sec (: = 5) (d) cot(x + 1) = cot x. 


5. Find the following integrals. 


(a) [tan 5x dx 


(b) [eos xdx 

(c) | e’sec’e“dx 

(d) [rss dx [Hint: Use tan?x + 1 = sec*x.] 
(e) frsn's sec x dx 
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10, 


ll. 
12, 


13. 


. Find fan xdx = _— 
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(f) [rcets tan x dx 


1 — r 
(g) [ Aaccoveeoty x dx 
Vx 


(h) [ese dx. 
d 


. Find ae (sec x + tan x) and use the result to evaluate the integral 


sec x + tan x 
secxdx = | ste x ———— av, 


sec x + tanx 


tan x sec x es du. 
—dx by substituting u = sec x and ein the 
sec x dx 


right side. Compare the answer obtained with Example 1(b). 


. Draw the graph of (a) cot x, (b) csc x, 
. Evaluate the following limits. 


(a) lim hes (b) lim x cot 2x. 


ro x rod 
Find the tangent of the angle between 
(a) the straight lines »y — 2x = 1 and 2y — x = 4. 
(b) the straight lines y + 2x = 2and 2y — x = 2. 


(c) the tangent lines to the curves y = x* and x* + y* = 1 at their point of 
intersection in the first quadrant. 

What is the domain and the range of each one of the six trigonometric functions? 

Evaluate each of the following indeterminate forms (see Problem 13, page 271): 


(a) lim (sin x)'""* (6) lim: x9", 
204 20+ 


If lim /(x) = lim g(x) = +, it is not immediately apparent whether or not 
rn ro 

lim (f(x) — g(x)) exists. Such limits are commonly called indeterminate forms 

Pa 

of the type %° — 2. The usual method of evaluation is to express the difference 

J/(x) — g(x) as a quotient and then to try to find its limit. For example, we 

write 


e 1 xe” — (e* — 1) 


e—-1 x xe*—1) 


and, as x approaches zero, the limit of the right side can be obtained by two 
applications of L’H6pital’s Rule. Evaluate 


(@)_ lim ( —_—— i) (b) lim [ee = 4] 
zo \e?— 1 x 290 xe x 
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(c) lim (St2t3 - ‘) (e) lim ( + In *) 
20 sin x x, 20+ \X 

(d) lim (cot =% = 2) (f) lim (sec x — tan x). 
t0 zn /2 


4. Inverse Trigonometric Functions. The function sin does not have an 
inverse function. The reason is that it is perfectly possible to have a # b 
and sin a = sin b. Another way to reach the same conclusion is to consider 
the equation x = sin y. Its graph is the curve in Figure 14, It does not 


praxis 


x-axis 


Figure 14 


define a function of x because it does not satisfy the condition in the definition 
of function (see page 14) which asserts that every vertical line intersects the 
graph of a function in at most one point. 


However, on the interval [- ° , "| the function sin is a strictly increasing 
function. Hence, although sin does not have an inverse, it follows by 


Theorem (2.4), page 250, that the function sin with domain restricted to 


TT . ae . : . 
[- a0 ‘| does have an inverse. This inverse function is denoted by either 


sin or aresin, and in this book we shall use the latter notation. Thus 


y =arcesinx if and only if 
7 


a 


and —F<y< 
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The graph of the function arcsin is shown in Figure 15(b). It is that part 
of the graph of the equation x = sin y for which y satisfies the inequality 
= 5 Ss . Note that the graph of arcsin is obtained from the graph of 
the restricted function sin by reflection across the diagonal line y = x. It 
follows both from the definition of aresin and also from the illustration that 


praxis 


y-axis 


x-axis 


y = aresin x 


(a) (b) 
Figure 15 


the domain of aresin is the closed interval [—1, 1] and the range is the closed 


aernal 7 7). 
imntervdai 4°39 


It is a consequence of Theorem (3.4), page 261, that the function arcsin 
is differentiable at every point of its domain except at —1 and +1. [In 
applying (3.4), let f be the function sin restricted to [- a ‘|, and then 
f~ = arcsin.] We may compute the formula for the derivative either 
directly from (3.4) or by implicit differentiation. Choosing the latter method, 


age ; dy . 
we begin with y = arcsin x and seek to find oa If y = arcsin x, then 
x = sin y, and so 2 


Leelee tins or 1 = cos hee 
dx* ~ dy DY LR 


Hence 
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To express cos y in terms of x, we use the identity cos*y + sin’y = I and the 
fact that x = sin y. Hence cos’y + x* = 1, and therefore 


cosy = +V1 — x2. 


é F a : T 7 + Loe 
However, y is restricted by the inequality — 3 SHS on and in this interval 
cos y is never negative. Hence the positive square root is the correct one, 


and we conclude that oS = 
dx 


d 


(4.1) aresin x = 


dx 


EXAMPLE 1, Find the domain, range, and derivative of each of the composite 
functions 
1 


(a) aresin ioe , (b) arcsin(In x). 
1 
The quantity ieeae is defined for every real number x and also satisfies the 
1 1 
inequalities 0 < Tos <1. Hence, aresin anes is defined for every x; 


i.e., its domain is the set of all real numbers. The range of the function 


1 
Tes however, is the half-open interval (0, 1]. It can be seen from 
Figure 15(b) that the function arcsin maps the interval (0, 1] on the x-axis 
onto the interval (0 z| on the y-axis. It follows that the range of the com- 


position aresin The is the half-open interval (0 Z|. The derivative is 


found using (4.1) and the Chain Rule: 


ue sin ee : 
Gee as ae | 
bs = 
= ! ———_—_———_ 
(1 +2°) ai Cees 
(i + x?) 
=2x =2x 


C4tx\Vie bs (4 xWoe 
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For any particular value of x, the quantity arcsin(In x) is defined if and 
only if In x is defined and also lies in the domain of the function arcsin, which 
is the interval [—1, 1]. Thus x must be positive, and In x must satisfy the 


1 
inequalities —1 < In x < 1. Hence x must satisfy ~ <x<e. The domain 
1 
of arcsin(In x) is therefore the interval [: - e| , and the range is the same as 
that of aresin, i.e., the interval [- = ‘I. The derivative is given by 
1 


d F 1 d 
=~ arcsin(In x) = ——————. —Inx = — — 
dx VI — (nx & xV1— (nxy 


The integral formula corresponding to (4.1) is 


(4.2) ——= = arcsinx + ¢. 


EXAMPLE 2, Find | —~& =. The first thing we do is to write the de- 


nominator, as closely as possible, in the form V1 — uw. 


din 7 _-wtllee eof: Se 
TES at =) ya 
peti 2 


m4 d 
Hence, letting v = 5 , we have a = x and 
i eee ii x dx aah 1 du 1 
PNG TSES 8 x\? JI f/l— 2 ® 
l- oy 

By (4.2), 

1 1 du E 

= | SS _ 5 a= Faresinin’--"e. 

2) Vi-— uw & : 


{as = 1 aresin = + iG 
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The function cos does not have an inverse for the same reason that sin 
does not. However, a partial inverse can be obtained, just as before, by 
restricting the domain to an interval on which cos is either increasing or 
decreasing. Any such interval can be chosen. With the function sin it was 
natural to choose the largest possible interval containing the number 0—the 

5 , 7 ds 5 
closed interval [- ae "| . With cos the choice is less obvious. However, we 
shall select the interval [0,7], on which cos is strictly decreasing [see 
Figure 16(a)]. The function cos with domain restricted to [0, +] then has an 


praxis 


y-axis 


y = arccos x 
y=cosx,0<x<7 


(a) (6) 
Figure 16 


inverse, which is denoted cos~! or arccos. As before, we shall use the second 
notation. Thus 


arccos x ifand only if x = cosy 


andO<y<r, 


The graph of arccos is shown in Figure 16(b). 
It should come as no surprise that the two functions aresin and arccos 
are closely related. In fact, 


(4.3) arcsin x = 3 — arccos x. 


. wv TT T 
Proof. Let y = an arccos x. Then arccos x = c- y,and so.x = cos ( - »): 
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Hence 


siny = siny. 


x=cos(=—y cos = cos + sin™ 
= 0s (5 — y) = cos c08 y 2 


Since 0 < arccos x < 7, it follows that —r < —arccos x < 0 and hence 


—7 <7 — arccosx <™,or,e uivalently, -"<y <7. This, together 
Zo) neues ao 2 i 


with x = sin y, implies that y = arcsin x, and the proof is complete. 


Note that the validity of (4.3) depends on our having chosen arccos so 
that its range is the interval [0, 7]. 

It follows from (4.3) that the derivative of arccos is the negative of the 
derivative of arcsin. Thus 


(4.4) 


arccos xX = — — = 
yh 


dx 


From (4.4) we see that another indefinite integral of i 
Vv 


—arccos x, 

Obviously, not one of the six trigonometric functions with unrestricted 
domain has an inverse. The function tan with its domain restricted to the 
open interval (-: 5° i is strictly increasing and so has an inverse function, 
which we denote tan“! or arctan. 


y=arcetanx ifandonlyif x = tany 


and—Ze<y<t 


2 he 


The graph of arctan is obtained by reflecting the graph of tan with 


2 
in Figure 17(b). As can be seen from Figure 17(a), the function tan maps the 


domain restricted to (— =, *) across the diagonal line y = x. It is shown 


open interval (- a 4) onto the entire set of real numbers. That is, for 


* . qT Tv 
every real number y, there exists a real number x in (- 3? *) such that 
y =tanx. Hence the domain of arctan is the whole real line (—x, x). 


v Tv 
The range is the interval (- ap 4) J 
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praxis 


y=tanx, -3<x<t 
i 2 2 yraxis 


nia 


y = arctan x 


X-axis x-axis 


1 
nia 


ya 


! 
la 


(a) (b) 
Figure 17 
It is a corollary of Theorem (3.4), page 261, that arctan is a differen- 


tiable function. We compute the derivative by implicit differentiation. Let 
y = arctan x. Then x = tan y, and 


ee meer = l= sect) 
ae ae = Nae 
Hence 
Sie 
dx secty 


From the identity sec’y = 1 + tan’y, we get secty = 1+ 2°. It follows 


pee a 
that ees Thus 


rs arctan x = ! ‘ 
(45) dx ae Tene 


The corresponding integral formula is 


dx 
(4.6 ) ee Ts arctan x + ¢. 
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pl 


Aes d. ‘ § 
EXAMPLE 3, Compute the definite integral | i co 5: We get immediately 
Jo x 


1 1 
d. 
i ats, = arctanx) = arctan! — arctan0. 
ol+x 6 


Since tan 0 = Oand tan— = 1, we know that 0 = arctan Oand” = arctan |. 


ae 
4 


Hence 


This is a fascinating result: The number 7 is equal to four times the area 


bounded by the curve py = the x-axis, and the lines x = 0 and 
x=. 2 


The function cot is strictly decreasing on the open interval (0, 7). With 
its domain restricted to this interval, cot therefore has an inverse function, 
which we denote cot™’ or arccot. The relation between the two functions 
arccot and arctan is the same as that between arccos and arcsin, 


(4.7) arccot x = 5 — arctan x. 

The proof is analogous to the proof of (4.3) and is left to the reader as 
an exercise. It is a corollary that the derivative of arccot is the negative of the 
derivative of arctan, Hence 


da 


(48) gx atccot x = — 


r : — 1 ‘ 
Here again, we see another indefinite integral of Tt? the function 
—arccot x. mess 


2 


The union of the two half-open intervals [o. z) and ( F, | consists 


of all real numbers x such that 0 < x < rand x # z . It can be seen from 
the graph of the equation y = sec x in Figure 13, page 308, that if a and b 
are two numbers in the union [o. 3) U (5 ; *| and if a# 6, then 
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sec a # sec b. We omit S because the secant of that number is not defined. 


It follows that the function sec with domain restricted to [o 4) U G. *| 


BA 


has an inverse, which is denoted sec! or arcsec. Thus 


y = aresecx if and only if 


x = secy 


ony nin [0$) (5+ 


The graph of the function arcsec is shown in Figure 18(b). //s range is the 


. Tv 
union [o. 4) U ( 


T 


2 


; | . As can be seen from Figure 18(a), the function sec 


maps the set [. 4) U (G ; | onto the set of all real numbers with absolute 


y-axis 


y = secx 


2 


praxis 


y = arcsec x 


(a) 


x-axis 


Figure 18 


(6) 


value greater than or equal to 1. Hence the domain of arcsec is the set of all 
real numbers x such that |x| > 1. 

The derivative can again be found by implicit differentiation. Let 
y = arcsec x. Then x = sec y and 


Thus 


—xX = 


dx 


sec y, 


which implies 


Jee, See aie Oe 
dx secytany 


dy 
l= sec ytany 77 
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Using the identity sec°y = 1 + tan®y and the equation x = sec y, we obtain 
sec ytany = +xV/x? — I. 
Ifx > 1,thnO0<y< 3 and so sec y tan y is nonnegative. Hence 
secytany=x/x—1  ifx>1. 
On the other hand, if x < —1, then : < y < 7, and in this case both sec y 
and tan y are nonpositive. Their product is therefore again nonnegative; 


ie. 
secytany=—x/x?—I1  ifx < -1. 


It follows that both cases are covered by the single equation sec y tan y = 
d 

|x| Vx? — 1. Hence 2 — , and we have derived the formula 
dx |x|\VWx?-1 


(4.9) 


The final inverse trigonometric function is the inverse of the cosecant 


with domain restricted to the union [-5. 0 u(o ‘|. This function, 


denoted csc or arcesc, has range equal to| - o)u (0, ;| and domain 


equal to the set of all real numbers x such that |x| > 1. The analogue of 
(4.3) and (4.7) is valid. That is, 


(4.10 ) arcsec xX = 5 — arcesc x. 


Proof. The proof mimics that of (4.3). Let y = 57 areese x. Then 


arcese x = 5 — y, and so x = csc ( - ») . Thus 


x = csc ty) = bo cee 
aoe sin(S—y) 87 ok 
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Since — x < arcese x < = it follows that 0 < A — arecsc x < 7, or, 


equivalently, that 0 < y < 7. This, together with x = sec y, implies that 
y = arcsec x, and the proof is complete. 


From this it follows at once that 


d 
(4.11) Dg arecsc X = — 


PROBLEMS 
1, Evaluate the following. 
(a) arcsin 1 (i) aresin(sin a) 
ee isco ai 7 
(b) aresin > (j) arctan (tan a) 
(c) arccos 4 (k) arctan (cot =) 
. Vv 3 * 
(d) arcsin (- ¥) (1) arcsin(cos a) 
(e) arctany /3 (m) tanfarctan(—1)] 
(f) arecot V3 (n) aresin(2 sin x cos x) 
(g) arcsec (2) (o) arcsin (sin *) 
V3 4 
ca 
g ref ae 
(h) arcese 2 (p) arctan (cot 4) 
2, Find 
dx 
(a) y = aresin x” (f) y = aresec(1 + x") 
(b) » = arctany/x (g) y = arcsin(x + 1) + arccos(x + 1) 
(c) poe aresin = = (h) y = arctan x — arccot x° 
(d) » = arccos(cos x) (i) » = arctan(In x) 
(e) » = arccos(sin x) (j) » = arccos (:) — arcsec x. 
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10. 


ay 
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. What is the domain and range of each of the functions y of x in Problem 2? 
. Find the following integrals. 


dy 
anja 
V2y = y? 


oO | (x + 1) dx 
Vi = («e+ 1) 


ydy f dx 


dx x dx 
@) —— (h) [eee 2x p2- 


. Prove the identity (4.7). 
. Find . arccos x by implicit differentiation. 
Ix 


. Evaluate the following definite integrals. 


p1/2 
(a) / : dx 
J0 4/1 — x! 


1 
dt 
(c) [ 1430 


. (a) Draw the graph of the function arccot, 


(b) What is the domain and range of arccot? 


(c) Find 4 cot x by implicit differentiation, 
[ix 


. Identify the function F defined in Example 1, page 203. 


Prove the identities 


pein 
(a) arcsec x = arccos (‘) (b) arcese x = arcsin (‘) 5 


Draw the graph of the function arcesc, and specify its domain and range. 
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12. Prove or disprove 
(a) arcsin(—x) = —arcsin x (c) arctan(—x) = —arctan x 
(b) arccos(—x) = arccos x (d) arccos(—x) = m — arccos x. 
5. Algebraic and Transcendental Functions. We recall that a real-valued 


function f of one variable is a polynomial if there exist real numbers do, 
a, ..., 4, such that, for every real number x, 


F(X) = ap + aux + ++ + a,x" SS, a,x", 


k=0 


Thus, among the different functions f defined respectively by 


(a) f(x) = x" + 17x — 2, (f) f(x) = b 


(b) fx) = ex’, ® fe=7ts 
(c) SX) = é, (h) f(x) = 5, 

(d) f(x) = x‘, @) f@=Vvx+1, 
(ce) f(x) = sin x, G) f) = ex — 1), 


only those defined in (a), (b), (h), and (j) are polynomials, and the rest are 
not. In asserting, for example, that the trigonometric function sin is not a 
polynomial, it is important to realize that we are stating more than just the 
obvious fact that sin x does not look like a finite sum of terms of the form 
a,x". We are asserting that it is impossible to write sin x in this form. The 
easiest way to prove this is to find some one property which every polynomial 
has and which sin does not have. For example, if fis a polynomial, then the 
derivative f’ is a polynomial of degree one less. Hence the jth derivative 
f is the constant function zero, if jis chosen big enough. On the other hand, 
U 
the jth derivative 2 sin x is equal to +cos x or +sin x, and is therefore 
never a constant. This proves that the function sin is not a polynomial. 
Similarly, a real-valued function F of two variables will be defined to be a 
polynomial if there exist real numbers a;;, i = 0,..., mand j = 0,...,”, 
such that, for every pair of real numbers x and y, 


m 


FGss) = a, = a;;x'y’. 


i=0 j=0 


An alternative formulation, which avoids writing the double sum, is to define 
a polynomial in two variables to be a function which is the sum of functions 
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each one of which is defined by an expression ax'y, where ais a constant, and 
i and j are nonnegative integers. Examples of polynomials in two variables 
are those functions defined by 


(a) F(x, y) = x* + 2x*y + xy', 

(b) G(x, y) = (+ y)yx, 

(c) f(x, y) = ITxy, 

(d) A(x, y) = 7x + 2, 

@) Ax, p)i= 3: 

We come now to the two principal definitions of this section. A function 
f of one variable is said to be an algebraic function if there exists a polynomial 


F in two variables such that F(x, f(x)) = 0, for every x in the domain of f. 
A transcendental function is one which is not algebraic. 


EXAMPLE |, The two functions 
(a) f(x) = x 1 (b) g(x) = Vx# + 2, 


are both algebraic. To show that fis an algebraic function, let y = 


Then y(2x* — 1) = x°+ 1, or, equivalently, 2x*y —y—x—1=0., 
Hence if we let F be the polynomial defined by 
EK) — keen ie Xe 


it will be true that F(x, f(x)) = 0. This is not surprising, since the poly- 
nomial F(x, y) was invented precisely to make the last equation true. Check- 
ing, we get 


ll 


F(x, f@)) 


ll 


xr+1—x-1=0. 


The function g can be shown to be algebraic by letting y = yx? + 2. 
Squaring both sides, we obtain y* = x* + 2, which is equivalent to 
y? — x* — 2 = 0. Hence if we define the polynomial F by the equation 


F(x, 9) = y= x* — 2; 
then F(x, g(x)) = 0. Checking, we have 


F(x, g(x)) = (Vx* + 2)? — x° — 2 
=x +2-—x7-2=0. 
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A rational function is one which can be expressed as the ratio of two 
polynomials. That is, a function f of one variable is rational if there exist 


P(x) 


polynomials p and qg of one variable such that f(x) = i The technique 


5 ees 

used in Example 1 to show that the function a 
xe — 

applied to any rational function of one variable. Thus we have the theorem 


is algebraic can be 


(5.1) Any rational function f of one variable is algebraic. 


Proof. Since f is rational, there exist polynomials p and qg such that f(x) = oe . 
q(x 
Letting y = ae we obtain yg(x) = p(x), which is equivalent to 
qx, 


yq(x) — p(x) = 0. The function F defined by 
F(x, ¥) = ya) — p(x) 


is a polynomial in x and y. Substituting f(x) for y, and then = pe oe for I(x), we 


obtain 
F(x, £0) = fQ@)a(~) — pO) 
Sola 
an q(x) — p(x) 


p(x) — p(x) = 0, 


which completes the proof. 


The function g defined by g(x) = \/x' + 2 is an example of an algebraic 
function which is not rational. (A simple proof of this fact is suggested in 
Problem 2.) Thus the set of all rational functions of one variable is a proper 
subset of the larger set of all algebraic functions of one variable. 

It is by no means obvious that transcendental functions exist. However, 
we have actually encountered quite a few such functions already. Although a 
proof of the next theorem is too advanced to give in this book, it is important 
to know that it is true. 


(5.2) The following functions are transcendental: 


i) Tees, 
(ii) e*, 
(iii) a®, for anya > 0,a # 1, 
(iv) logax, for anya > 0,a # 1, 
(v) sin x, cos x, tan x, cot x, sec x, csc x, 
(vi) arcsin x, arccos x, arctan x, arccot x, arcsec x, arecse x. 
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Another theorem [not so deep as (5.2), but still beyond the scope of this 
book] states that if f is an algebraic function, then the derivative f’ is also 
algebraic. However, the converse is false. In particular, we know that 

d 


2 ines 
dx Te: 


jibe : p a : 
and — is not only algebraic, but also rational. In addition, the formulas in 
x 


Section 4 for the derivatives of the inverse trigonometric functions show that 
every one of these six transcendental functions has a derivative which is 
algebraic. 


PROBLEMS 


1. In each of the following examples identify the function fas a polynomial or not. 
If it is not a polynomial, give a reason, (Consider such things as the vanishing 
of higher-order derivatives, or the behavior of f, or of some derivative /, 
near a point of discontinuity.) 


@ fo =+ © sw =VP=2 
() sey = 25 4 ©) fe) = x? = 7) 
(c) f(x) = mx" + ex +2 (g) f(x) = e* 

@) f@) = x78 + x" (h) f(x) = tan x. 


2. Prove that the algebraic function g defined by g(x) = Vx + 2 is not rational. 


[Hint: Suppose it is rational. Then there exist polynomials p and g such that 
Vxi+2= 1469) , for every x > —W/2. But then 
qx)’ 


or, equivalently, 
(+ 2)[gO)P — [PQ = 0, for all x > —W/2. 


The left side of this equation is a polynomial which is not identically zero. 
(Why?) How many roots can such a polynomial have ?] 

3. Prove that each of the following function / is algebraic by exhibiting a poly- 
nomial F(x, y) and showing that F(x, /(x)) = 


(a) f(x) = Ape a 1 (d) f(x) = A arcsec x 
() fx) = “arctan (@) f(s) = Ins* 
SOx) = Garetan x e) f(x) = 


() fs) = 12 ope x (f) f(x) = 2x +4 
dx 
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6. Complex Numbers, Since the square of a real number is never negative, 
the equation x” = —1 has no solution in the set R of all real numbers. 
However, we shall show that R can be considered as a subset of a larger set C 
which has the following properties: (i) The sum and product of any two 
elements in C are defined, and addition and multiplication obey the ordinary 
laws of algebra. (ii) There is an element / in C such that ? = —1. (iii) Every 
element in C can be written in the form x + iy, where x and y are real num- 
bers. The elements of the set C are called complex numbers. Let us assume, 
for the moment, that the existence of C, obeying the three properties, has 
already been demonstrated. Then the sum of two complex numbers x1 + 11 
and x. + ij. is given by 


(x1 + 1) + (x2 + ie) = (1 + 2) + 101 + 2). (1) 
For the product, we have 


(x1 + iyi)(%2 + 2) 


XiXe + iyixe + iyerr + Pye 
= XiXy + i(MY2 + Xa) + Pye. 


However, since i? = —1, we get 
(x1 + iy. + i) = (exe — Vie) + iOiys + X91). (2) 
For example, 
Q+i)+ (56-3) =7- 2, 
(2 + iS — 13) = 10+ 15 — 16 — 7°3 


We turn now to the task of showing that there is a set C having the prop- 
erties listed in (i), (ii), and (iii), We shall take for C the set R* of all ordered 
pairs of real numbers, i.e., the xy-plane. Thus a complex number is by def- 
inition an ordered pair (x, y) of real numbers. Up to this point we have not 
ascribed any algebraic structure to the xy-plane, and so we must define what 
we mean by addition and multiplication of ordered pairs of real numbers. 
Later in this section we shall show how to express the ordered pair (x, ) 
in the traditional form x + iy. Anticipating this, however, we use equations 
(1) and (2) to motivate the definitions of the sum and product of ordered 
pairs. We define 


(x1, Yi) + (Xa, Y2) = (Xr + Xe, V1 + 2), Ce) 


(x1, Yi), Ye) = (HiX2 — Mia, Xia + Xai). (4) 


It was stated that addition and multiplication of complex numbers are to 
obey the ordinary laws of algebra. By this we mean that the following six 
propositions are true. The basic algebraic properties which they describe 
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are the same as those for the real numbers, and these six statements should be 
compared with the corresponding list on page 2. Abbreviating (x, y1), 
(X2, V2), and (x3, ys) by z1, Za, and zs, respectively, we have 


(6.1) ASSOCIATIVE LAWS. 
21 + (22 + 23) = (21 + 22) + Zs, Z1(Z2Z3) = (2122)z3. 
(6.2) COMMUTATIVE LAWS. 
2+ 22 = 2+ 21, ZZ. = 2021. 
(6.3) DISTRIBUTIVE LAW. 
(21 + 22)Z3 = 2123 + Z0Z3. 


(6.4) EXISTENCE OF IDENTITIES. The two complex numbers 0’ = (0, 0) 
and \' = (1,0) have the properties that 0! + z = z and 1'z = z for every 
zinc, 


(6.5) EXISTENCE OF SUBTRACTION. For every complex number z = (x, y), 
the complex number (—x, —y) is denoted by —z and has the property that 
z+ (—z) = 0’. [The expression z; — z, is an abbreviation for z; + (—z2).] 


(6.6) EXISTENCE OF DIVISION. For every complex number z = (x, y) 
x af 


. x 
x + yo + yy? 


1 


different from 0’, the complex number ( ) is denoted by z~ 


i a ley . 
or — and has the property that zz = 1’. (the expression = is an abbrevia- 
Zz Zo 


tion for z,z.77. 


Proof. The proofs are simple exercises using the definitions and the algebraic 
properties of real numbers. We give the proofs of (6.4) and (6.6) and leave 
the others for the reader to supply. It is asserted in (6.4) that the complex 
number (0, 0), which is abbreviated 0’ (and later simply as 0), is an additive 
identity. Letting z = (x, y), we have 


C+2=- 00+) =04+%4,0+y) =) =2, 


which proves the assertion. Similarly, for the multiplicative identity 
1’ = (1, 0) (later to be abbreviated simply by 1), we obtain 


1'z = (1, 0), y) = (x — Oy, ly + x0) = (x, y) = z, 


and the proof of (6.4) is complete. 


sec, 6] COMPLEX NUMBERS 329 


To prove (6.6), let z 1) be a complex number different from 
= 0). It follows that x? + y? is positive. Hence the ordered pair 


y 

(= e Bu is defined, and (in anticipation of the proof) is denoted 
ach yh) aE 

z—', Multiplying, we get 


a Kon ee peaked Ae xy 
x2 yp? x2 yp? x2 + yp? © x24 y? 


y? 

24 2 
(5 #0) = 040) 

eye 


which completes the proof of (6.6). 


Assuming that the remaining four propositions have been proved, we 
have now satisfied requirement (i) in the first paragraph of the section for the 
set C of complex numbers: Addition and multiplication are defined and obey 
the ordinary laws of algebra. But what about the prior assumption that the 
set R of all real numbers can be considered a subset of C? Of course, it is not 
actually a subset, since no real number is also an ordered pair of real numbers. 
However, there is a subset of C which has all the properties of R. This subset 
is the x-axis, the set of all complex numbers whose second coordinate is zero, 
Speaking informally, we shall identify R with the x-axis in C by identifying 
an arbitrary real number x with the complex number (x, 0). Proceeding 
formally, we define a function whose value for each real number x is denoted 
by x’ and defined by x’ = (x, 0). This function sets up a one-to-one corre- 
spondence between the set R and the x-axis in C. Essential, however, is the 
fact that this correspondence preserves the algebraic operations of addition 
and multiplication. To show that this is so, let x, and x, be any two real 
numbers. Then, for addition, 


Xi + xh = (01,0) + (2, 0) = (Ctr + ¥2, 0) = Grr + ¥2)', 
and for multiplication, 
xix = (x1, 0)(x2, 0) = (xix. — 0-0, x10 + x2 + 0) 
= (X1%2, 0) = (x1x2)". 
It follows that the algebraic properties of the set R of all real numbers are 
identical with those of the x-axis in C. It is therefore legitimate to make the 
identification, and henceforth we shall denote x’ simply by x. Note that in so 


doing, the additive identity 0’ and the multiplicative identity 1’, referred to in 
(6.4), become simply 0 and 1, respectively. 
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We now define i to be the complex number (0, 1). Requirement (ii) in 
the first paragraph of this section is easily seen to be satisfied: 


#® = (0, 10, 1) = @-0—1-1,0-14+0°1) 
= (—1,0) = —(1)0). 


Since we have agreed to write (1, 0) = 1’ = 1, we therefore obtain the famous 
equation 


(6.7) 


Requirement (iii) is 
(6.8) If z = (x, y) is an arbitrary complex number, then z = x + iy. 


Proof. The expression x + iy is an abbreviation for the more formal x’ + iy’. 
Hence 


x + iy = (x, 0) + 0, DO, 0) 
= (x,0)+ O:y—1:0,0-0+y-1) 
= (x,0) + O,y) = Gy) 


=z, 


completing the proof, and also our construction of the set C of complex 
numbers. 


EXAMPLE |, If z; = 4+ 13, z: = 4 — 13, and zs; = 7 — i2, then find 
21+ Z2, 2122, 3z; — 2z3, and z,z;. These are simply routine exercises in- 
volving the addition, subtraction, and multiplication of complex numbers. 


2+ 22. = (4+ 13) + (4 — 13) = 8, 
ziz2 = (4 + 13)(4 — 23) = 16 + f12 — i12 — 29 
= 16 — (—1)9 = 25, 


3z1 — 2z3 = 3(4 + 13) — 2(7 — i2) 
= 12+ 19 —- 14+ 4 = -2 +4 il3, 
Z1Z3 = (4 + 13)(7 — i2) = 28 + i21 — i8 — 7°6 
= 28 — (—1)6 + 13 = 34 + /13. 
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EXAMPLE 2. If z; = 2 + /3 and z. = 3 — i, plot z;, zo, and z; + z: on the 
complex plane. We have 


ataw=2+B)+G-)=53+.2, 


and the three points are shown in Figure 19. 


y-axis 


z,=2+23 


x-axis 


Figure 19 


A complex number is a point in the xy-plane and can be indicated in 
a picture by a dot. Another useful geometric representation of z is an arrow 
with its tail at the origin and its head at the point z. We have drawn these 
arrows in Figure 19. Note that if P is the parallelogram whose adjacent sides 
are the arrows representing z, and z», then the diagonal of P which has the 
origin as an endpoint is the arrow representing the sum z, + z.. The definition 
of addition in C implies that this parallelogram principle is valid for every 
pair of complex numbers. It provides a good method for adding complex 
numbers geometrically. 

When the complex number / was first introduced in mathematics, it was 
regarded as highly mysterious and was called an imaginary number, and this 
terminology has survived. If z = x + iy is an arbitrary complex number, 
then by definition x is the real part of z, and y is the imaginary part of z. 
Note that the imaginary part of a complex number is a real number, A 
complex number whose real part is zero, i.e., one that lies on the y-axis, is 
called pure imaginary. It is important to remember that 


(6.9) Two complex numbers are equal if and only if their real parts are equal 
and their imaginary parts are equal. That is, x; + iv, = X2 + ips if-and only if 
X1 = xX, and y, = yo. 
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Proof, We know that x1 + iy1 = (x1, y1) and x2 + ive = (x2, y2). But two ordered 
pairs are equal if and only if their first coordinates are equal and their second 
coordinates are equal, and so (6.9) is proved. Another proof, which uses only 
the algebraic properties of complex numbers rather than their explicit con- 
struction as ordered pairs, is the following. Suppose that x, + i; = 
Xo + ive, Then x; — x2 = i(yv2 — yx), and squaring both sides we obtain 


(x1 — x2)? = P(y2 — ys)? = —O2 — ys)? 


The left side is a nonnegative real number, and the right side is a nonpositive 
real number. They can be equal only if both are zero. Hence x; = x2 and 
ye = y1. The converse proposition is, of course, trivial. 


The absolute value, or modulus, of a complex number z = x + iy is a 
nonnegative real number denoted by |z| and defined by 


k= VER 


The geometric significance of |z| is that it is the distance between the point z 
and the origin in the complex plane. If z is represented by an arrow, then |2| 
is the length of the arrow. Note that if z is real, i.e., if its imaginary part is 
equal to zero, then the absolute value of z is simply its absolute value as a real 
number. Thus, if z = x + iy and y = 0, then 


jz] = V2 +O = V2 = |a. 
An important property of the absolute value is the following. 


(6.10) The absolute value of the product of two complex numbers is the product 
of their absolute values; i.e., |Z1Z2| = |z1\ |Z2]. 


Proof. Let z; = x1 + iy; and zp = x2 + iva, Then we have zz. = x1x%2 — 
yiye + i(xiye + x21). Hence, by the definition of absolute value, 


Jznzo|? = Qrixe — ya)? + Gaye + 291)? 
Simplifying, we get 


= x18xo? — Qxwayiye + yreye® + xr2ye? + Qxrxayive + xe?y? 
= xi2(x2? ++ yo?) + yr?(x2? + 2?) 


Thus |z1z2|? = |z1|*|z2|*, and the proof is completed by taking the positive 
square root of each side of the equation. 
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As an illustration of Theorem (6.10), consider the complex numbers z; 
and zy shown in Figure 19. The product 2;z2 is equal to 


ZZ = (2 + 13)(3 — i) = 6+ 19 — i2 — 73 


=9+ 77. 
The absolute values are 


jal = V2? + 32 = V/13, 
|zo] = V3? + (—1} = V'10, 
|zizo] = \/92 + 72 = 1/130, 


which is in agreement with (6.10). 
If z = x + iy, then the complex conjugate of z, denoted by 2, is defined 
to be the complex number 
Z=x-ily. 


The product of a complex number and its complex conjugate is always a 
nonnegative real number, since 


z= (x+i(x-—p)= x+y. 


Since x? + »? = |z|*, we obtain the formula 


The complex conjugate is a useful tool for computing the real and 
imaginary parts of the quotient of two complex numbers. If z; and z, are 
given and if z,; # 0, then 


Zy 21 2, _ 222 


== =—; 


Zo Zn Z_—|za/? 
and the denominator of the right side is a real number. 
EXAMPLE 3. Compute the real and imaginary parts of the complex number 


Sais 
(ses 4 


. The complex conjugate of 7 — i2 is the number 7 + i2. Hence 


Sif d8 Si Tied AS ce TAT aD), 
7-2 7-i2274+i2— cates 


Since (5 + i3)(7 + i2) = 35 — 6 + i21 + i10 = 29 4 i31, we obtain 


5+8 _ 29+ 81 _ 29, 31. 
712 ae Sm mS 3 ESD 


Thus the real part is 23, and the imaginary part is 34. 
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PROBLEMS 


. Prove Propositions (6.1), (6.2), (6.3), and (6.5). 


2. Perform each of the indicated operations and write the answer in the form 


x + iy. 
@ G+) +(7-2) @ =t8 
— 3 
) (-2+VD+(-2-02) oy SEE 
—2—-—15 
= 2+. K/2)(—2 — 2 Neale 
©) (—2 + i/2)(-2 — V2) On 
3-i7 : 
(d) Sat G) 
; . 25 
(e) (a+ ib)(a — i2b) (k) pear 
(f) 2(4 — i3) + 7(—2 + 15) Q@) (2+ i172 — 55). 
. Let z; = 2+ 13,22 = —1 — i,and zs = i. Plot each of the following complex 
numbers in the complex plane. 
(a) 21 (d) 12s 
(b) zs (e-) 21 — 2z2 
© atz © 2. 
Zo 
. Find the complex conjugate of each of the following complex numbers. 
@) 2-8 @ 42 — 73) 
(b) 5+ 14 (f) -7 
() @2-—i3)+ (6+ 4) (g) 2i. 


(d) (2 — 13) + #4) 


. (a) In Problem 4, compute the sum of conjugates formed in (a) and (b), 


and compare with the conjugate of the sum in (c). 


(b) In Problem 4, compute the product of the conjugates found in (a) and 
(b), and compare with the conjugate of the product found in (d). 


(c) In Problem 4, multiply the conjugate found in (a) by 4, and compare with 
the answer found in (e). 


. For any complex numbers z; and za, prove that 


(©) kz = kt, k real. 


@) ata=jA+% (b) 


. If ais real and positive and z complex, prove that |az| = a|z|. 
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8. (a) Prove that the sum and product of two complex numbers which are 
conjugates of each other are real. 


(b) Prove that the difference of two complex numbers which are conjugates of 
each other is pure imaginary. 


9. Graph all points z satisfying 


(a) |z|=2 (e) 2<|z| <4 

(b) |z| <3 (f) |z-—2| =2 

(©) |z|>1 (g) |z — zo| = 3, fora fixed zo 
(d) |z| <2 (h) 1<|z-3) <2. 


10. Given two complex numbers z; and zs, plot them and give a geometric inter- 
pretation of |z; — 29]. 
11. (a) Show that —1 has two square roots in C. 


(b) Show that every nonzero real number has two square roots. 


7. The Complex Exponential Function e*. Consider the function ¢ defined 
By ¢(x) = cos x + isin x, 

for every real number x. This is a complex-valued function of a real variable. 
The domain of ¢ is the set R of all real numbers. For every real number x, 


we have ae - 

le@x)| = Veos?x + sintx = V1 = 1. 
It follows that (x) is a point on the unit circle in the complex plane, i.e., the 
circle with center at the origin and radius 1, Conversely, every point on the 
unit circle is equal to (cos x, sin x), for some real number x, and we know 
that (cos x, sin x) = cos x + isin x. It follows that the range of ¢ is the 


unit circle. 
The function ¢ has the following properties: 


(7.1) ¢(0) = 1. 
(7.2) ¢(a)e(b) = g(a + 6). 

3 22) fa — 5). 
(73) a = (a — 6) 

i 

74 -—a)=—: 
(74) -a) = F5 
Proof. The proofs are completely straightforward. Thus (7.1) follows from the 

equations 


¢(0) = cos0 + isin0 = cos0 = 1. 
To prove (7.2), we write 


g(a)g(b) = (cosa + i sina)(cos b + i sin b) 
= cosacosh — sina sinb + i(sina cos b + cosa sin b). 
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The trigonometric identities for the cosine and sine of the sum of two numbers 


then imply that 

g(ae(b) = cos(a + b) + isin(a + db), 
and the right side is by definition equal to g(a + 5). Thus (7.2) is proved. 
As a special case of (7.2), we have 

g(a — b)g(b) = g(a — b + b) = ga). 


On dividing by ¢(4), which is never zero, we get (7.3). The last result, (7.4), 
is obtained by taking a = 0 in (7.3) and then substituting 1 for ¢(0) in ac- 
cordance with (7.1). Thus 


on = (0 - 5), 
1 
Ain ¢(—5). 


The above four properties of ¢ are also shared by the real-valued ex- 
ponential function exp [we recall that exp(x) = e*]. This fact suggests the 
possibility of extending the domain and range of exp into the complex plane. 
That is, it suggests that the functions y and exp can be combined to give a 
complex-valued exponential function of a complex variable which will have 
the property that when its domain is restricted to the real numbers, it is 
simply exp. We define such a function now. For every complex number 
z= x -+ iy, let Exp be the function defined by 


Exp(z) = exp(x)¢(y). 
Thus 
Exp(z) = e*(cos y + isin y). 


If z = x + i0, then z = x and Exp(z) = exp(x)¢(0) = exp(x). Hence the 
function Exp is an extension of the function exp. 

It is a routine matter to show that the function Exp has the exponential 
properties listed above for ¢. Following the practice for the real-valued 
exponential, we shall write Exp(z) as e*. In this notation therefore, if 
z= x -+ iy, the definition reads 


The exponential properties are 


(7.1') e=1, 

C72) efle%? = et tt, 

(7.3') oye 
e 

(7.4) Sec 
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Proof. The proofs simply use the fact that the functions exp and ¢ separately have 
these properties. Thus 


e° = eft = exp(0)o(0) = 1-1 = 1. 


Letting z1 = x1 + iy, and z2 = x2 + iys, we have 


ef1e2 = exp(xi)p(yi)exp(x2)¢(¥2) 
exp(x1 + x2)e(y1 + y2). 


Since 2; + (x1 + x2) + (1 + ye), the right side is by definition equal 
to Exp(z; + 22), which is e*1+*2, The last two propositions, (7.3’) and 
(7.4), are corollaries of (7.1') and (7.2’) in exactly the same way that (7.3) 
and (7.4) follow from (7.1) and (7.2). 


If x is an arbitrary real number, then 


et = ett — e%\cos x + isin x), 


Thus we have the equation 


e* =cosx+isinx, for every 


(75) real number x. 


Thus if x is any real number, the complex number e"* is the ordered pair 
(cos x, sin x). Hence e'” is the point on the unit circle obtained by starting 


imaginary axis 


3 ign el*= cosx +i sin x 


x 


\ 


st ! real axis 


unit cirele | z| = 1 


Figure 20 


at the complex number | and measuring along the circle at a distance equal 
to the absolute value of x, measuring in the counterclockwise direction if x 
is positive and in the clockwise direction if it is negative (see Figure 20). In 
terms of angle, x is the radian measure of the angle whose initial side is the 
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positive half of the real axis and whose terminal side contains the arrow 
representing Z. 

Letting x = 7 in (7.5), we get e'” = cos + isin. Since cos7 = —1 
and sin r = 0, it follows that e'" = —1, which is equivalent to the equation 


This equation is most famous since it combines in a simple formula the three 
special numbers 7, ¢, and i with the additive and multiplicative identities 
Oand I. 

One of the most important features of the complex exponential function 
is that it provides an alternative way of writing complex numbers. We have 


(7.6) Every complex number z can be written in the form z = |z\e"', for some 
real number t. Furthermore, if z = x + iy and z # 0, then z = |z\e" if and 


x ‘i 
only if cos t = ial and sin t = a 2 
Proof. If z = 0, then |z| = 0, and so 0 = z = |z\e'", for every real number 1. 


Next we suppose that z # 0. Then |z| # 0, and = ig defined and lies on the 


lel 
unit circle because 


aulioe 
iz is 


Hence there exists a real number ¢ such that il = e'', and this proves the 
first statement in the theorem. Suppose that z = x + iy and that z # 0. 
If z ="|zle!’, then 


x + iy = |zle"t = |z|\(cost + isin A). 


Two complex numbers are equal if and only if their real parts are equal and 

their imaginary parts are equal. Hence x = |z| cos ¢and y = |z| sin r. Since 
x ; y , 

|z| = 0, we conclude that cos t = i and sin ¢ = i . Conversely, if we start 


from the last two equations, it follows that 


x + iy = |z|(cost + isin s). 


The left side is equal to z, and the right side to |z\e’. This completes the 
proof of the theorem. 


A complex number written as z = |z\e"’ is said to be in exponential 
form. The number |z| is, of course, the absolute value of z, and the number / 
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is called the angle, or argument, of z. The latter is not uniquely determined by 
z. Since the trigonometric functions sin and cos have period 2r, it follows 
that 
a |le" = |zlettt tox), 
for every integer n. 
Consider two complex numbers written in exponential form: 


ity 


and zz = |zyle 
The product and ratio are given by 


ity vite Z1 


2122 = |z,| |ze|e"e'?, —= 


Hence by formulas (7.2’) and (7.3’) for the product and ratio of exponentials, 
we have 


it ta) 41 _ lal elt ta), 
> za, zal 


ZZ. = |z,| |za|e 

That is, two complex numbers are multiplied by multiplying their absolute 
values and adding their angles. They are divided by dividing their absolute values 
and subtracting their angles. 


‘i Zh os 
EXAMPLE |, Let z; = 3 + i4 and z2 = —2i. Express z:, zo, z:Z2, and — jn 


Zz. 


the exponential form |z\e’’, and plot the resulting arrows in the complex 
plane. To begin with, 


= V3 + 42 = 5, 
VOr+F (=2F = 2. 


We next seek a real number f; such that cos t; = and sin 4, = 4, and also 


a number fs such that cos tf; = O and sin f; = —1. These are given by 
t; = arccos 2 = 0.93 (approximately), 
t2 = arcesin(—1) = — oe 
Then 
ay = Sef) 
a = Qe), 
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Since fy + ty = 0.93 — = = —0.64 (approximately) and 1) — fy = 0.93 — 
(- *) = 2,50 (approximately), we obtain 


Uti+l) 10e7*0-) 
’ 


2122 = |z,| |z2le 
LAC Jal eiltimte) = 5 2.80) 
Z2—— ‘|zal 2 : 


. 2 ri 5 
The arrows representing 21, Z2, 2122, and — are shown in Figure 21. To 
Zo 


imaginary axis 


+ 


z,=3+/4 =5e" 


real axis 


( 
2, 2, = 10M) 


Figure 21 


locate these numbers geometrically using a ruler and protractor marked off in 
degrees, we would compute 


t, = 0.93 radian = 53 degrees, 


ty ee 
ea 

ti + t. = —0.64 radian = —37 degrees, 

ty — ty = 2.50 radians = 143 degrees. 


radians = —90 degrees, 
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Of course, we can find the real and imaginary parts of 2,22. and a by the 
computations ) 
2122 = (3 + i4)(—2i) = 8 — #6, 
Ree sort Sit t4 25 —8+ i6 


en =o 5 Se 


If z is a complex number, then z” can be defined inductively, for every 
nonnegative integer n, by 


P= 1 (1) 
ig” ize"); forn > 0. (2) 


Another useful property of the complex exponential function is 
ORT) (e*)" = e"*, for every nonnegative integer n. 


Proof. By induction. If n = 0, then (e*)" = (e?)". Since e* is a complex number, 
(e*)® = 1, by equation (1). Moreover, in this case, e"* = e* = 1, by (7.1’). 
Next suppose that n > 0. By equation (2), we have (e*)" = e*(e*)"—', and 
by hypothesis of induction (e7)"~! = e—"*, Hence, by (7.2’), 


(e)" = ete(™—D2 = ettin—De, 
and, since z + (nm — 1)z = nz, the proof is finished. 


Let z be a complex number and va positive integer. A complex number 
w is said to be an nth root of z if w" = z, We shall now show that 


(7.8) If z # 0, then there exist n distinct nth roots of z. 


Proof, Let us write z in exponential form: z = |z|e"‘. By |z|!/" we mean the positive 
nth root of the real number |z| (which we assume exists and is unique). Con- 
sider the complex number 


Yn it) 
Wo = || naitt mr 
It is easy to see that wo is an nth root of z, since 
wor at (ele 


- Izle* 


However, w» is not the only nth root. We have already observed that 


ae Izle"* = jefe" 


for every integer k. If we set 


ayn gttenk 
We = |Z) oe =e 
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then all these numbers are seen to be nth roots of z, since each one satisfies 
the equation w,." = z. However, they are not all different. Note that w,4+1 is 


equal to the product w,e!?*/, The angle of e7/” is * radians, and = 
is one nth the entire circumference of the unit circle. Thus w;+1 is obtained 
from w, by adding an angle of 2 radians, or, equivalently, by rotating w, 
exactly * of an entire rotation. If we begin with w;, and form wy41, Wk42+ ++ 


by successive rotations, when we get to w +4, we will be back at w,, where 
we started. Thus there are only n distinct complex numbers among all the 
w’s. In particular, 


Ce Kk =O)... 19 — 1s, 


are n distinct nth roots of z. This completes the proof, 


An nth root of z is a solution of the complex polynomial equation 


w" — z = 0. It is a well-known theorem of algebra that a polynomial equa- 
tion of degree n cannot have more than n roots. Hence we can strengthen the 
statement of (7.8) to read that every nonzero complex number z has precisely 
n distinct nth roots. 


imaginary axis 


=1+i 


Wo 


real axis 


Figure 22 


EXAMPLE 2. Find the three cube roots of the complex number z = | + i, 
and plot them in the complex plane. Writing z in exponential form, we have 


z= V2e"! 


(see Figure 22), Hence the three cube roots are 


_ wld+2rk 
we = 2) To ok = 0 1,2: 
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3\4 
we see that wy is the complex number lying on the circle of radius 1.12 about 
the origin and making an angle of 15 degrees with the positive x-axis, The 
other two roots lie on the same circle and have angles of 15 + 120 degrees 
and 15 + 240 degrees, respectively. The three roots are thus ¥/2 e'\7/, 
V2 ellsm aa and WV/2 ei(lt/12) 


F : 1 ‘ 
Since (\/2)!* = 2"° = 1,12 (approximately) and = (3) radius = 15 degrees, 


PROBLEMS 


1. Write each of the following complex numbers in the exponential form |z|e". 


(ei it (e) —5 
(b) 1-7 (f) e', where z = 2-415 
() 1+iV3 (s) 5 
(@) —2V3 + 2i (h) i. 
2. Let =) = V3 +i and z= 1-—i. Write each of the following complex 
numbers in the exponential form |z\e"' and plot it in the complex plane. 
: e 
(a) e” (d) oF 
(b) e? (e) 2e"! 
(c) ete? (ff) (et). 
3. Find the real and imaginary parts of each of the following complex numbers, 
(a) ae (d) en te ae 
(b) 20" (ce) /34e", where ¢ = arcsin sls 
V34 
tr. tm /4) 74 it : 2 
(c) e°2e (f) 13 e", where sins = — —- 
V13 
4. If z, = |z\e", what is the exponential form of its complex conjugate 2, ? 


uw 


. Derive (7.3’) and (7.4’) using (7.1’) and (7.2’). 
6. Let 1 be a positive integer, and let 2” be defined as in the text. If z # 0, define 


he = Z. and thence show that (e7)-" = e~"*. Asa result, we know that 
Theorem (7.7) holds for all integers. 
7. Find and plot the mth roots of z in each of the following cases. 
(a) n = 3andz = 8 (d) n= 4andz=1 
(b) n = 2andz =i (e) nm = Sandz = 2i 
(©) n=3andz =2 () n=3andz=1+iV3. 


I 
i 
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8. How would you define the function 5+? 
9. (a) Using the equation e** = cos x + isin x and the fact that (e*)" = ei, 
prove that 
cos mx + isinnx = (cos x + isin x)". 


This is known as de Moivre’s Formula. 


(b) Using de Moivre’s Formula and the Binomial Theorem, find trigonometric 
identities for cos 3x and sin 3x in terms of cos x and sin x. 


10. Every complex-valued function f of a real variable determines two real-valued 
functions f; and /2 of a real variable defined by 


A(x) = real part of f(x), 
fo(x) = imaginary part of f(x). 


Thus f(x) = fi(x) + ifo(x) for every x in the domain of f, We define the 
derivative /’ by the formula 


Sx) = AX) + iff@d. 
Applying this definition to the function f(x) = e'*, show that 


a. ie — ipl? 
dx . 


8. Differential Equations. In this section we shall show how to obtain the 
general solution of any differential equation of the form 


(1) 


where a and b are real constants. Differential equations of this type occur 
frequently in mechanics and also in the theory of electric circuits. Equa- 
tion (1) is a second-order differential equation, since it contains the second 
d’y 
dx° 
dy dy 
a ee 
ay aa 
and a w, then (1) becomes w + az + by = 0, and the left side is a 
linear polynomial, or polynomial of first degree, in w, z, and y. A second- 
order linear differential equation more general than (1) is 


derivative but no higher derivative. It is called linear because each one of 


: Shee dy 
occurs, if at all, to the first power. That is, if we set ai =e, 


2 
4¥ 4 rey @ + gcoy = Mo, 
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where f, g, and Aare given functions of x. Equation (1) isa special case, called 
homogeneous, because / is the zero function, and said to have constant co- 
efficients, since f and g are constant functions. Thus the topic of this section 
becomes: the study of second-order, linear, homogeneous differential equa- 
tions with constant coefficients. 

An important and easily proved property of differential equations of this 
kind is the following: 


(8.1) Jf»: and y2 are any two solutions of the differential equation (1), and if 
¢, and cs are any two real numbers, then ciy, + C22 is also a solution. 


Proof. The proof uses only the elementary properties of the derivative. We know 
that 


Hence 


To test whether or not ci), + ca)2 is a solution, we substitute it for y in the 
differential equation: 


Eco + c2y2) + a 


; + beryr + beoy2 


= : : y 2( 2 + a oe t by): 
x an a 


The expressions in parentheses in the last line are both zero because ); and 2 
are by assumption solutions of the differential equation. Hence the top line 
is also zero, and so ciy1 + C22 is a solution, This completes the proof. 


It follows in particular that the sum and difference of any two solutions 
of (1) is a solution, and also that any constant multiple of a solution is again 
a solution, Finally, note that the constant function 0 is a solution of (1) for 
any constants a and b. 

In Section 5 of Chapter 5 we found that the general solution of the 


differential equation - + ky = Ois the function y = ce~**, where c is an 
x 


arbitrary real number. This differential equation is first-order, linear, homo- 
geneous, and with constant coefficients. Let us see whether by any chance an 
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pega csp might also be a solution of the second-order differential 


sain Laois ® a cy = 0. Let y = e’*, where r is any real number. 


Then 


ae 


Hence 
yg B+ by = re™ + are™ + be™ 
(r? + ar + b)e™. 


Since e”* is never zero, the right side is zero if and only if 7? + ar + b = 0. 
That is, we have shown that 


(8.2) The function e”* is a solution fo = 2 4. af = + by = 0 if and only if the 


real number r is a solution of t? +- at a b= te 


The latter equation is called the characteristic equation of the differential 
equation. 


EXAMPLE 1. Consider the differential equation a - & — 6y=0. Its 
characteristic equation is ?? — t— 6 = 0. Since & — t — 6 = (t — 3)(t + 2), 
the two solutions, or roots, are 3 and —2. Hence, by (8.2), both functions 
e*” and e~*“ are solutions of the differential equation. It follows by (8.1) that 
the function 

- y= cre** + ce 


is a solution for any two real numbers c, and ¢». 


The form of the general solution of the differential equation 


dy e 
pptamice neti Y) 


depends on the roots of the characteristic equation ? + at + b = 0. There 
are three different cases to be considered. 


Case 1, The characteristic equation has distinct real roots. This is the 
simplest case. We have 


?+at+b= (t—n)(t — 7), 
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where r, and ry are real numbers and 7; # ry. Both functions e”!” and e”2” 
are solutions of the differential equation, and so is any linear combination 
cye"!* + ese". Moreover it can be shown, although we defer the proof until 
Chapter 11, that if y is any solution of the differential equation, then 


Hah (2) 


cre® + 


for some two real numbers c; and cz, Hence we say that (2) is the general 
solution. In Example | the function cie*” + c,e~** is therefore the general 
dy 


: 5 ‘ ately 
solution of the differential equation = Soe 6y = 0. 


Case 2. The characteristic equation has complex roots. The roots of 
+ at + b = Oare given by the quadratic formula 


—a+ Va — 4b 
nr, = iene >)” aaa 


Since a and bare real, r; and r. are complex if and only if a? — 46 < 0, which 


a 4 a 
we now assume. Settinga = — 3 and B = rae i have 


rm = a+ ig, rh =a — ip. 


Note that 7; and r. are complex conjugates of each other. 

Motivated by the situation in Case 1, in which 7, and r, were real, we 
consider the complex-valued function ce" + c2,e"2", where we now allow 
¢, and cs to be complex numbers. We shall show that 


(8.3) If c, and cz are any two complex conjugates of each other and if r; and rs 
are complex solutions of the characteristic equation, then the function 
y = ce + cxe"2* 
is real-valued. Moreover, it is a solution of the differential equation (1). 
Proof. Let ec, = ¥Y + i6 and cy = Y — i6. Since mr) = a + iB and r, = a — ip, 
we have 
(y He ise tt* ens (ef - i8ee** 
ey + ide” + (Y — ie). 


ne ro 
cje:*2 =icse™ 


Recall that e'* = cos Bx + isin Bx and e—'®* = cos(—Bx) + isin(—Bx) = 
cos Bx — isinBx. Substituting, we get 


cre” + exe” = e“[(Y + 18)(cos Bx + isin Bx) 
+ (¥ — i6)(cos Bx — isin Bx)] 
= e“(27 cos Bx — 26 sin Bx). 
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The right side is certainly real-valued, and this proves the first statement of 
the theorem. Since Y and 6 are arbitrary real numbers, so are 2Y and —26. 
We may therefore replace 2Y by k; and —26 by ka. We prove the second 
statement of the theorem by showing that the function 


y = e@(k; cos Bx + kz sin Bx) (3) 


is a solution of the differential equation. Let y»; = e**cosBx and 
yo = e*sin Bx. Since y = kiy; + koyo, it follows by (8.1) that it is enough 
to show that y; and y» separately are solutions of the differential equation. 
We give the proof for y; and leave it to the reader to check it for yz. By the 
product rule, 


dy 


d paz Sie Pile i BI ais 
ana as (e““cos Bx) = ae*’cos Bx — Be"’sin Bx 


e“(acos Bx — B sin Bx). 
Hence 


ae ae™"(a cos Bx — B sin Bx) + e*“(—a@ sin Bx — 6B’ cos Bx) 


e“[(a” — B”) cos Bx — 2a8 sin Bx). 


Thus 
Ty 1 gO + by, = e(@? — 8%) cos Ax — 208 sin Bx] 
dx? dx 


+ ae“"(a cos Bx — B sin Bx) + be**cos Bx 


= e“([(a’ — f°) + aa + b] cos Bx — B(2a + a) sin Bx). 


But, remembering that r, = a + i@ and re = a — i§ and that these are the 
roots of the characteristic equation, we read from the quadratic formula that 


Hence 


(a” — 8°) + aa +b 


a 


a a’ 
=G begets =0 


and also 


2a+a=2(—5)ta=-ata=0, 
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whence we get 


dy, dy, 
dx +a oe + by 


e“"(0 + cos Bx — 8 -0- sin Bx) 
iin 


and so y; is a solution. Assuming the analogous proof for ys, it follows that 
y, as defined by (3), is also a solution and the proof is complete. 


It can be shown, although again we defer the proof, that if y is any real 
solution to the differential equation (1), and if the roots 7; and r, of the char- 
acteristic equation are complex, then 


for some complex number c, and its complex conjugate c». Hence, if the roots 
are complex, the general solution of the differential equation can be written 
either as (4), or in the equivalent form, 


y = e**(k, cos Bx + ky sin Bx), (5) 


where 7; = a + i8 and r, = a — iB, and k, and ky are arbitrary real 
numbers. Note that solutions (2) and (4) look the same, even though they 
involve different kinds of r’s and different kinds of c’s. 


EXAMPLE 2. Find the general solution of the differential equation 
dy dy ae 
fat 45. t 13y = 0. 


The characteristic equation is + 4¢-+ 13 = 0. Using the quadratic for- 
mula, we find the roots 
44 Vi6—FB _ -44 V=36 

2 ‘i 2 


1, %o = 
= —2 + 3i. 
Hence, by (4), the general solution can be written 
y = cet + eyed, 


where c; and c, are complex conjugates of each other. Unless otherwise 
stated, however, the solution should appear as an obviously real-valued 
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function. That is, it should be written without the use of complex numbers as 
in (5). Hence the preferred form of the general solution is 


y = e& **(k, cos 3x + ky sin 3x). 


We now consider the remaining possibility. 


Case 3. The characteristic equation * + at+ 6 = 0 has only one 
root r. In this case, we have ? + at + b = (t — r)(t — r), and the qua- 


dratic formula yields r = — © and Va? — 4b = 0. 
Theorem (8.2) is still valid, of course, and so one solution of the differ- 


: ys Oe d ‘i ' 4 
ential equation —, + any + by = 0 is obtained by taking y = e*. We 


shall show that, in the case of only one root, xe” is also a solution. Setting 
y = xe"™, we obtain 


Y = e* + xre™ = e"(1 + rx), 
a =re"(1+rx)+e"-r 
= re™(2 + rx). 
Hence 
a2 +a ay + by = re™(2 + rx) + ae(1 + rx) + bxe™ 


e(2r + rx + a+ arx + bx) 
= e™[x(r? + ar + b) + (a+ 2r)). 


Since r is a root of #2 + at + 6, we know that 7? + ar + 6 = 0. Moreover, 


we have seen that r = — , and so a+ 2r = 0. It follows that the last 


expression in the above equations is equal to zero, which shows that the 
function xe" is a solution of the differential equation. 
Thus e” is one solution, and xe” is another. It follows by (8.1) that, for 
any two real numbers c; and cs, a solution is given by 
y = erxe"™ + coe" = (1x + ce)e™. 


Conversely, it can be shown that if y is any solution of the differential equa- 
tion (1), and if the characteristic equation has only one root r, then 


(6) 
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for some pair of real numbers c; and c». The general solution in the case of a 
single root is therefore given by (6). 


EXAMPLE 3. Find the general solution of the differential equation 9y”’ — 
6y’ + y = 0. Here we have used the common notation y’ and y”’ for the 
first and second derivatives of the unknown function y. Dividing the equation 
by 9 to obtain a leading coefficient of 1, we get »’” — 3y’ + $y = 0, for which 
the characteristic equation is * —3f1+$=0. Since ? — 31+ 4= 
(t — 4)(t — 4), there is only one root, r = 4. Hence 


8 


y= (xx + ede 


is the general solution. 


The solution of a differential equation can be checked just as simply as 
an indefinite integral, by differentiation and substitution. 


PROBLEMS 


1. Find the general solution of each of the following differential equations. If 
the characteristic equation has complex roots, write your solution in trigono- 
metric form, 


(a) 2% 4ay=0 wn) %44y=0 

(b) 9’ = 5y w fy _ oy =o 

() — 5y=0 (i) ay + 13y = 

(d) ote ea =2 (k) ores =0 

(e) y+ 8y! + 16y = 0 iy ae + y=0 
1) se (m) y” + 14y’ + 50» = 0 


gi y= y= (n) y+ 14y' + 49y = 0. 
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2. (a) 


(b) 
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Find the general solution of the differential equation 


dy _ dy 
Prue Ver ae oy =0. 
Find the particular solution y of the equation in part (a) with the property 
d) 
that y = 2 and . = 9when x = 0. (Hint: Use these two conditions to 
x 


evaluate the arbitrary constants which appear in the general solution.) 


3. Find the particular solution y of each of the following differential equations 


such that y and 2 have the prescribed values when x = 0. 
Ix: 


(a) 


(b) 


(c) 


(d) 


(e) 


oF 5 4D ety = 0, y= and = —5 when x = 0. 
152 sto he, y= tand® = 1 wen x = 0. 
fy 43H 0, y = 3and ® = 6 when x = 0. 

Le ea y= Sand ® = —5 when x = 0. 


y+ 3y’ + 5y = 0, y(0) = 2 and y/(0) = 6, 


4, Show by differentiation and substitution that e*’sin8x is a solution of 


5. (a) 
(b) 


6. (a) 


(b) 


dy 
dx* 
Show that e* = e?. 


+ a2 + by = Vita + iB isa root of f+ at +b = 0. 
Ix 


Use (a) and Problem 6, page 334, to show that ce* + @e® is real for any 
complex numbers ¢ and z. 


edlis ee and hence show that it can be 


Multiply a cos x + bsin x by 


a a 
written in the forme sin(x + &), where ¢ = Va? + b®, sink = ~=——= » 
b Va? + 62 
and cos k = —————_ 
Vae+ Bb 
Multiply a cos x + bsin x by wu we and hence show that it can be 
Va? + 6? 


written in the form c cos(x + k), where 


Gite araeRE Ta sie dices hes oO 
Vai + Be Va? + Bb? 
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if 


10. 


(a) 


(b) 


Show that y = cie**sin(8x + ce) is a solution of the differential equation 
Y= Daye Ge By = 


Show that » = cye**cos(8x + cz) is also a solution of the differential 
equation in (a). 


. For what value or values of r is e™* a solution of the third-order linear differ- 


ential equation y’”” — 6y’’ + Sy’ = 0? 


. (a) Solve the homogeneous differential equation 
d’ dy 
oF -3% + 12y = 0. 
(b) Substitute the linear polynomial Ax + B for y in the nonhomogeneous 
differential equation 
dy _ ae + 12y = 24x + 12. 
dx® 
Hence find values of A and B for which this polynomial is a particular 
solution of the differential equation. 
(c) Show that the function which is the sum of the solutions found in (a) 
and (b) isalsoa ‘sae to the sg equation in (b). 
If ya is a solution of ¢ — 2 af = ies by = 0 and y, is a solution of 
oe + at + by = h(x), ae an Ya + ¥p is also a solution of 


dy 


SA CSET = h(x). 
dx? dx 


CHAPTER 7 


Techniques of Integration 


We have found indefinite integrals for many functions. Nevertheless, 
there are many seemingly simple functions for which we have as yet no 
method of integration. Among these, for example, are In x and \/a? — x, 
since we have no way of finding Jin x dx and [\/a? — x? dx. In this chapter 
we shall develop a number of techniques, each of which will enlarge the set of 
functions which we can integrate. 


1. Integration by Parts. One of the most powerful methods of integration 
comes from the formula for finding the derivative of the product of two 
functions. If uv and v are both differentiable functions of x, we recall that 


d Pee 
—uw = u—-+v-—-. As a consequence, of course, it is true that 
Ix 


u . . 
u— = —-w —v—. From this last equation it follows that 
¢ 9 Ix 


Gis ae ia du 
{ Uo as = i (fw — 0S) dx. 


Since the integral of a difference is equal to the difference of the integrals, the 
last equation is equivalent to 


; uo dx = | £ (ww) dx — [e ae dx. 


d F . r 
But | ae (we) dx = uv + c. Hence, leaving the constant of integration as a 
x 


by-product of the last integral, we obtain 


futea = v— fottax 
(ene) Ua ax = u al 


This is the formula for the technique of integration by parts. To use it, 
the function to be integrated must be factored into a product of two functions, 
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d 
one to be labeled w and the other eB . If we can recover v from > , then we 


hope that fotax is easier to find than [uae As we shall see, the 


trick is to find the right factorization. Sometimes it is obvious, and some- 
times it is not. 


EXAMPLE 1, Integrate 


(a) fw xdx, (b) [> sin x dx. 
: steed dv 
For (a), consider the factorization In x-1, and let u = In x and ma = 
Then a = t and v = x (we normally do not concern ourselves with a 
x 


constant of integration at this point—we look for some v, not the most general 
v). Integrating by parts, we have 


finx-1-as = (in x)(x) — [ahead 


ae, ee Wey 
dv du 
u dx u Dv v ax 


or 


finxax = xinx— fax 


=xInx—x+e. 


If this is the correct answer, its derivative will be the integrand. Checking, 
we get 


1 
gy nx — x + 0) Delhi =e Stole 0 


Inx+1—1=Inx. 


d 
For (b) we have choices. We can try letting w = x and = = sin x, 


dv x dv r 
—- = x, or even u = xsin x and = 1. Trial 
Ix 


dx 
and error shows that the first suggestion works and the others do not. If 


or we can try u = sin x and 


d d 
u = x and eS sin x, then we have “ = 1 and v = —cosx. The in- 
dx dx 


tegration-by-parts formula implies that 


iE sin x dx = (x)(—cos x) — [cos x)(1) dx, 
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or 


[xsinxcas = —xcosx + [eos x ax 


ll 


—xcosx + sinx +c. 


Although it is not true that every function can be written as a product of 
functions which will lead to a simplification of integrals—this technique is of 


5 | du. : : dv ea 
little use if [ec We dx is not easier to integrate than fu ie dx—it is true that 


many can and that they can be integrated as were the two integrals in Ex- 
ample 1. The problem is to find the best function to call uv. Sometimes the 
technique of integration by parts must be used more than once in a problem. 


EXAMPLE 2. Integrate [(3x? — 4x + 7)e*dx. If we let u = 3x — 4x +7 


a = 6x — 4andv = $e”. 


and 2 = e**, then 
rl (3x? — 4x + 7)e"*dx = (3x — 4x + 7)(4e"*) — / (ke** (6x — 4) dx 


= 43x? — 4x + 7)e* — f (3x — 2)e*"dx. 


This last integral again involves a product of a polynomial and e**, so we 


d 
apply the technique again. Let uw, = 3x — 2 and aes =e) Then es 
dx dx 


and v, = $e*". Thus 


ih (3x — 2)e*dx = (3x — 2)(he**) — | (4e"")(3) dx 


= 43x — 2)e* — 3 | e™™dx 
= 33x — 2)e* — fe* + a1. 


Substituting, we have 


[ox — 4x + 7)e*dx 
= 43x" — 4x + 7)e™ — [Ax — 2)e* — Be* + ci] 
= [@x*— 2x + F—Fe+ 1+ He"]+e 


= x — $x + BDe* +c. 
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Generally, faced with the product of a polynomial and a trigonometric 
or exponential function, it is best to let the polynomial be uv and the transcen- 


F d i 4 
dental function be os . In this way, the degree of the polynomial is reduced 


by one each time the product is integrated by parts. However, faced with a 
product of transcendental functions, the choice may not be quite so obvious. 


EXAMPLE 3. Integrate fecos 3xdx. Let us select e*” as w and cos 3x as 


d 
we Then <“ = 2c and v = 4 sin 3x. Thus 
ix 


Ox d. 
i e*cos 3x dx 


i 


(e**)(4 sin 3x) — Ja sin 3x)(2e”*) dx 
= 4e™sin 3x — 3 fein 3x dx. 


At this point a second integration by parts is necessary. The reader should 
check that the choice of sin 3x for w will lead back to an identity, We choose 


dv duy 
—" Then — = 2e** and v; = —4 cos 3x. Hence 


He and sin 3x f 
e** for u; and sin 3x for ae ae 


[ersin 3x dx = (e**)(—4 cos 3x) — fe £cos 3x)(2e™) dx 


= —hecos 3x + 3] e*cos 3x dx. 
q 5 


Substituting, we have 


Fife F 
[cos 3x dx = 4e™sin 3x — 4(—4e%e0s 3x + afe “cos 3x dx) 
or 


[eos 3x dx = 4e™sin 3x + Ze™cos 3x — 4 [eros 3x dx. 


This does not look much simpler, since we have found an integral in terms of 
itself. But, if we add 4fe**cos 3x dx to each side of the equation (supplying 
the constant of integration at the same time), we have 


Qn 


ap. | e%cos 3x dx a (3 sin 3x + 2cos 3x) + «1. 


Finally, therefore, 


2a 
[cos 3x dx = aa (3 sin 3x + 2cos 3x) + c. 
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If we had chosen cos 3x as uw in the first integration by parts and sin 3x as Ww 
in the second integration by parts, the integral could be found in the same 
way that we just found it. 


The differential of a function was introduced in Section 6 of Chapter 2 
and was shown to satisfy the equation dF(x) = F’(x)dx. As a result, the 
symbol dx which occurs in an indefinite integral { f(x) dx may be legitimately 
regarded as a differential since, if F’(x) = f(x), then dF(x) = f(x) dx. 
Moreover, if wu is a differentiable function of x, then 


dF(u) = F'(u) du = f(u) du, 
SO we write 


Flu) +ec= io du. 


[see (6.7) on page 216]. Using differentials, we obtain a very compact form 


d 
for the formula for integration by parts. Since du = a dx and dv = - dx, 
substitution in (1.1) yields ow 2 


(1.1’) Jude = w= fodu 


We have less to write when we use this form of the formula, but the result 
is the same. 


EXAMPLE 4, Integrate fx Inxdx. If we use (1.1’), we set vu = Inx and 


dv = xdx. Then du = Le and v = 4x*. Hence 
x 


foinxax 


(dn x(x") = i Gx’) (: ax) 
= d'Inx — af xax 


2) 2 
$x Inx — 4x +c. 


In the remainder of this chapter we shall take full advantage of the 
streamlined notation offered by the differential and shall use it freely when 
making substitutions in indefinite integrals. 


sec. 1] INTEGRATION BY PARTS 359 


EXAMPLE 5. Find fxIn(x + 1) dx. This example illustrates the fact that a 
judicious choice of a constant of integration can sometimes simplify the 


computation. Set uv = In(x + 1) and dv = xdx. Then du = dx 


a xa 1 
and we may take v = mie If we do this, we have 


2 2 
[vince + 1) dx = In(x + >= ie ie 


2 n(x aie |/eee 
= 4x In(x + 1) ae 


ne 1 
seis Ci 1 Baar an nnetUs 


deine + pet («- 1 +44) ax 
= dy'In(x + 1) — 4x” — x + Infx + 1)) + 
= ix’ — 1)Inw+1)-— + bxtec. 


[Since In(x + 1) makes sense only if x + 1 > 0, we have replaced In|x + 1] 

by In(x + 1).] The same result is reached more quickly if we take 
2 2 k 

v= = +c= x t . Then integration by parts gives 


2 2 
[since + yas = me + 9 +4 ie tk as. 


Since we have a free choice for k, we shall choose k = —1 and then 


ete asad pel The problem becomes 


Dividing, we find that 


I 


[ince + 1) dx 


itn | > eet eae 


Gee nto [ete 
4(x* — 1) In(x + 1) — $x? + xtc. 


[xin + 1)dx 


The method of integration by parts can frequently be used to obtain a 
recursion formula for one integral in terms of a simpler one. As an example, 
we derive the useful identity 


(1.2) For every integer n > 2, 


n 


3 nee 
cos" 'x sin x 
| cos"x dx = —— ——— 


n 
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Proof. We write cos"x as the product cos"~!x cos x, and let u = cos"~!x and 
de = cosxdx. Then v = sin x and du 
—(n — 1) cos"~*x sin x dx. Hence 


(n — 1) cos"—*x (—sin x dx) = 


[osx dx = cos"~'x sin x — [si x[—(n — 1) cos"~*x sin x dx] 


= cos"—!x sin x + (n — 1 [cos — x sin’x dx. 


Replacing sin*x by 1 — cos*x, the equation becomes 


[oss dx = cos"—'x sin x + (n — 1 [ cosrx (1 — cos*x) dx 


= cos"—!x sinx + (n — 1 cos dx — (n— 1 cos dx. 
Adding (n — 1)fcos"x dx to both sides of the equation, we obtain 


n [cos dx = cos"—'x sin x + (n — 1 [cose dx, 


whence (1.2) follows at once upon division by n. 


Thus by repeated applications of the recursion formula (1.2), the 
integral foos"x dx can be reduced eventually to a polynomial in sin x and 
cos x. If n is even, the final integral is 


[oss ax = [as =x+e, 


and, if n is odd, it is 
[osx ax =sinx+ec. 


EXAMPLE 6, Use the recursion formula (1.2) to find Joos®2x dx. We first 
write [cos’2x dx = 4fcos°2x d(2x) and then 
ren 
i cos’2x d(2x) = °° Ein Bias ; / cos"2x d(2x). 
A second application of the formula yields 


2, 
[cos'2s d(2x) = wae 


x sin 2x 


2 
3 + 3 [cos 2x d(2x), 
and, of course, 


[cos 2x d(2x) = sin2x + ¢. 
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Combining, we have 


a 4 : 2 : 
[cost2x foe } sss 2x sin 2x ie $ fe 2x sin 2x 2 in aa | 
+ 


2 >) 3 


= jy cos'2x sin 2x + 3% cos’2x sin 2x + 75 sin 2x + c. 


PROBLEMS 
1. Integrate each of the following. 
(a) J xcos x as (f) [oe — 7x + 2) sin x dx 
(b) i (x + 2)e"dx (g) i e™sin 2x dx 
(c) fexctan xdx (h) [ses dx 
(d) | x’sin Tx dx (i) [sinc + 1) dx 
(e) fe In x dx G) faves + 2) dx. 


2. Do Example 3 again, first letting wu = cos 3x and then u; = sin 3x. 
3. Find formulas for 


(a) [eos bx dx (b) fersi bx dx. 
4. Derive the recursion formula analogous to (1.2): For every integer n > 2, 
aA sin"xcosx  n—1 [ . no 
sin’ x d. Se a sin” “x dx. 


5. Evaluate 


(a) [eos dx (b) [nts dx 


by the recursion formulas [see (1.2) and Problem 4], and also using the trigono- 
metric identities 
cos?x = 4$(1 + cos 2x), 


sin’x = 4(1 — cos 2x). 


Show that the results obtained are the same. (The preceding identities can be 
read off at once from two more basic ones: 


1 = cos®x + sin?x 


cos 2x = cos?x — sin?x.) 
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6. Use integration by parts to find recursion formulas, expressing the given integral 
in terms of an integral with a lower power: 


(a) Show that [reac = x"et — n [rea 


" REG ie 
(b) Show that [se Xdx = mo + . =a SCC wins 


(c) Find a reduction formula, expressing frsies + b|)"dx in terms of 
[rojas + bl)" “dx. 
7. Use the formulas derived in (1.2) and in Problems 4 and 6 to find 


(a) i xe"dx (d) f (In|3x + 7|)"dx 
(b) | sin'x dx (e) | sin’x dx 
J0 
1 
(c) f cos’5x dx (f) f xe"dx. 
Jo 


2. Integrals of Trigonometric Functions. Products of trigonometric functions, 
powers of trigonometric functions, and products of their powers are all 
functions which we need to integrate at various times. In this section tech- 
niques will be developed for finding antiderivatives of the commonly en- 
countered functions of these types. 

The first and simplest occur with the integrals 


/ cos ax cos bx dx, 

fis ax sin bx dx, (15) 

fin ax cos bx dx, in which a # b. 
None of these can be integrated directly, but each of the three integrands is 
a term in the expansions of cos(ax + bx) and cos(ax — bx) or in the ex- 
pansions of sin(ax + bx) and sin(ax — bx). We can use these addition 


formulas to change products to sums or differences, and the latter can be 
integrated easily. 


EXAMPLE |. Integrate: 


(a) [si 8x sin 3x dx, (b) [sv Tx cos 2x dx, 
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The integrand sin 8x sin 3x in (a) is one term in the expansion of 
cos(8x + 3x) and also in the expansion of cos(8x — 3x). That is, we have 


cos(8x + 3x) = cos 8x cos 3x — sin 8x sin 3x, 
cos(8x — 3x) = cos 8x cos 3x + sin 8x sin 3x. 
Subtracting the first from the second, we get 
cos(8x — 3x) — cos(8x + 3x) = 2 sin 8x sin 3x. 
Hence, since 8x — 3x = 5x and 8x + 3x = ILx, we obtain 
sin 8x sin 3x = 4(cos 5x — cos 11x), 


and so 


[sin 8x sin 3x dx | (cos 5x — cos 11x) dx 


zo sin 5x — gy sin 11x + ¢. 


For the integral in (b), we use the formulas for the sine of the sum and 
difference of two numbers: 


sin(7x + 2x) = sin 7x cos 2x + cos 7x sin 2x, 
sin(7x — 2x) = sin 7x cos 2x — cos 7x sin 2x. 
Adding, we have 
sin(7x + 2x) + sin(7x — 2x) = 2 sin 7x cos 2x. 
Hence 
sin 7x cos 2x = 4(sin 9x + sin 5x), 


and 


fin 7x cos 2x dx = fin 9x + sin 5x) dx 


= —7)5 cos 9x — zy cos 5x + c. 


It should be clear that, using the formulas for the cosine and sine of the 
sum and difference of two numbers as in Example 1, we can readily evaluate 
any integral of the type given in equations (1). 


We next consider integrals of the type 


{; cos”x sin"x dx, fies 
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in which at least one of the exponents m and n is an odd positive integer (the 
other exponent need only be a real number). Suppose that m = 2k + 1, 
where k is a nonnegative integer. Then 


cos”x sin"x = cos* ty sin"x 
= (cos*x)* sin"x cos x. 


Using the identity cos’*x = 1 — sin*x, we obtain 


[eosms sin"x dx = [o — sin’x)" sin"x cos x dx. 
The factor (1 — sin’x)* can be expanded by the Binomial Theorem, and the 


result is that fcos”x sin"x dx can be written as a sum of constant multiples 
of integrals of the form [sin%x cos x dx. Since 


1 in?! i 
| sintsc0s xa = fieales BiG Bit all 
In|sin x| + ¢ ifq = —l, 
it follows that Jcos’'x sin"x dx can be readily evaluated. An entirely anal- 
ogous argument follows if the exponent 7 is an odd positive integer. 


EXAMPLE 2. Integrate 


(a) [ost dx, (b) [sits cos'x dx. 


The integral in (a) illustrates that the method just described is applicable 
to odd positive integer powers of the sine or cosine (i.e., either m or n may be 
zero). We obtain 


[costs ax = [costs cos 4x dx 


fo — sin’4x) cos 4x dx 


- = [os 4x dx — [ans cos 4x dx 
= 4sin 4x — zysin’4x 4 c. 


In (b) it is the exponent of the sine which is an odd positive integer. 
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Hence 


[sic's cos'x dx = [ines cos‘x sin x dx 


fo — cos’x) cos'x sin x dx 


iH 


fo — 2cos’x + cos‘x) cos*x sin x dx 


[eos's sin x dx — 2 [cos's sin x dx + [cos's sin x dx 


—tcos’x + #cos'x — $cos’x + c. 


The third type of integral we consider consists of those of the form 


[oosns sin" x dx, (3) 


in which both m and n are even nonnegative integers. These functions are not 
so simple to integrate as those containing an odd power. We first consider 
the special case in which either m = 0 or n = 0. The simplest nontrivial 
examples are the two integrals foos*x dx and fsin?x dx, which can be 
integrated by means of the identities 


4(1 + cos 2x), 
sin’x = $(1 — cos 2x), 


cos*x 


These are useful enough to be worth memorizing, but they can also be derived 
quickly by addition and subtraction from the two more primitive identities 


1 


cos 2x = cos*x — sin?x. 


cos*x + sin®x, 


Evaluation of the two integrals is now a simple matter. We get 


/ cos’x dx 
x 


| sintsas = sfa — cos 2x) dx = 5 — fsin 2x + ¢, 


Going on to the higher powers, consider the integral Jcos*'x dx, where 
iis an arbitrary positive integer. We write 


sfa + cos 2x) dx = X + qsin2x + ¢, 


cosx = (cos*x)' = [4(1 + cos 2x)]' 


= zd + cos 2x). 
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The factor (1 + cos 2x) can be expanded by the Binomial Theorem. The 
result is that cos*'x can be written as a sum of constant multiples of functions 
of the form cos’2x, and in each of these j < 27, The terms in this sum for 
which j is odd are all of the type already shown to be integrable. The terms 
for which j is even are of the type now under consideration. However, the 
exponents j are all smaller than the original power 27. For each function 
cos’2x with j even and nonzero, we repeat the process just described. Again, 
the resulting even powers of the cosine will be reduced. By repetition of 
these expansions, the even powers of the cosine can eventually all be reduced 
to zero. It follows that, although the process may be a tedious one, the 
integral fcos?'x dx can always be evaluated. The argument for fsin®'x dx 
is entirely analogous. 


EXAMPLE 3. Integrate fsin’2x dx. We write 

(sin?2x)* = [4(1 — cos 4x)]' 

&(1 — 3 cos 4x + 3 cos*4x — cos*4x) 

all — 3cos 4x + $(1 + cos 8x) — cos'4x] 
vs — $cos 4x + 33; cos 8x — $cos4x, 


sin'2x 


I 


Hence 
wide at nae GR = Sind 
[sin Pooky be 6m 37 Sin 4x + D8 sin 8x 3. cos'4x dx. 
In Example 2 we have shown that 


[costa dx = sin 4x — yysin’4x + c. 


We conclude that 


nt pee Sx? aksien ea Gas at eile 
[ain 2x dx = 16 37 Sin 4x { [2g Sin 8x 3p Sin 4x + 9g sin'dx + ¢ 


PS ellen 1a. 
= 76 ~ g Sin 4x + jog Sin 8x + og sim'dx + c. 


Returning to the general case, we can now integrate [cos”x sin"x dx, 
where m and n are arbitrary nonnegative even integers. For, setting m = 2i 
and n = 2), we can write 


cos”x sin" x 


cos*!x (sin?x)’ 
cos"'x (I — cos?x)’, 
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When expanded, the right side is a sum of constant multiples of even powers 
of cos x, and we have shown that each of these can be integrated. This 
completes the argument. Actually, if neither m nor n is zero, we can save time 
by using the identity 


sin x cos x = }sin 2x, 


as illustrated in the following example. 


EXAMPLE 4. Integrate fcos'x sin’x dx. Since sin’x is the factor with the 
smaller exponent, we write 


cos'x sin?’x = cos*x (cos*x sin?x) 


cos*x (sin x cos x)* 
[AC + cos 2x)]G sin 2x)’. 


Expanding, we get 


cos*x sin’x 


i] 


ACL + cos 2x) sin?2x 


1 sin?2x + 4 sin’2x cos2x 
8 8 


i 


zs(1 — cos 4x) + % sin?2x cos 2x, 


Hence 
[oos's sin’x dx = a | a = rr [cos 4x dx + | sin’2x cos 2x dx 
inner A sintox +c 
16 64 ‘7 48 ’ 


An important alternative method for integrating positive integer powers 
of the sine and cosine is by means of recursion (or reduction) formulas. In 
Section 1 [see (1.2), page 359], such a formula was developed, expressing 
fcos"x dx in terms of fcos"~*x dx. Following the derivation, [cos'2x dx 
is evaluated with two applications of the formula. A similar reduction for- 
mula for fsin"x dx was given in Problem 4, page 361. Certainly no one should 
memorize these formulas, but, if they are available, they undoubtedly provide 
the most automatic way of performing the integration. 


We next turn to the problem of evaluating 


fro dx, (4) 
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where n is an arbitrary positive integer. For n = 1, the integral is an ele- 


mentary one: 
; —In|cos x| 4 
sin x 
fran xax = (Ese = 
cos x 


t 
= 


In|sec x| + c. 


For n > 2, there is a reduction formula, which is easily derived as follows. 
Using the identity sec?x — 1 = tan*x, we have 


fans ai Jans tan’x dx 
= fax x (sec’*x — 1) dx 
= franx sec’x dx — fans dx. 
Since é tan x = sec’x, the first integral on the right is equal to 


franr-'e dtan x. 


Hence we obtain 


(2.1) fans dx = = L i tan Paws dx. 


However, we generally perform such integrations without explicit use of the 
reduction formula (2.1). We simply carry out this technique of replacing 
tan’x by sec*x — 1 as often as necessary. 


EXAMPLE 5. Integrate ftan*x dx. Factoring and substituting, we get 


Jats dx = Jan's tan’x dx 


fan's (sec’x — 1) dx 


fa0’s sec’x dx — fia0's dx 
= i tan‘x — fran x (sec’x — 1) dx 


= dtan*x — fran x sec’x dx + fia xdx 


= dtan'x — $tan’x + In|sec x| + c. 
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The difficulty in evaluating the integral 


/ sec"x dx, (1) 


where n is a positive integer, depends on whether n is even or odd. If n = 2i, 
for some positive integer i, then 


sec"x = (sec?x)''sec’x = (1 + tan®x)'—'sec*x. 


Hence, if n is even, sec"x can be expanded into a sum of multiples of integrals 
of the form 


fan's sec’x dx = Hi tan’+"x +c. 


If n is odd, the problem is not so simple. We shall use the reduction formula 


sec" *xtanx | n— 


( 22.) [sors ax = Rat 


This formula is derived by integration by parts [see Problem 6(b), page 362] 
and is applicable for any integer n > 2, whether even or odd. With a finite 
number of applications, {sec"x dx can therefore be reduced to an expression 
in which the only remaining integral is fdx or [sec x dx, according as n is 
even or odd. Hence, if ” is odd, we need to know fsec xdx. An ingenious 
method of integration is to consider the pair of functions sec x and tan x 
and to observe that the derivative of each one is equal to sec x times the other. 
Writing this fact in terms of differentials, we have 


dsec x = sec x tan x dx, 
dtan x = sec’x dx = sec x sec x dx. 
Adding and factoring, we obtain 
d(sec x + tan x) = sec x(tan x + sec x) dx. 
Hence 


d(sec x + tan x) , 


sec x dx = 
sec x + tan x 


from which follows the useful formula 


(2.3) [sec x ax = In|sec x + tan x| + ¢. 
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EXAMPLE 6. Integrate fsec’x dx. Using the reduction formula (2.2) twice, 
we have 


3 
[sectx (bi oe 2 [sets dx 


4 
sec’xtanx , 3/secxtanx , 1 
= 4 a 2 + > sec x dx} - 


From this and (2.3), we conclude that 


3 
[se's dx = ean =e iste 2 tan x a j in|see x + tanx| +c. 


Of course, the integration of foot"x dx parallels the technique for in- 
tegrating ftan"xdx, and the integration of fesc"xdx parallels that for 
Jsec"x dx, The reduction formula corresponding to (2.2) is 


n— 


(24) [os a as 


n— 1 n— 


*x cot x | 2 


The last type of integral to be discussed consists of those of the form 


i sec”'x tan"x dx, (6) 


where m and n are positive integers. There are a number of variations, depend- 
ing on whether each of m and n is even or odd. We shall consider three cases: 


Case I. mis even. Then m = 2k, for some positive integer k. Hence 
| sec”x tan"x dx = | sec**x tan"x dx 
= | sect™% tan”x sec’x dx 
= [icectw' tan”x sec’x dx 
= fo + tan’x)'* tan"x sec*x dx. 
We can now expand (1 + tan®x)'~!, and the result is that the original 
integral can be written as a sum of constant multiples of integrals of the 


form ftan’x sec*x dx. As we have seen, each of these is equal to Juldu, with 
u = tan x, and is easily integrated. 
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Case 2. n is odd. Then n = 2k + 1, for some nonnegative integer k. 
We write 


| sec”x tan"x dx [ sec”x tan’ +hy dx 


i 


| sec” (tan’x)" sec x tan x dx 


[sors (sec’x — 1)" sec x tan x dx. 


Again we expand by use of the Binomial Theorem. In this case, the original 
integral becomes a sum of constant multiples of integrals of the form 
fsec’x sec x tan x dx, each of which can be integrated, since 


[s's sec x tan x dx | so'x d(sec x) 


Case 3. nis even. Thenn = 2k, for some positive integer k. In this case, 
we have 


i 


ih sec”x tan"x dx [ sec”x tan™*x dx 


4 


i see”x (tan’x)*dx 


| sec”. (sec’x — 1)*dx. 


This time, if we expand the integrand, we get a sum of constant multiples of 
integrals of the type {sec’x dx, and we can use the reduction formula (2.2) on 
each of them. 

The three cases discussed are not mutually exclusive, and one may have 
achoice. For example, if m is even and n odd, the integral may be found by 
the techniques of Case 1 or that of Case 2. If m and n are both even, either 
the techniques described in Case | or Case 3 may be used. 


EXAMPLE 7. Evaluate the integrals 


(a) | seo'x tan'x dx, (b) [sec's tan?x dx. 
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For (a) we write 


| sec'x tan’x dx = [ sec’x tan’x sec’x dx 
fa + tan’x) tan’x sec”x dx 
bi 


= fants sec’x dx + [rants sec’x dx 


= 4tan’x + $tan’x +c. 


It is also possible to evaluate this integral by the technique described in Case 3. 
However, the resulting computation would be so much longer that it would 
be foolish to do so. 

For (b) we use the method of Case 2. Factoring, we get 


[sects tan’x dx = [see's tan'x sec x tan x dx 
= [ sec (sec*>x — 1)’ sec x tan x dx 
= [s's (sec'x — 2 sec’x + 1) sec x tan x dx 
= [ sets sec x tan x dx — 2 [ sects sec x tan x dx 
a, [sects sec x tan x dx 
= tsec’x — Zsec’x + }sec’x +c. 


We conclude with the remark that techniques for integrating 
fcse”'x cot”x are analogous to those for fsec”'x tan" x dx. 


PROBLEMS 


1. Integrate each of the following. 


(a) 


—— 


cos 5x sin 2x dx (e) [cos 3x sin wx dx 
(b) cos 3x cos x dx (f) [cos 2ry sin my dy 
(c) sin 3x sin x dx (g) iE x sin 6x dx 


(d) 


cos 42 cos 7z dz (h) [eos Tw sin 17w dw. 
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2. (a) Integrate fsin®@ dé by using the fact that the exponent of sin 6 is an odd 
positive integer. 


(b) Integrate fsin*@ dé by making use of the identity sin 30 = 3 sin 0 — 4 sin*9. 
(c) Show that the answers obtained in (a) and (b) differ by a constant. 
3. (a) Integrate fsin°2x dx by using the fact that the exponent of the sine is an 
odd positive integer. 


(b) Integrate fsin®2x dx using the recursion formula given in Problem 4, 
page 361. 


(c) Show that the answers obtained in (a) and (b) differ by a constant. 


4. Integrate each of the following. 


(a) [osx dx (f) [vans cos*x dx 
(b) | heii dx (g) | coe dx 

(c) J sats dx (h) fiinty cos’y dy 

(d) fas cos'x dx (i) [eos sin'y dy 

(e) [svt cos’@ dé G) [v's (cos x)?dx. 


5. (a) Integrate fcos*@ dé using the identity cos*?@ = 4$(1 + cos 26). 
(b) Integrate fcos’@ dé by parts. 
(c) Show that the answers obtained in (a) and (b) differ by a constant. 

6. Evaluate fsec?x tan x dx in two different ways: first using the fact that the 
secant has an even exponent, and then using the fact that the tangent has an odd 


exponent. Show that the two solutions differ by a constant. 
7. Integrate each of the following. 


(a) fan's dx (f) [secctans dx 
(b) faas’ay dy (g) [see's tan’x dx 
(c) [sco do (h) [recs tan’x dx 
(d) i, sec’2x dx (i) is sec'xy/tan x dx 


(e) [see tan'x dx (i) i ats, 
sec x tan x 
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8. (a) Let » > 2 be an integer, and derive a reduction formula for [cot"x dx 
analogous to (2.1). 


(b) Use the formula derived in (a) to integrate fcot®30 dé. 


9. By a method analogous to that used previously to find [sec x dx, prove that 
[os xdx = —In\ese x + cot x| + ¢. 


10. (a) Use integration by parts to derive the reduction formula (2.4) for 
Jose"x dx. 
(b) Use this formula to integrate fesc*y dy. 


11. Integrate each of the following. 


(a) | csc’ dé (d) | ese'x cot’x dx 
(b) | sin 3x cot 3x dx (e) | esc"2y cot"2y dy 
(c) [oo'y dy (f) [oxte cot’y dy. 


3. Trigonometric Substitutions. In this section we shall study a technique of 
integration whi useful for finding integrals of functions of 
Va — x2, V/ —a®. The technique is that of trigono- 
metric substitutions and is based on some of the elementary trigonometric 
identities developed in Chapter 6. We shall develop the method by doing 
specific examples. 


x-axis 


(0,|al) 


(V.a?—x?,x) = (Jal cos @, |a| sin 6) 


praxis 


(0, =|al) 


Figure 1 
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Consider the problem of evaluating [ve — x? dx. The domain of the 
function \/a? — x? is the closed interval [—|a\, |a|]. In what follows it will 
be convenient to view this interval as lying on the vertical axis, and, for this 
reason, the traditional positions of the x-axis and the y-axis will be inter- 
changed. For every real number x in the domain [—|q], |a|], the point 
(\/a? — x?, x) lies on the semicircle in the right half-plane with radius |a| 
and center at the origin (see Figure 1). It follows from the definition of the 
trigonometric functions sine and cosine on page 282 that this point 
(\/a? — x2, x) is equal to ({a| cos 4, |a| sin #), where @ is the radian measure 
of the angle denoted by the same letter in Figure 1. Hence 


(1) 


ll 


os — x? = |al cos 6, 
x 


ja| sin 0. 


We shall restrict @ to the interval [- x, ;| . Then @ is uniquely defined by 


equations (1), and, as @ takes on all values in this interval, x assumes all 
values in the domain of the function ya? — x*. Using equations (1), we 


obtain dx = |a| cos 6 dé and 


i Var 


Since cos*@ = 4(cos 20 + 1), 


Ix = fii cos 6: |a| cos 0.dé = a [cos do. 


[vez x? dx = $ [ (cos 20 + 1) do 
a . 
= x Gsin 20 + O)+e. 
But @ = arcsin — and 
\a| 
$sin 20 = sin @cos 6 = 


Substituting back, we get 


[va xtdx = a (wee 


metric substitutions based on equations (1); i.e., we replace x by |a] sin 0, 
2 by |a| cos 6, and dx by |a| cos 6d@. Note that there is an equiv- 
alent alternative procedure: We may set x = |a| cos @ and restrict @ to the 
interval [0, x]. Then x can take on all values in the interval [—|a|, |a|] as 
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before, and, in addition, sin @ will be nonnegative. Since cos?@ + sin’@ = 1, 
we will have 


Va? — x2 = Va? — a’cos?@ = V/aesin?6 = |al sin 6. 


Thus the integral may be evaluated equally well using the equations 


nih x = |al cos 6, Q) 
Va — x? = |al sin 6. 
Of course, if these substitutions are used, then dx = —|a| sin @d0. Geo- 


metrically, equations (2) are obtained by starting from the point 
(x, a? — x*), which lies on the semicircle in the upper half-plane instead of 
the right half-plane. 

A definite integral may be simpler to evaluate than an indefinite integral, 
since we may use the Change of Variable Theorem for Definite Integrals (see 
page 215) and thereby avoid the substitution back to the original variable. 


EXAMPLE |, Evaluate the definite integral 


v 
i ; x'dx ; 
2 /16 — x? 
Using equations (1), we define @ by setting x = 4 sin @ and \/a? — x* = 
4 cos 6. It follows that dx = 4cos @d0. If x = 2, then sin@ = } and so 


— 1G) 
o=%. If x = 2V, then sin @ = “and @ = -. Hence 


x 
3° 


av. F 
i *  xtdx fe 16 sin’d - 4 cos 6 d0 
Js NV 16 oe 1/6 4cos 6 


7/3 
is [ sin’é dé. 


16 
Since sin’?@ = 4(1 — cos 26), we obtain 
2V8 24 om /3 
[ = 3/ (1 — cos 26) do 


Jo V16— x2 = m/s 


m/3 


(86 — 4 sin 26) 


i] 
——~ 
oo 
wis 
> 
1 & 
5 
o|P 
——— 
= 
o 
aa 
> 
2. 
=) 
a 
3 
a 
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Next we consider integrals involving \/a? + x°. The domain of the 
function \/a? + x? is the set of all real numbers, i.e., the unbounded interval 
(—x, ~). Geometrically, we shall again find it convenient to place this 
domain on the vertical axis and to interchange the usual x-axis and y-axis 
in the picture. For every real number x, consider the point (|a|, x), and let 


x-axis 


(lal, x) 


y-axis 


Figure 2 


@ be the radian measure of the angle shown in Figure 2. It follows that 


{ x = |al tan 0, (3) 
Va? + x? = |al sec 0. 
We restrict @ to the open interval (- A z). In this way, @ is uniquely 


determined by x according to equations (3), and the interval (— », ») of all 
possible values of x corresponds in a one-to-one fashion to the interval 
(- : Fi z) of all values of 9. It follows from the equation x = |a| tan 6 that 
dx = |a| sec’0 dé. Hence, if we substitute |a| tan @ for x, we substitute 
lal sec 0 for \/a? + x? and |a| sec*@ dé for dx. 

Algebraically, the substitutions given by equations (3) arise from the 
trigonometric identity 1 + tan? = sec*@, If we set x = |a| tan @, then x 
will assume all real values as @ takes on all values in the open interval 


(- 5 F 4) . Moreover, sec @ is positive in this interval. It follows that 


Va + x? = Var{l + tan?0) = Varsec’ = |al sec 0. 


Letting x = |a| tan 0, we obtain 


EXAMPLE 2. Integrate lz=s 
v 


Va + x? = |a| sec @ and dx = |a| sec’0 dé. 
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Hence 


2 
—— lal sec'a do _ [sec aan 
Verte J falseco Y 


It was shown in Section 2 that 
[sec 6 d0 = In|sec 6 + tan 6| + ¢. 


Consequently, 


if =x = In|sec 6 + tan 6| + ¢ 


Va + x+x 


s be = In| lal +c. 


laj 


i 


Using the properties of the logarithm, we may write 


In ly et etal = InjVa? + x2 + x| — Injal. 


Since —In|a| + c is no more or less arbitrary as a constant than c itself, we 
conclude that 


[AS- In|\/a? + x? + x| +c. 
Jat +- x? 


By trigonometric substitutions, functions of \/x? — a®? may frequently 
be put in a form so that integration is possible. Since y/x* — a® is defined if 
and only if |x| > |a|, the domain of the function \/x? — a®, unlike the others, 
is the union of two intervals: (— 2%, —|a|] and [|a|, ©). In this case we shall 
set x = |a| sec 9. Using the identity 1 4+ tan’@ = sec®@, we obtain 


Vx? — @ = VarXsec?@ — 1) = Va@tan26 = |a tan 6]. 


If @ is restricted to the interval [o. 5) , then tan 6 is nonnegative, and, as @ 
takes on all values in this interval, x assumes all values in [|a|, ©). Similarly, 
if @ is restricted to the interval [-». = *) , then tan @ is again nonnegative, 


and, as @ runs through this interval, x correspondingly traverses (— %, —|a\] 
(in the opposite direction). Thus we have defined a new variable @ by the 
equations 


(4) 


x = |al sec 0, 
Vv 


/x2 = ja| tan 6. 
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These equations can also be obtained geometrically. Figure 3 illustrates the 
situation for x > |a|. For every such x, consider the point (al, \/x? — a) 
in the plane, and let @ be the radian measure of the angle shown. Since x 
appears only as the hypotenuse of a right triangle, we have used letters other 
than x and y in labeling the horizontal and vertical axes. 


s-aXis 


(la\,V x?— a?) 


jal taxis 


Figure 3 
It follows from x = |a| sec @ that dx = |a| sec @ tan @d0. Hence if we 


make the trigonometric substitutions based on equations (4), we substitute 
{a| sec @ tan 6 dé for dx. 


EXAMPLE 3, Find the indefinite integral 


dx 
(a) i} VEE 


and evaluate the definite integral 


—3v3 

(b) x'V/x? — 9 dx. 

J—6 
For part (a), we let x = |a| sec @ and \/x* — a? = |a|tan@. Then 
dx = |a| sec @ tan 6 dé and 
" 
i = flelsecstan ode fc oae 
Ve—a@ 4 ja| tan 0 


It was shown in Section 2 that 


iE 6 d@ = In|sec 6 + tan 6| + c. 
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Hence 
il ax = In|sec 6 + tan 6| + c. 
Va @ 
/y2 2 
x J x =a don ae 
But sec 6 = ial and tan 6 = = and, substituting back, we therefore 
a a 
obtain 
/ dx = in| * p WEF +e 
Vx — @ lal \a| , 
: Bj Se na = 3 F 
Since In ia | ia = In|x + a? — x?| — Inja| and since ¢ is an 
a 


arbitrary constant, we may incorporate the term —In|a| into the constant of 
integration and conclude that 


— = Injx + Vx — @| +c. 
Vx? — 


For the definite integral in part (b), we introduce @ as the variable of 
integration by letting x = 3secd. Then x? — 9 = 3tan@ and 
dx = 3sec @tan@d0. Restricting @ to the interval [-.. - 4) , we see that, 

2 - 
when x = —6,sec@ = —2andso@ = — a Similarly, when x = —3y/2, 


= 3 
sec @ = —\/2 and @ = — a . With these substitutions and the Change of 


Variable Theorem for Definite Integrals, we obtain 


i] 


—3V2 ar /4 
i xx? — 9 dx / 27 sec’9 - 3 tan 6+ 3 sec 6 tan 6 do 


—6 —2r/3 


—3r/4 
243 | sec’ tan’d dé. 


Jin /3 


To integrate this, we replace a factor of sec’@ in the integrand by 1 + tan’. 
The integral then becomes 


—3v2 
j x/x2 — 9 dx 


6 


—i3r/4 
243 | (1 + tan’9) tan’@ sec@ do 


—or/3 
3/4 


30/4 
243 / tan’@ sec’6 dé + 243 | tan‘@ sec’@ do. 


20/3 —2r/3 
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Since d tan 6 = sec*@ d@, it is easy to find antiderivatives of tan’@ sec’@ and 
tan‘@ sec?@. Hence 


—3V2 30/4 
[ x°/x? — 9 dx = 243(4 tan’o + 4 tan'a) 


J—6 —2r/3 


= 243{(8-1 + 4-1) — (-3V3 + 4-9V3)] 


8 14/3 
-29(6- 9) 


#1(8 — 42\/3), 


and the example is finished. 


Although the trigonometric substitutions developed in this section have 
been primarily directed at integrands containing certain square roots, we can 
equally well apply them to other functions of a? — x’, a? + x*, and x? — a’. 
For example, if we let x = |a|tan@, then a? + x* = a*(1 + tan’@) = 
a’ sec*@ and dx = |a| sec?@ dé. We then obtain 


dx Ja| sec *0d0 _ =, ie a 
la +x a’sec’9 a] DS |a| Vint 


1 x 
Tp arctan Talk nic. 


dx 
by this method. 
(ge eae eee 
It is more likely that one would do the problem directly, remembering the 
d. 
formula il = = arctanx + ec. 
We conclude this section with consideration of the integral 


Given a choice, one would probably not evaluate / 


Seeds! 228, 
(ax? + bx + c)” 


where nis any positive integer and the polynomial ax? + bx + cis irreducible 
over the real numbers. To say that a quadratic polynomial is irreducible 
means that it cannot be written as the product of two linear factors. It 
follows from the familiar quadratic formula that ax? + bx + c is irreducible 
over the real numbers if and only if b2 — 4ac < 0. We shall show, by means 
of the trigonometric substitution used in the preceding paragraph, that the 
integral (5) can be changed to 


(5) 


K [ cos" dé, (6) 


where K is a constant. This latter integral, as we saw in Section 2, can always 
be integrated, and this means that it is always possible to integrate (5). This 
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fact, which is of interest in itself, will play a part in a more general theory 
to be developed in Section 4. 
By first factoring and then completing the square, we obtain 


ax’ + bx +ce= a(x + 2x4 3) 


i] 
— 
Fao 

+ 

nN 
g|> 
—= 
+ 
ee 
= 
NS 
ES 
| 
= 
2. 
—4s 


: F b 
* jis real. For convenience, we shall let y= x + tp and 
3 a 


aoe Leen 
ax® + bx + ¢ = aly’ + k°), 

and dy = dx. Making the trigonometric substitution y = |k| tan @, we have 
ax? + bx + ¢ = a(y? + k*) = ak*(tan*@ + 1) = ak’sec’9, 

and dx = dy = |k| sec’@d@. It therefore follows that 


__ dx __f |klsectada _ _{k| i eS: 
(ax? + bx +c)" J} (ak? ~ J (sec @)2"—2 


2a 


oy" ankin 


K [cos!*—'9 do, 
ae 


ake" bs 
it into the integral of a power of a cosine by trigonometric substitutions and 
then by reducing the power of the cosine with the reduction formula on 
page 359. 


where K = Thus, every integral (5) can be integrated by first changing 


PROBLEMS 


1, Evaluate [a — x? dx using equations (2), page 376, and compare your answer 
with that found using equations (1). 
2. (a) Write a set of equations for integrating functions of Va? + x? which are 
analogous to equations (3), page 377, but are based on the identity 
1 + cot?@ = csc*. 
(b) Select an interval to which @ can be restricted so that it is uniquely deter- 
mined by the equations in part (a) and so that x can take on all real number 
values. 


dx 5 ices é " 
—— using the substitution described in Problem 2. 


Ja? + x? 


3. Evaluate i 
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. What is the set to which @ should be restricted if the substitution of {a! csc 0 
for x makes Vx — a? equal to |a|cot 0, defines @ unambiguously, and also lets 
x take on all real values such that |x| > |al? 

. Evaluate the following integrals. 


(a) j= uss Ree 


(b) oes (x? — 1) dx 
(c) [ovis — x2dx 


(d) [eva — 4dx 


yes 


6. Evaluate 2f° 


a—h 
in a circle of radius a. 


1) [ve + 4) dx 


(2) Ia xdx 
Va@ +) 


(i) [va — atdx 


(i) — 
V(x? — 25)3. 


Va? — x? dx, and hence find the area of a segment of height 4 


7. Evaluate the following definite integrals. 


8. Integrate 
@) | 5 a 
(6) ik sat 8 
(c) fp 2 eas 


dx 
(d) = + 12x + 20 


4 
dx 
d he = 
) 4V3 y/(x2 — 4)3 


4 
(e) [ xV/25 — x? dx 
3 


7/2 d 
(t) [ “a. 
5/2 4/4x? — 9 


dx 
bil eee 


x 
© ihe — 4x + 8)? 


dx 
G+ 9) 


dx 
th) i G@ 2+ 2 


(g) 
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9. By the substitutions used to change equation (5) to (6) and by the reduc- 
tion formula on page 359, verify the following reduction formula (where 
b? — 4ac < 0): 


, dx = 2ax +b 

(ax? + bx +c)" (n — 1)(4ac — b2)(ax? + bx +c)" 
__2a(2n — 3) ib dx ; 
" (n — 1)(4ae — 62) J (ax? + bx +c)" 


4. Partial Fractions. A rational function is by definition one which can be 
expressed as the ratio of two polynomials. A simple example is the function 
JS, defined by 
1 1 
JO=GEDe-D ~ B— ie px 2 


for every real value of x except 2. At present, we have no way of integrating 
this function, However, in this section we shall develop a method of integra- 
tion which is applicable to any rational function. It is called the method of 
partial fractions. 

To illustrate the method, consider the equation 


1 ee 5 } 
x—2 x+1 (+1) — 2) 


which is easily seen to be true for all real values of x except 2. It follows that 


1 St tee 
(2+ 1)~%—2) 5x—-2 Sx+1 
dN 21 ere 
~ 5x—2 Sx84+1 Sx2+1 


Hence 


i dx =i] dx =) x dx 2 dx 
G+ 1)~%—-—2) 5J x-2 5) +1 EB} fetes col 
=1 
5 


In|x — 2| — py In(x’? + 1) — Zarctanx + c. 
5 


Thus can be integrated, since it can be written as a sum of 


1 

G?+ Ix = 2) 
simpler rational functions, each of which can be integrated separately. The 
method of integration by partial fractions is based on the fact that such a 
decomposition exists for every rational function. In this example, we have 
given no indication of how the decomposition is to be found. However, the 
general method, which we now describe, consists of just such a prescription. 

We begin with the result from algebra that it is always possible by means 
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of division to express any given rational function as the sum of a polynomial 
and a rational function in which the degree of the numerator is less than the 
degree of the denominator. Stated formally, this theorem says that, if 
N(x) and D(x) are any two polynomials and if D(x) is not the zero function, 
then there exist uniquely determined polynomials Q(x) and R(x) such that 


(1) 


and such that the degree of R(x) is less than the degree of D(x). (The letters 
N, D, Q, and R have been used to suggest, respectively, the words 
“numerator,” ‘‘denominator,” “quotient,” and “remainder.”) The first 
step in the method of integration by partial fractions is to write the given 


N : 
rational function ae in the form of equation (1). Since we ean obviously 


integrate the polynomial Q(x), we need next consider only rational functions 
in which the degree of the numerator is less than the degree of the denomi- 
nator. If we start with such a function, then no division is necessary. 


- 8 2 7. 3 
EXAMPLE 1, Write the function ~ mathe aedey as the sum of a 
— 2x? + 3x -—4 
polynomial and a rational hasstiorat in which the degree of the numerator is 
less than the degree of the denominator. Dividing, we have 


go? a ee a 

xf — 2x? + 3x — 4)xt — 4x? + 8x? — Ix 3 
x! — 2x’ + 3x’ — 4x 

— 2x* + 5x? — 3x43 

— 2x° + 4x7 — 6x + 8 


x 4+3x-—5. 
It follows that 
xi = 4x° + 8x! = 7x43 _ ny 4 xy se Se 
x8 — 2x? + 3x — 40 x8 — 2x2 + 3x — 4 


which gives the required sum. 


Another algebraic fact about polynomials, which we shall not prove, but 
shall assume and use, is that any nonconstant polynomial (i.e., of degree at 
least 1) with real coefficients can be written as a product of linear and quad- 
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ratic factors, each with real coefficients. By a linear factor we mean a poly- 
nomial L(x) of degree 1; that is, L(x) = ax + 6 and a # 0, Similarly, a 
quadratic factor is a polynomial Q(x) of degree 2; thus Q(x) = cx? + dx +e 
and c # 0. The theorem states that, for any polynomial 


S(X) = yx” + + x + 


with real coefficients a; and with n > 1 and a, # 0, there exist linear 
factors L,(x),..., Lp(x) and quadratic factors Q(x), ..., Q,(x) with real 
coefficients such that 


SQ) = Lie)» + LyX) Q(X) > ++ Qa). 


Note that either p or g may be zero. In actual practice, such a factorization 
of f(x) may be very difficult to find, but the theorem assures us that it exists. 
A polynomial is said to be irreducible if it cannot be written as the 
product of two polynomials each of degree greater than or equal to 1. The 
degree of the product of two polynomials is equal to the sum of the degrees 
of the factors, and it therefore follows that every linear polynomial is ir- 
reducible. It was pointed out in Section 3 that a quadratic polynomial 
cx? + dx + e is irreducible over the reals if and only if its discriminant 
d® — 4ce is negative. For example, the polynomials x? + 1 and x2 + x + 1 
are irreducible, whereas x? + 2x + Land x? + x — larenot. Ifa quadratic 
polynomial is not irreducible, it can be factored and written as the product of 
two linear polynomials. Hence the factorization of an arbitrary nonconstant 
polynomial into linear and quadratic factors, as described in the preceding 
paragraph, can always be done so that all the factors are irreducible. 
Returning specifically to the method of integration by partial fractions, 


NO 
we consider a rational function ne , with the degree of D(x) greater than 


the degree of N(x). The second step is to write the denominator D(x) as a 
product of irreducible factors. Having done so, we have 


(2) 


where, for each i = 1,...,p7, 
Li(x) = aix + bi, a; # 0, 
and, for each j = 1,...,4q, 
O(x) = cjx* + djx+e;, dj? — 4cje; < 0. 


There is no reason to suppose that the factors which appear in equation (2) 
will all be distinct, and it may very well happen that L,(x) = L(x), etc. 
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However, the theory is simpler if no repetitions occur, and we shall consider 
that case first. 

Case 1. The irreducible factors of D(x) are all distinct. The algebraic 
theory of partial fractions, which we shall assume, tells us that we can write 
N(x ; a 
3 as a sum of rational functions each of which has one of the factors of 

x, 
D(x) as its denominator and such that in each term the degree of the numer- 
ator is less than the degree of the denominator. Moreover, given the factor- 
ization of D(x) into irreducibles, this decomposition is unique except for the 
order in which the terms are written. Thus 


NO) = Av tel A: f++-4 Ap 
Dix)” ax+bi © ax + by " Apx + by 


Bux + CQ Box an Cy 


cu? + dix +e, | Cox? + dx + en” 


aes west BGh Sai C oes 


CgX? “ dax + eg 


where each of the letters 4;, Bj, and C;, represents a uniquely determined real 
constant. The rational functions which appear on the right side are called the 
N(x), 

D(x) 

We shall show by means of examples how the constants in the partial 
fractions decomposition are determined. Consider the rational function 
1 
G+ D& — 2) 
numerator, zero, is already less than 3, the degree of the denominator, More- 
over, the denominator is already factored into irreducibles. Hence, we seek 

constants 4, B, and C such that 


te | A Bea. 
G+ D@—-2) x-2 


partial fractions of the decomposition of 


discussed at the beginning of the section. The degree of the 


Adding the two fractions on the right side, we have 


pehens| — Ae + 1) + x + O@% = 2), 
(x? + 1)@ = 2) @ + 1)@ — 2) 
The fact that a nonzero polynomial of degree n has at most n distinct roots 
implies that two rational functions with the same denominator are equal 
if and only if their numerators are equal (see Problem 8 at the end of this 
section). Hence the equation 


1 = A(x? + 1) + (Bx + C)(x — 2) (3) 
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is true for all real values of x. There are two common ways to find the con- 
stants A, B, and C. One is to multiply and regroup the terms in (3) to obtain 
the equation 


0 = (A+ B)x* + (C — 2B)x + (A — 2C — 1), 


which also holds for all real values of x. The only polynomial with infinitely 
many roots is the zero polynomial, i.e., the polynomial with no nonzero 
coefficients. Hence the three coefficients on the right side of the preceding 
equation are all equal to zero, and we can therefore find A, B, and C by solving 
the system of equations 

A+ B 


= 2Bist °C. 
A —2C=1, 


0, 
0, 


Usually simpler is the technique in which we take advantage of the fact that 
(3) must be true for all values of x, and we choose values cleverly to help 
evaluate the constants. For example, letting x = 2 in (3), we have 
1 = AQ? + 1) + (8:24 O22 — 2) 
= 5A. 


Hence A = 4. If we then let x = 0, we have 


1 = $00 + 1) +(6"0 + C)O'— 2) 
— 2¢, 


I 
oe oe 


or, equivalently, 2C = 
we get 


— 1, and so C = —2. Finally, choosing x = 1, 


1 = 412+ 1I)4+ (B+ 1 -— 201 -— 2) 
peas 
from which we conclude that B = —2, Whichever method we use, we have 
A= +4,B= —4,and C = —32, from which it follows that 
1 el 1 x+2 


@PN@—2) Sx—-2 Spa 


the form which we integrated at the beginning of the section. 


dx ; 
EXAMPLE 2, Integrate ih = >: Since a? — x? = (a — x)(a+ x), we 
a= 


decompose Thus 


= x a-x" 


A 
into partial fractions —-—— and 
a+x 
1 ae a B _ A@— x) + Bat x), 


a— x? a+x a-—-x a— x? 
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Equating numerators on the left and right, we get 
1 = A(@@— x)+ Bat x). 


Letting x = a, we obtain the equation | = A-0 + B- 2a, and so B= + : 
a 
Similarly, setting x = —a, we get 1 = A+ 2a + B- 0, from which it follows 


that A = pe . Thus 
2a 


el iL oi 
@—x atx 


and, therefore, 


eee ee 
@—x? )/a+tx' 2as/a—x 


! ee eee 

= 3g !nla + x|— ay Inja — x| + ¢ 
1 a+x 
Te do 


Thus the third step in applying this method of integration is the de- 
composition into partial fractions, and the fourth and final step is the in- 
tegration of the partial fractions. We shall show later in the section that it is 
always possible to carry out the last step, but, as the next example shows, 
doing so can be tedious. 


3x + x° — 14x + 46 
EXAMPLE 3. Integrate (eee GarSisoea4) dx. The degree of 
the numerator is 3 and that of the denominator is 4, so we proceed to the 
factorization of the denominator into irreducibles. It is already written as the 
product of two quadratics, of which x’ + x + 1 is irreducible but x* — 
5x — 14 is not, since x? — 5x — 14 = (x — 7)(x + 2). Hence the form 
of the partial fractions decomposition is 


3x? + x? — 14x + 46 Ax + B a D 


C= = Nel oa fy 


The sum of the three fractions on the right side is 


(Ax + B)(x — T(x + 2) 


+ C(x? + x + I(x +2) + D+ x+ DO-7), 
G? +x + DG — 7% + 2) 
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Equating numerators, we have 


(Ax + B)(x — 7) + 2) + C(x? + x + I(x + 2) 
+ D(x? + x + I(x — 7) = 3x9 + x? — 14x + 46, 


If we set x = 7 in this equation, then 
C-513 = 1026 on) (G2: 
Letting x = —2, we obtain 
D+ (—27) = 54 — or D=-2, 
If we let x = 0, then 


B-(-14) + C-2+ D:(-7) = 46 


or 
—14B = 46 — 2C+ 7D = 46 —4— 14 = 28 or B= -2. 
Finally, letting x = —1, we have 
(-A + B):(-8) + C+ D+ (—8) = 58 
or 


84 = 58+ 8B-— C+ 8D=58—- 16—2-16=24 or A=3. 
The partial fractions decomposition is, therefore, 


3x? + x — 14x + 46 3x2 ee 2 


Gxt DGt—Ssx— 14) <etxti'x—-7 x+2° 


(4) 


Except for the-first, the terms on the right side are easily integrated. The first 
term can be integrated by writing it as the sum of two fractions. We use the 
identity 
Bx sree _ 2 2cx +d L{c aB 1 ’ 
ce tdxte 2ccxttadax+te' 2c) cx? ++ dx +e 


Note that the numerator 2cx + d is the derivative of cx? + dx + e. Both 
of these fractions can be integrated. In this example, we have 


_3eS 2 18s axel ul alls Dies 
etxtl 2e+xet+)] 2x+x41 


Then 


jess InGe eee Dye a. 
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For the second fraction, we complete the square in the denominator. The 
result is 
1 1 


xe+t+xe+l =" t 7; ey ; 
(x+! Nea T 
and, since | i= 
che 


= 
Jxe+xt1— 


= 2 
lal 


Hence 


ies Ce EE ace! 
| Be Rg a aretan ( a) +e 


Returning to equation (4), we therefore get the final integral 


dx 


[ _3x! + x' = 14x + 46 
J (x? +x + 1)? — 5x — 14) 
= ; Ins? te 3:41) i= i arctan (- =) 
V3 V3 

+ 2In|x — 7| — 2Injx + 2| + ¢, 


and this completes the example. 


We consider next the situation in which the factorization of the de- 


: N(x : : : 
nominator of a i: as shown in equation (2), contains repeated factors. 
ee 


Case 2, The irreducible factors of D(x) are not all distinct. We assume, 
as in Case 1, that the degree of N(x) is less than the degree of D(x). There 
ae i me N(x) . 5 f 
is still a unique decomposition of 7 : into the sum of partial fractions, but 

x 
now it is more complicated. By regrouping, we may write the factorization 
of D(x) into irreducibles as 


D(x) = [La(x)]"" + + L-C]"TQx)"* + [Qe] (5) 
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where 7m, ..., 7, and m,..., Ms are positive integers, the factors L;(x) = 
a,x + 6; are all distinct, and the factors Q;(x) = c;x* + dj;x + e; are all 


Ne 
distinct. In this case, aa is the total sum of the following individual sums 
x 


of partial fractions: For each i = 1,..., 7, there is the sum 


An An Aim; 


+: 


ax+b;* @xtby? + Gx+bon 


in which the A,, are uniquely determined real constants. Similarly, for each 
j= 1,.2., 8, there is the sum 


ee Cy, Bet Cn |, Binet Oy 
cjx* + djx + e; i F i)? (cjx? + djx + 5)" 


in which the B;,, and C;, are uniquely determined real constants. 


2’+x+2 
x(x — 18 
partial fractions, The degree of the numerator, 2, is less than that of the 
denominator, 4. So we turn at once to the decomposition into partial frac- 
tions. Since the irreducible factor x — | is repeated three times, the decom- 
position is of the form 
ax?+x+2_ A 


<=)  s=l GS ey 


EXAMPLE 4, Integrate the rational function by the method of 


B Cc D 
+5: 


The sum on the right side is equal to 


Ax(x — 1)’ + Bx(x — 1) + Cx + D(x — 19°. 
x(x — 1) 


Equating numerators, we obtain the equation 
Ax(x — 1)? + Bx(x — 1) + Cx + Dx — 1)? = 2xX74+x+2, (6) 


which holds for all real values of x. Setting x = 1, we obtain 
C-1=2-?P4+142, whence C = 5, 
If we let x = 0, then 
D-(-1)' = 2, whence D = —2. 
Thus, equation (6) has become 


Ax(x — 1)? + Bx(x — 1) + 5x — 2x — 1) = 2X7 + x4 


i) 
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In this equation we let x = 2, getting 
A‘2+B:2+10—2=8+42+2 


or 
2A + 2B = 4, (7) 
Next, setting x = —1, we have 
A+ (—1)(—2)? + B: (—1)(-2) — 5+ 16 = 2-142 
or 


Agi oR = —8, (8) 


Subtracting (8) from (7), we get 64 = 12 and so A = 2. It follows that 
B = 0, and we have therefore found the partial fractions decomposition to be 


piled Sp ON BS Ds 
xx—lp x—l' @-1 x 
Hence 
2x? +x+2 = a Jee ad Shift 
eee av =2f ao oy 2 x 
= 2In|x — 1| 3 Ge a 2 In|x| + ¢ 


and this completes the example. 


Since any rational function can be written as the sum of a polynomial 
and a series of partial fractions, the general problem of integrating a rational 
function reduces to three integration problems: (1) integration of a poly- 


A 
nomial; (2) integration of functions of the form @ +b" , Where m is a 
positive integer and a # 0; and (3) integration of functions of the form 


Bx+C 
=a ye where n is a positive integer and d? — 4ce < 0. The 


(cx? + dx + e 

first, of course, offers no praise whatever. The second is also simple, 
‘i A 

Sie ee anid) 


art OF 7 a Geto 


la (ax + by -4/ (ax = by * 
A 1 


A=) C= ae if m # 1, 


A injax + | +e ifm = 1. 
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The third problem can be solved, but we have seen in Example 3 that it is 
complicated even with n = 1. It is attacked by writing 


Best! BY a Bet ia ( #8) pose! ; 
(cx? + dx +e)" 2c (cx? + dx + er * 2c] (cx? + dx + e)” 


? i 2ex +d 
h 2 22 ea 
The integral | (Gaeaseaes 


d 
{4 with u = cx’ + dx +e. The problem therefore reduces to finding 
Me 


dx is easily found, since it is of the form 


dx ; 
| (e+ dxbo" ye However, it was demonstrated at the end of Section 3 
J tex? r+e 


that this integral can be evaluated by trigonometric substitution, which re- 
duces it to an integral of the form fcos*"~* 6d. An alternative method is to 
use the reduction formula given in Problem 9, page 384. 

Thus all possible partial fractions resulting from the decomposition of a 
rational function can be integrated. It follows that every rational function 
can be integrated. The factoring of the denominator into irreducibles may 
be difficult, and the decomposition into partial fractions and the resulting 
integrations may be tedious, but the following important result has been 
established. 


(4.1) THEOREM. Every rational function can be integrated by the method of 
partial fractions. 


A table of integrals will show how to integrate many of the functions 
which are the partial fractions of a rational fraction. For this reason, there 
is no need to memorize the formulas for integration. However, it is necessary 
to know the technique of separating a rational function into its partial frac- 
tions in order-to replace an apparently nonintegrable function by a sum of 
obviously integrable functions. 


PROBLEMS 


1. Separate each of the following into the sum of a polynomial and a sum of partial 
fractions. 


Reese 1 Ax’ — 5x + 10 
OT =) ees) @ 
peeks (e) Be tse = 2 +8 


(2x + 1)(x + 1) + 4x 


Uren ana 
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2. Integrate each of the following. 


(b) 


() 


2 PEE res) 
Ie eps © / ee 


2 2x? ++ 3x+1 
bi latin Md, feaeete 
3 Find the partial fractions decomposition of each of the following rational func- 
tions. 
(a) ©) OED 
() at i (g) oe 
© Sie © ane E 
4. Evaluate each of the following integrals. 
(a) (ae (a) jeez ob 
(b) | ee Ses (e) jee ae 
© i ate o |= 2 a, 
5. (a) Show directly that FE can be written in the form ear ky aa 


2x — 3 2%—-—2+1 
by first writing Geis wea aee : 


Following the method in (a), show that = + = can always be written 
Z an pide , where A and B are constants. 
x—k («—k)? 


Extend the result in (b) by factoring, completing the square, and dividing to 
show directly that 
ax? ++ bx +¢ F A B (a 


can be written : =f 
Ge —ik)t eg nn (ci — ks 


where A, B, and C are constants. 
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a 


[Note: Without knowledge of the algebraic theory of partial fractions, it would 
not be unreasonable to assume that a decomposition of a rational function 
NG) would necessarily contain fractions a > etzar Fy 
P(x)(x — k)* x—k (x —k)?* 
Dx® + Ex + F 
(x — ky 
composition B = D = E = 0.] 


and 


This problem shows, however, that in the complete de- 


. Why can there not be an irreducible cubic polynomial with real coefficients? 
. Integrate each of the following. 


(3x + 1) dx sec y tan y dy 
@) x3 + 2x2 ++ x (h) ee 
(+ 1) dx y +1 
es ahaa 
(x — 2) dx 10+52-2 
© | eet +1) @ | Bsa G+oe@+24D" 
3x — 2 (6x + 3) dx 
) [eS @—=27@- 9" © hotttten 
(x" + 4) dx 
©) Javits ” | thts 
(2x + 1) dx x2 + 2x 45 
© | wpm? m | == = De? + 1? 
(e) i= __secxdy ( ie dx ; 
8: tan’x — 4tanx +3 n) (x? + x + 5)8 


. Prove the statement in the text, page 387, that, since a nonzero polynomial of 


degree n has at most n distinct roots, two rational functions with the same 
denominator are equal if and only if their numerators are equal. [Hint; Suppose 


that Mix) _ No(x) 


, Where the polynomial D(x) is not the zero function. Then 


D(x) D(x) 
pia ea = 0, and so the polynomial equation Ni(x) — N(x) = 0 holds 
Xx, 


for every real number x for which D(x) # 0.] 


5. Other Substitutions. We have seen in Section 4 that any rational function 
N(x 
a ) can be integrated by the method of partial fractions. This result can be 


extended to show that any rational function of the six trigonometric functions 
can also be integrated. Such a function is defined as the result of replacing 
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ees rrr F 
each occurrence of x in a by any one of the six possibilities: sin x, cos x, 
x 


tan x, cot x, sec x, or csc x. An example is the function F defined by 


sin’x cos x + 2 tan’x + sec x 
: 
costx + 3cotx + 1 


FG) = 


which is obtained in the manner just described from the rational function 
ea ice 
x+3x+1 


csc x is a simple rational function sin x and cos x, 


. Since each one of the four functions tan x, cot x, sec x, and 


sin x 1 
tanx = > sec x = ’ 
cos x cos x 
cos x 
cotx = — ’ csc x = ——? 
sin x sin x 


it follows that every rational function of the six trigonometric functions is 
equal to a rational function of sin x and cos x. Thus, in the above example, 
we have 


car} 

: sin'x 1 

sin’x cos x + 2———— + —— 

Fe cos?x ' cos x 
2 Cos X 

COS ¥ oa 

ae sin x ah 
__ sin'x cos’x + 2 sin'x + sin x cos x 


~ sin x cos4x + 3 cosx + sin x cos?x 


It is therefore sufficient to show that every rational function of sin x and cos x 
can be integrated. 

Surprisingly enough, a simple substitution will transform any rational 
function of sin x and cos x into a rational function of a single variable. The 
substitution consists of defining y, a new variable of integration, by the equa- 
tion 


(1) 


We can express cos x in terms of y by first writing 


im wae 
cosx = cos 2-5 = cos’ 5 = sin’ 5° 
’ AP ie: 
Since cos? 5 + sin’ 5 = 1, we have 


cos?~ — sin? cos? — sin? 
2 2 2 
cos x = ——~—— = 


NI TN! 


ae 
cos” 3 + sin? 
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aSe : x 
Dividing numerator and denominator by cos? >> we get 


ox 
en 
1+ tan®S Ieeeey? 


Thus we have obtained the equation 


(2) 
In a similar fashion, 
F F x 5: SL ROS 
sin x = sin2+5 = 2 sin 5 cos 5 
aeex: 
sin> ax s 
=2 oa 2 tan 5 [21 + cos x)] 
cos 5 
2 
x 
= tan5 (1 + cos x) 
1— ) 2y 
Se hil fake 
mn ( +i+y) “T+¥ 
Hence 
(3) 
Finally, since : = arctan y, or, equivalently, x = 2 arctan y, we have 
Ca) 


By means of the substitutions given in formulas (2), (3), and (4), any integral 
of a rational function of sin x and cos x can be transformed into an integral 
of a rational function of y. Since the latter can be integrated by partial 
fractions, we have proved that every rational function of sin x and cos x can be 
integrated. 
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cos x dx 


EXAMPLE 1. Integrate f 
1+ cosx 


x 
. If we let y = tan 3? then, as we have 


1-y¥ 2d) 
seen, we may replace cos x by 1 a , and dx by 1 is 3+ The integral then 
becomes su ayy) 
1—y* 2dy 
(ea nee - { Seatee 
1+ cosx 1— y 
1 
ti+y 


+ | 21 — y*) dy 
~j @+yr"+ 04790 —-7) 


ae ec ee i Tay 
= [ieee r+ yy 


By division one finds that 


Hence 


cos x dx 2 
(eats Sail I+ ipy)e 
= —y+2arctany+c. 


x 
But y = tan 2 and x = 2 arctan y, and we therefore conclude that 


cos x dx x 
jae - ctanz+xte. 


We do not recommend that the above substitution formulas be memo- 
rized. However, one should remember the simple fact that any rational 
function of the six trigonometric functions is equal to a rational function of 
the sine and cosine, and one should also remember that a routine substitution 
procedure exists by which the integral of a function of the latter type can be 
reduced to the integral of a rational function. For the details, one will prob- 
ably want to refer directly to formulas (1), (2), (3), and (4). 

There are other substitutions which simplify integrals, but none of them 
is as standard and automatic as the one just described. For example, 
fi nee is not readily integrated, However, if we define a new variable of 
integration y by the equation y = \/x, the substitution yields a simple in- 
tegral. 
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Vx dx = 
= Let pS 2 
TEE eames» Vx. 
Then y? = x and 2y dy = dx. Substituting for \/x and dx, we obtain 


Vx dx = | ae il 2y° d 
Law ba eae 


EXAMPLE 2. Evaluate the indefinite integral 


Division yields the identity 


Eee ae pen, Ses 
Pepe tae 
Hence 
Vx dx it 2 ) 
== 2 24 d. 
1+ vx “s T+y/% 
= y'—2y+2In|l + y| +e. 
Since \/x is nonnegative, we have |1 + y| = |1 + \/x| = 1+ x. Thus 
Mads. p= We tin eae 
1+ vx 


The same integral can be evaluated by a different substitution. Let us 
define the variable z by the equation z = 1 + \/x. Then \/x = z — | and 
x = (z — 1)? and, as a result, dx = 2(z — 1) dz. After substitution, the 
integral becomes 

| Vedx _ f (@=1)-2@- Da 
1+vx 2 
a f 2(z? — 22 + 1) dz 


Zz 


[442 


2 — 42+ 2Injz| +c. 


Again, since \/x is nonnegative, we have |z| = |1 + /x| = 1+ Vx. 
Hence, after substituting back, we get 
VE ty shat tlh dnal a 2c cha ae 
1+vx 


14 2V¥x+x—4-—4Vx4+2In(l + Vx)+c 
x — 2/x + 2In(l + Vx) —3+0. 
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The two solutions in Example 2 differ by a constant, in accordance with 
Theorem (5.4), page 114. The two substitutions differ in the initial goal: 
In the first, we decided that the integral would be simpler if we replaced the 
radical by a new variable, and in the second we decided to replace the de- 
nominator. There is little to choose between the two methods. 


23 

EXAMPLE 3. Integrate ea dx. If we define the variable y by the 

equation y = (2x + 5)"/*, then y* = 2x +5 and 3y*dy = 2dx. Hence 
§_ 5 3y'd; 

yet 5) and dx = z Ue Substituting, we get 


ey] 
a3 ge [2 ) lve 


Qx + 5a = p 2 
6 3 
gf p(H ty +2 iy +25 _ 3)ay 


= afo" — 10y* + 13y) dy 


= ay — B* + dy") + ¢ 
= (2x + 5)** — 3x + 5)°? + 28(2x + 5)? +. 


There are no universal rules for integration by substitution. In most 
cases we are interested in replacing an involved function forming part of the 
integrand by a simpler one, frequently by a single new variable. 

In this chapter we have developed a number of techniques for finding 
indefinite integrals, or antiderivatives. However, it is by no means the case 
that these techniques will yield an antiderivative for every integrable function. 
For example, it is impossible to integrate fe~**dx in the sense that the word 
“integrate” has been used in this chapter. (Since e~** is everywhere contin- 
uous, an antiderivative certainly exists. In particular, the function F defined 
by 


t 
F(t) = i) e~*dx, for every real number #, 
0 


_ is an antiderivative as a result of the Fundamental Theorem of Calculus, 
page 200. However, it can be proved that no antiderivative of e~** can be 
expressed algebraically in terms of functions defined by compositions of 
rational functions, trigonometric functions, and exponential and logarithmic 
functions.) Nevertheless, the methods discussed in this and the preceding 
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section have significantly increased the set of functions whose indefinite 
integrals we can find. 

The reader should be aware of the fact that there are in existence excellent 
tables of integrals in which frequently encountered integrals are tabulated. 
No such table contains all tractable integrals, but some are quite complete, 
and they are of immense practical value for those people whose work often 
leads them to problems requiring integration. 


1. (a) 


(b) 


2. (a) 


(b) 


PROBLEMS 


Integrate fsec x dx by the technique for integrating rational functions of 
trigonometric functions. 


We have already shown (see page 369) that 
[x x dx = In|sec x + tan x| + ¢. 
Show that this solution agrees with the one found in (a) for an appropriate 


choice of the constant c. 


Integrate {csc x dx by the technique for integrating rational functions of 
trigonometric functions. 


The formula fese x dx = —In|csc x + cot«| + ¢ is given on page 374. 
Show that this integral agrees with the one obtained in (a) for an appro- 
priate choice of c. 


3. Integrate each of the following. 


(c) 


(d) 


(e) 


(f) 


ii x dx (e) | dy 
V+ x Vy + Vy 
x dx tan x dx 
[2s hy fs 
. 2 
f au xdx ro) | x AR 
iad V5x +3 
a ary ae 
sin x + cos x J Gat V/x)® 
dt e*dx 
(oe (k) [4% 
a+" f dx 
aay Goad Lane 
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4. Evaluate each of the following definite integrals. 


dx +5. 2 
(a) i r =ecene (c) : sin’x cos x dx 
3 d 64 d 
rr a . if pee ey 
9V1+x li 1 Wx + 2/x 


SUPPLEMENTARY PROBLEMS 


Integrate each of the following. 


i [x08 2+ ax 13. [| varr dx 
dy i os 
ae =_-s 14. | 4(e° —e*)dz 


w 


dy 15. 
: eS V+ Wi 


| xy: 

my ee ote 
Je 
i 


5. i oxo" dx 17. | e“cos tat 
dx dx 
6. eos 18. 
V/x+1 1+ e€ 
19. — 
Ts fe +x + cos x) dx ‘J 1+ cos(2x + 1) 
dx 
8. fe + 1) Inle| at 20: [7s 
9, [aa wae th 


/ 7 xdx 
os 4+ x2dx iby eee 
e om) Cae 
NG fronts ax Bf eho 
| f (in y)"dy 


= 


12, | sin’2x cos"’2x dx 24. 
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25. | sin’x dx 38. i xe"dx 


26. [oe + 1) Inxdx 39. [ve = x dx 
sec tant edx 
cH E Baaaeare! ab — + 2e)4 
a | 3 dx a, [Nid 
eee + 2 B+9 
n x‘dx 
29. [oinsas, n#-—-1 a) 
wo. { 2 de as, f 24a 
x 
31, [rectvay 44, fe "sec x tan x dx 
32, [rv — 1)dx 45, [oes dx 
33 [eos 5y di 46. == sosnde 
Pesto tel cl 1+ 4sinx 
34, [eo 3x sin 5x dx 47. J #rccos a 
dx (St — 11) dt 
shh —- Be Pr — 3-10 
dx 3x dx 
6. | apts ws, | 2a 
s 1 
37. | x2"dx 50. dx. 
oe wl 


CHAPTER 8 


The Definite Integral 
(Continued) 


1. Average Value of a Function. Let f be a real-valued function of a real 
variable which is bounded on the closed interval [a, b]. Furthermore, let f 
be integrable over [a, 6]. Then the mean, or average value, of f on the interval 
[a, 5] will be denoted by M2(f) and is defined by 


b 
l ‘ } 
fr ifa<b, 
Mif) = 40 ele 


S(@), ifa = b. 


If a < b, then it follows at once from the definition that 


b 
amg = | f 


This equation is also true if a = b, for then.both sides are equal to zero. We 
conclude that 


b 
(1.1) [ f= (b- a@Mif). 


If f is nonnegative on [a, 6], i.e., if f(x) > 0 for every x such that 
a<x <4, then (1.1) yields a good geometric interpretation of the mean 
Mi(f). Let P be the set of all points (x,y) such that a < x < b and 
0 < » < f(x), as shown in Figure 1. Then 


» 
area(P) = [ f= (b- aif). 


It follows that M}(f) is equal to the height of a rectangle with the same base 
and the same area as P. 
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y-axis 


y =f) 


x-axis 


Figure 1 


EXAMPLE 1. Let f be the function defined by f(x) = x* — x + 1. Find the 
average value of f on the interval [0, 2], draw the graph of f, and show on it 
the rectangle with base [0, 2] and area equal to the area under the curve. The 
graph is shown in Figure 2, The mean, or average value, of fis given by 


MIN = 545 / f(x) dx 


2 
=4 [ (f — x + 1)dx 


1 ee Re Ne 
-3G-3 +4), =9 


y-axis 
y=xt—x+l 
4 
+ 
L 1 | 4 
x-axis 
SS 


Figure 2 
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The words “mean” and “average value” are common in our vocabu- 
laries and have intuitive meaning for most of us. To use them as names for 
M}(f) is a sensible thing to do only if this quantity, as we have defined it, 
has the properties we associate with these words. We shall now show that it 
does. 

First, let us verify that the average value of a velocity function agrees 
with our earlier definition of average velocity. We consider a particle moving 
along a straight line, which we take to be a coordinate axis. The position and 
instantaneous velocity of the particle at time ¢ are denoted by s(t) and v(), 
respectively, and we know that s’(t) = v(‘). Suppose that the interval of 
motion is from time ¢ = a to time ¢ = b and that a < b. Assuming that v 
is a continuous function, we have 


b 
‘A u(t) dt = s(b) — s(a). 


According to the definition on page 104, the average velocity v,, is equal to 


Ne s(b) — s(a), 
Ue ere 


The mean, or average value, of the function v on the interval [a, b] is given by 


“b 
Mile) = | v(t) dt 
_ 3(b) — s(a) _ 
Sasa © oe 


Hence the two definitions agree. 

The basic properties of the average value of a function correspond closely 
to the basic properties of the definite integral as they are enumerated at the 
beginning of Section 4 of Chapter 4. To begin with, we would expect a func- 
tion which is constant on an interval to have, on that interval, an average 
value equal to the constant value of the function. The following proposition 
states that this is so. 


(1.2) If f(x) = k for every x in the interval [a,b], then M}(f) = k. 


The proof is an immediate corollary of the definition of the mean Mi(f) 
and of Theorem (4.1), page 191. The reader should supply the details. 

If one function is less than or equal to another function on some interval, 
then the lesser one should have the smaller average value. Thus we expect the 
theorem: 


(1.3) If f and g are integrable over [a,b] and if f(x) < g(x) for every x in 
[a, b}, then Mb f) < Mb(g). 
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The proof follows easily from Theorem (4.3), page 191. 

We introduce the third property of the average value of a function by 
means of an example. Suppose that on a 5-hour automobile trip the average 
velocity is 45 miles per hour during the first 3 hours and 30 during the last 2 
hours. What is the average velocity for the whole trip? To get the answer, we 
observe that the total distance traveled is 


45-3 + 30-2 = 195 miles. 
The average velocity over 5 hours is, therefore, 
125 = 39 mph. 


If we denote the instantaneous velocity of the automobile by u(r), and assume 
that the trip began at time ¢ = 0, then we can express the fact that the average 
velocity over the first 3 hours was 45 miles per hour by the equation Mj(v) = 
45. Similarly, we are given M}(v) = 30 and have shown that Mj(v) = 39. 
Since 3-45 + 2:30 = 5+ 39, we can write 


(3 — O)Miv) + (5 — 3)Mi@) = (5 — 0)Mi). 


Abstracting from this example, we conclude that the average value of a 
function should have the property expressed in the proposition: 


(1.4) If f is integrable over [a, b] and [b,c], then 
(b — a)M(f) + (¢ — 6)Mi(f) = (c — a)Mi(f). 


Proof. Since (b — a)M%(f) = Wow the conclusion of (1.4) is equivalent to the 


equation 
b e e 
eet as f. 
a b a 


But this is one of the basic properties of the definite integral [see Theorem (4.2), 
page 191], so the proof is complete. 


The next theorem states the properties of the mean corresponding to 
Theorems (4.4) and (4.5), page 191. 


(1.5) If f and g are integrable over [a, b] and if k is any real number, then 


(i) Mik) = kMi(f), 
Gi) Mi(f+ g) = Mi(f) + Mig). 


The proofs are left as exercises. 
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EXAMPLE 2. Let us see whether the definition of average value of a function 
agrees with our intuition in a simple example. Let f be the linear function 
defined by 

S(x) = 3x +1, 


whose graph is shown in Figure 3. What is the average value of f between 
2 and 6? 


Sx) = +1 


1 2 3 4 5 6 X-axis 


Figure 3 


We have f(2) = 4$:2+ 1 = 2 and f(6) = $:6+1= 4. Since the 
graph of fis a straight line, the region below the curve is a trapezoid. It would 
seem natural for the average value of f on the interval to be the length of the 
median, which is given by 


fQ) +f) _2+4 
2 


3 = 3. 


Computation of M3(f) yields 


Mxf) 


6 
1 
ah (4x + 1) dx 


1 ‘x? 6 

i(5+ x) 

AG OG 2) 
Asi) = 3" 


2 


I 


In motivating the definition of the mean, or average value, of a function, 
we have seen its very close connection with the definite integral. Since a 
beginning student of calculus probably has a greater feeling for the idea of 
average than for that of an integral, it is fruitful to reverse our point of view. 
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That is, if we were to ask the question “What really is the definite integral of a 
function?”, one answer is that it is a weighted average. Specifically, as stated 
in (1.1), the integral Rr is equal to the product of 6 — a and the average 
value of f on the interval [a, 5]. 

We conclude this section with a theorem which is sometimes called the 
integral form of the Mean Value Theorem. It asserts that if f is continuous, 
the number M}(f), which we have called an average value, is quite literally 
the value of the function f for some number between a and b. 


(1.6) INTEGRAL FORM OF MEAN VALUE THEOREM. /f a < b and if f is 
continuous on the interval [a,b], then there exists a number c such that 
a<e< band Mi(f) = f(o). 


Proof. Since f is continuous at every point of [a, 5], it follows by the Fundamental 
Theorem of Calculus that the function F, defined by 


F(x) = [ St) dt, for every x in [a, 5], 


is differentiable. Furthermore, 

F'(x) = f(x), for every x in [a, 6]. 
A differentiable function is necessarily continuous [see (6.1), page 55], and 
so F more than satisfies the hypotheses of the Mean Value Theorem, (5.2), 


page 113, That theorem therefore implies that there exists a number ¢ such 
that a <e¢ < band 


F(b) — F(a) = (6 — a)F'(c). 

But F’(c) = f(c), and 
b 

F(b) — F(a) = i S (x) dx. 

Hence 
b 

if L(x) dx = (b — a) fc), 

and so 


b 
fon=p [ fix) dx = MY). 


This completes the proof. 
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PROBLEMS 
1, Find the average value M}(/) of f on the interval [a, 5], where 
(a) f(x) = x* — 2x + 1 and [a,b] = [0, 2]. 
(b) f(x) = 2x* and [a, 6] = [—1, 1). 


© f= * and [a, 8] = [1, 21. 


(d) f(x) = Band [a, b] = [1, m], where n is a positive integer. 
x 


(e) f(x) = sin x and [a, b] = [0, 7]. 
(f) f(x) = Inx and [a, 6] = [1, 5]. 


2. In each of the following find M2(f), draw the graph of f, and superimpose 
on the graph a rectangle with base [a, 5] and area equal to the area under the 
curve y = f(x) between a and b, 


(a) f(x) = x*,a = —1,andb = 1. 

(b) f(x) = x',a = 0, and 5 = 1. 

(c) f(x) = 4—- (& — 14,4 = 0, and b = 3. 
(d) f(x) = e",a = 0, and b = 2. 


(e) f(x) = cos x,a = 0, and b = ® 


3. Each of the propositions (1.2), (1.3), (1.4), and (1.5) corresponds to one of the 
basic properties of the definite integral as they are enumerated in Theorems (4.1) 
through (4.5), page 191. In general, the proof of each is obtained by checking the 
special case a = b separately and then using the formula 


b 
Mi(f) = =Ey SQ) dx, fora < b, 


together with the appropriate property of the integral. 
(a) Prove (1.2) (b) Prove (1.3) (c) Prove (1.5). 


4. A stone dropped from a cliff 400 feet high falls to the bottom with a constant 
acceleration equal to 32 feet per second per second. That is, 


a(t) = o'(t) = s(t) = 32, 


where the direction of increasing s is downward. If the stone is dropped at time 
t = 0, find the time it takes to reach the bottom of the cliff, and the mean velocity 
during the fall. 

5. A typist’s speed over an interval from t = 0 to t = 4 hours increases as she 
warms up and then decreases as she gets tired. Measured in words per minute, 
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suppose that her speed is given by v(t) = 6[4? — (¢ — 1)?]. Find her speed at 
the beginning, at the end, her maximum speed, and her average speed over the 
4-hour interval. How many words did she type during the 4 hours? 

6. A particle moves during the interval of time from t = 1 second to t = 3 seconds 
with a velocity given by v(t) = f + 2¢ + 1 feet per second. Find the total 
distance that the particle has moved and also the average velocity. 

7. For each of the functions and intervals in Problem 2, find a number ¢ such that 
a<ec<band Mi(f) = f(O. 

8. An arbitrary linear function f is defined by f(x) = Ax + B for some constants 
A and B. Show that 


Mp) = S(@) + Sb) , 


9. Let x(t) be the number of bacteria in a culture at time f, and let xo = x(0). The 
number grows at a rate proportional to the number present, and doubles in a 
time interval of length 7, Find an expression for x(¢) in terms of x» and 7, and 
find the average number of bacteria present over the time interval [0, 7]. 


2. Riemann Sums and the Trapezoid Rule. This section is divided into two 
parts. The first is devoted to an alternative approach to the definite integral, 
which is useful for many purposes. The second is an application of the first 
part to the problem of computing definite integrals by numerical approxima- 
tions, We begin by reviewing briefly the definitions in Section 1 of Chapter 4. 
If the function f is bounded on the closed interval [a, b], then, for every parti- 
tion a of [a, b], there are defined an upper sum U, and a lower sum L,, which 
approximate the definite integral from above and below, respectively. The 
function f is defined to be integrable over [a, b] if there exists one and only 
one number, denoted by ifs J, with the property that 


b 
ae 2" U,, 
a 


for every pair of partitions o and 7 of [a, 5]. 

In the alternative description of the integral, the details are similar, but 
not the same. As above, let = {xo,..., X,} be a partition of [a, 6], which 
satisfies the inequalities 


a=XHMSms'' Smad. 


In each subinterval [x;_1, x;] we select an arbitrary number, which we shall 
denote by x". Then the sum 


Re = > SRT — Xi) 
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is called a Riemann sum for f relative to the partition o. (The name com- 
memorates the great mathematician Bernhard Riemann, 1826-1866.) It is 
important to realize that since x* may be any number which satisfies x;1 < 
x* < x;, there are in general infinitely many Riemann sums R, for a given f 
and partition o. However, every R, lies between the corresponding upper 
and lower sums U, and L,. For, if the least upper bound of the values of f 
on [x;-1, x] is denoted by M; and the greatest lower bound by m,, then 
Ff (x*) is an intermediate value and 


m: S f(xi) < Mi, 
as shown in Figure 4. It follows that 
n n n 
DY miei = x1) $ YY OD: - 41-1) < LY MiGs - x1), 
fol i=l tol 
which states that 
L, < Ro S Us; 


for every Riemann sum R, for f relative to a. 


v= f(x) 
* M, 
SGI) ; 
m 
1 Sue 
Xi-1 xp xX} x-axis 
Figure 4 


Every Riemann sum is an approximation to the definite integral. By 
taking partitions which subdivide the interval of integration into smaller and 
smaller subintervals, we should expect to get better and better approxima- 
tions to Wage One number which measures the fineness of a given partition 7 
is the length of the largest subinterval into which o subdivides [a, b]. This 
number is called the mesh of the partition and is denoted by ||c/|. Thus if 
o = {xo,...,X,} is a partition of [a, b] with 


a=xH<SmuS'Sm=), 
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then 
lol] = maximum {(x; — x;_1)}. 
bot n 


The following definition states precisely what we mean when we say that the 
Riemann sums approach a limit as the mesh tends to zero. Let the function f 
be bounded on the interval [a, 6]. We shall write 


where L is a real number, if the difference between the number L and any 
Riemann sum R, for fis arbitrarily small provided the mesh |a|| is sufficiently 
small. Stated formally, the limit exists if: For any positive real number e, 
there exists a positive real number 6 such that, if R, is any Riemann sum for 
J relative to a partition o of [a, b] and if ||o|| < 5, then |R, — L| < e. 

The fundamental fact that integrability is equivalent to the existence of 
the limit of Riemann sums is expressed in the following theorem. 


(2.1) THEOREM. Let f be bounded on [a, b]. Then f is integrable over [a, 6] 
if and only if lim R, exists. If this limit exists, then it is equal to tie 


\\o\|0 


The proof is given in Appendix C. 


EXAMPLE 1, Using the fact that the definite integral is the limit of Riemann 
sums, evaluate 


tin EV ce any 
n0 nie 


The numerator of this fraction suggests trying the function f defined by 
S(x) = \/x. Ifo = {xo,..., x} is the partition of the interval [0, 1] into 


1 
subintervals of length — , then 
n 


my =0, m= 


> FOL dy. a, 5 Me 


u 
n 
. 1 
i — Xi = & 


In each subinterval [x;_,, x;] we take x* = x,;. Then 


On) = 1Ce) — ls yc 


sec. 2] RIEMANN SUMS AND THE TRAPEZOID RULE 415 


and the resulting Riemann sum, denoted by R,,, is given by 


Seren 2.4) 2578s} 
i=1 is 


R, 


av 
DREN Sr Gre are 


nb/2 


The function \/x is continuous and hence integrable over the interval 
[0, 1]. Since |/o|] + 0 as n > &, it follows from Theorem (2.1) that 


b pl 
‘ f= | Vxdx = lim R,. 
a 0 


n—0 


1 
f Vx dx 
0 


1 
a Te 
=e, = 4, 


Hence 


and the problem is solved. 


Theorem (2.1) shows that it is immaterial whether we define the definite 
integral in terms of upper and lower sums (as is done in this book) or as the 
limit of Riemann sums. Hence there is no logical necessity for introducing 
the latter at all. However, a striking illustration of the practical use of Rie- 
mann sums arises in studying the problem of evaluating definite integrals by 
numerical methods. 

In spite of the variety of techniques which exist for finding antiderivatives 
and the existence of tables of indefinite integrals,there are still many functions 
for which we cannot find an antiderivative. More often than not, the only 
way of computing eo) dx is by numerical approximation. However, the 
increasing availability of high-speed computers has placed these methods in 
an entirely new light. Evaluating fi fC0 dx by numerical approximation is no 
longer to be regarded as a last resort to be used only if all else fails. It is an 
interesting, instructive, and simple task to write a machine program to do the 
job, and the hundreds, thousands, or even millions of arithmetic operations 
which may be needed to obtain the answer to a desired accuracy can be 
performed by a machine in a matter of seconds or minutes. 
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One of the simplest and best of the techniques of numerical integration 
is the Trapezoid Rule, which we now describe. Suppose that the function f is 
integrable over the interval [a, b]. For every positive integer n, let 7, be the 
partition which subdivides [a, b] into n subintervals of equal length A. Thus 
On = {Xo,..., Xn} and 


b-a 
n 


h= 


= Xi — Xi, i ee 
It is convenient to set 


Yi = f(x); Pome vaatlho 


Then the Riemann sum obtained by choosing x* to be the left endpoint of 
each subinterval [x;_1, x;], i.e., by choosing x* = x;_1, is given by 


SLEN — a) = SG = wD ’ 


i=l i=l 


Similarly, the Riemann sum obtained by choosing x* to be the right endpoint, 
ie., by taking x* = x,, is 


> set Mai — xy) = Ses yh = AD ye 


i=l i=l 


The approximation to ifs J prescribed by the Trapezoid Rule, which we denote 
by T,,, is by definition the average of these two Riemann sums. Thus 


AS yank AS 


tml tml 
T, = ae 


=3(27+ Dy): (1) 
i=1 t=1 


The last expression above can be simplified by observing that 


n n n—1 
Dy t+ Dye = vot 2D vit yn 
i=l i=1 i=l 


Hence 


n—1 
Tr = h(hy0 + D> yi + Bn). (2) 


i=1 
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We shall express the fact that 7;, is an approximation to the integral fe f by 
writing i f = T,. The Trapezoid Rule then appears as the formula 


b 
(2.2) [ Sf = Tn = hihyo + yr tes + Yn + dyn). 


Why is this formula called the Trapezoid Rule? Suppose that f(x) > 0 
for every x in [a, 6], and observe that 


fis [ose Pres [Oe 


The area of the shaded trapezoid shown in Figure 5 is an approximation to 
ee f. This trapezoid has bases yj_, = f(x;) and yi = S(x;) and altitude 


h 
h, By a well-known formula, its area is therefore equal to 5 Oi + yi). 


y-axis 


y= f(x) 


x-axis 
Figure 5 


The integral Iris therefore approximated by the sum of the areas of the 
trapezoids, which is equal to 


Shout = FOr 1+ 3x): 
iat 


i=l 


Equation (1) shows that this number is equal to 7,,. 
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EXAMPLE 2. Using the Trapezoid Rule, find an approximate value for 
(fe (x* + x") dx. We shall SERIE the interval [—1, 1] into n = 8 sub- 


careers each of length h = 4. The relevant numbers are compiled in Table 1. 
TABLE | 
i| x |= a0 bot 
0;| -1 1-—1=0 
1] -8] - =a 
2) -2| te — de = 
3) 4) tee 
4 0 0+0=0 
5) t)atu=a& 
6| t|a+a&-# 
7| §| w+ #8 
8 1 1+1=2 


Hence 
Ts = 4(by0 + Wa + +++ + yr + Sys) 


= 7 (0 ; — ae 


4 64 

=if= 1 
With the Fundamental Theorem of Calculus it is easy in this case to compute 
the integral exactly. We get 


eo 4 FS 
qe (x* + x*) dx = (5 a *) 


The error obtained using the Trapezoid Rule is, therefore, 


i 


= %. 


=—1 


ia_2= 32 = 
16 3 48 48 ~ 48: 


In Example 2, the error can be reduced by taking a larger value of n, or, 
: v= 4 0A - 
equivalently, a smaller value of h = ——— . Indeed, it is easy to show that in 
n 
any application of the Trapezoid Rule the error approaches zero as n increases 
without bound (or as A approaches zero). That is, we have the theorem 


ne i S (x) dx. 


n> 


(2.3) 
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Proof. It follows from equation (1) that 


T, = ; (> Yiat as ye) 
i=l i=l 


Both ASv-1 y;-1 and AY, y; are Riemann sums for f. Hence, by The- 
orem (2.1), both approach the integral asn — «©. Thus 


n eb 
lim A> yin = i f(x) dx, 


ne fy 


2 b 
lim #Y> yi = ‘ (x) dx, 


nae Ty 


b b b 
lim T, = Wf S(x) dx + i! so as| = i F(x) dx, 


and the proof is complete, 


and so 


As a practical aid to computation, Theorem (2.3) is actually of little 
value. What is needed instead is a method of estimating the error, which is 


equal to 
b 
wens 


for a particular choice of n used in a particular application of the Trapezoid 
Rule. For this purpose the following theorem is useful. 


> 


(2.4) If the second derivative f” is continuous at every point of [a, b], then there 
exists a number c such that a < c < band 


nb 
f nee = 2 "ch. 


An outline of a proof of this theorem can be found in J. M,. H. Olmsted, 
Advanced Calculus, Appleton-Century-Crofts, 1961, pages 118 and 119. 

To see how this theorem can be used, consider Example 2, in which 
f(x) = x*® + x? and in which the interval of integration is [—1, 1]. In this 
case f’’(x) = 6x + 2, from which it is easy to see that 


DES oe for every x in [—1, 1]. 
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Applying (2.4), we have 


1 
Ne (x6 + x) dx — T = — LIED piney, 


Hence the error satisfies 


1 
| fo + sax — 1] = arrow 
< 5-8-1? = 47’, 
It follows that by halving 4, we could have quartered the error. If we were to 
replace h by lg , which would be no harder with a machine, we would divide 


10 
the error by 100. 


PROBLEMS 


as For each of the following limits, find a function f(x) such that the limit is equal 
to J, f(x) dx. Evaluate the limit. 


Fae oe ee 
(a), lim ———_.,———_: 


ne ns 


im CEMA H+ M+ GHW) te tO), 


(b) lim = 
i 1 2 vee 
©) lim tnt v Sera +Vn+n 
@) lim al Hh th Fe anid a 
noV/n\/l+n V2+n V34+n Va+n 
2. Prove that 
" 1 i 1 Mek 1 Fi 
) ina = tim (45+ etd Hh) 


(b) r= tim 4 (Vat 1 + Vk = Bh + Vn), 


nn 


3 


(c) ; (? + Idx = lim Ct + 2in + 27). 


c@) & = tim ( 4 ; Sato : 
6 noe Van — 1 Van = 2 Van — 2 
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3. Use the Trapezoid Rule with n = 4 to compute approximations to the following 
integrals. In (a), (b), (c), and (d), compare the approximation obtained with the 
true value. 


1 1 
2 dx 
(a) fo + 1) dx (f) if ioe 
3 1 
(b) [ (x? + Idx () | eax 
0 0 
3 1 1 
©) | ox- 0a (h) joe tates 
“1 pee 
. _ 
(d) [ das (i) [ ore 


1 
1 sin x 
© free o Le 


4. Show geometrically, without appealing to Theorem (2.4), that the approximation 
T, obtained with the Trapezoid Rule has the following properties. 


(a) If f(x) > 0 for every x in [a, b], then T, > Sf 
(b) Iff”(x) < 0 for every x in [a,b], then T, < ff, 


5. For each of the following integrals, use Theorem (2.4) as the basis for finding 
the smallest integer n os that ay error Wa op — T,| in applying the Trapezoid 


Rule is less than ye T00’ (ii) ———- » and (iii) 105. 


10, = 


4 2 
1 1 
(a) [ oak (d) [ hax 
; i 
3 
(b) i (8x° — 5x + 3) dx (e) i tex 2* 


2 1 
i (3x + 1) dx (f) [ e* dx. 
-1 0 


6. (For those who have access to a high-speed digital computer and know how to 
use it.) Compute the Trapezoid approximation T,, to each of the following in- 
tegrals. 


1 
1 
(a) i, Tea for n = 10, 100, and 1000, 
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1 
(b) [ i +s ; dx, for successive values of n = 10, 100, 1000,..., until the 
i error is less than 107° 


‘1 
(c) | V1 + x* dx, for n = 5, 50, and 500. 
0 


(d) i SOX as, for n = 2,4, 8, 16, and 100. 


(e) ie e #"dx, for n = 10, 100, and 1000. 
J0 


3. Numerical Approximations (Continued). Two additional methods of 
integration by numerical approximations, which we shall describe in this 
section, are the Midpoint Rule and Simpson’s Rule. 

In the Midpoint Rule the approximation to the integral [” fisa Riemann 
sum SL, f(x*)(x; — xi-1) in which each x* is taken to be the midpoint of 
the subinterval [x;_1, x]. In more detail: Let f be a function which is inte- 


— an and let 


grable over [a,b]. For every positive integer n, let h = 
On = {Xo...+ 5 Xn} be the partition defined by 
xi =at+ih, (oe — LO aerate 4 
As a result, it follows that 
Xi —- Xu =h, ol Neeictatg its 
If we take x* to be the midpoint of the subinterval [x;_1, x,], then 


Xi + xi 
xt= i oer ee 
7 


Ped, sce Me 


The Riemann sum used as the approximation to the integral in the Midpoint 
Rule will be denoted by M,,. It is given by 


= Det Wor neal = Wh (eyes ). 


In studying the Trapezoid Rule, we found it convenient to use the abbrevia- 
tion »; = f(x,), for i = 0,..., 7. By analogy, we shall here let 


yeaa = s(2=E%), t= 1,.4.5m, 
Then 


M, = h>> Vi-1y2 = ACVrj2 + Vay2 +++ + Yn—12), 
i=l 
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and we express the Midpoint Rule for numerical integration by the formula 


b 
(3.1) [ Sf = My = Ayr. + Ysj2 + ++ + Yn—1/2): 


Ifa) > 0 for every x in [a, b], the Midpoint Rule approximates the 
integral ile f, which is the area under the curve, by a sum of areas of rectangles, 
as illustrated in Figure 6. 


y-axis 


y = f(x) 


ina 
re 
AG Nea 
|A 
Viz | Yaa | Ysa | Yap | Yoyo 
a x *2 3 Xs b 


x, 


X-axis 


Figure 6 


An alternative to approximating the integral by a Riemann sum is to 
use straight-line segments which are tangent to the curve y = f(x) at the 
midpoints of the subintervals. An example is shown in Figure 7, in which 


y-axis y = f(x) 


a x, x3 b X-axis 


Figure 7 
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iP f is approximated by the sum of the areas of the three shaded trapezoids. 
This method yields the so-called Tangent Formula. It turns out, however, 
that the Tangent Formula is the same as the Midpoint Rule. The reason can 
be seen by looking at Figure 8, in which the area of the shaded trapezoid 
with one side tangent to the curve is the ith term in the approximating sum 


Yin 


X-axis 


Figure 8 


used in the Tangent Formula. The area of this trapezoid is equal to 
h 
30" + y’), where y’ and y” are the lengths of the bases. However, by 


elementary geometry the trapezoid can be seen to have the same area as the 
rectangle with base [x;—1, x;] and altitude y,;_1/.. The area of the rectangle 
is h* y;1/2, and so h 


70" + yy") = hs yin. 


(Incidentally, note that this equation is true regardless of whether y’, y”’, 
and y;—1/2 are positive, negative, or zero.) Since the product A+ y;_1/2 is 
the ith term in the midpoint approximation M,, we conclude that the Tangent 
Formula and the Midpoint Rule, although differently motivated, are in fact 
the same. 


EXAMPLE 1, Approximate tik, (x? + x*) dx using the Midpoint Rule. This 
is the same integral which we evaluated in Section 2 by the Trapezoid Rule. 
To compare the two methods, we shall again take n = 8 and 


Since, for an arbitrary interval [a, b], we have 


x; = at ih, RDO vera gills 
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it follows that 


*_ Mate _fat+G-DA+@+m 
2 


xi 2 
=a+(i— oh. 


In addition, since y;1/. = f(x), we have a pair of useful formulas: 


a+ (i-— dh 
\ El emer (5 
= flat G— 4) 
In the present example, a = —1,h = 4, and f(x) = x? + x’. Hence 
10) 
f= -1+0-pb=742, 


ON Fs 3 io 2 ; — 9)° 

yan = (25 y+ 25 °) _ 8(Qi ee ) 
_ (i — 9)'Qi — 1) 
=. 


Table 2 contains the numbers for the computation of Mg. 


TABLE 2 
; 2i — 9)'Qi-1 
u Jip = Gi ei- 1) 
49 
1 Vila = gy 
25s Sige 05: 
2 Js = —Sa- = Br 
9-5 45 
3 Yon = B- = Be 
7 
4 vis Pry 
9 
5 Yon = 3 
heh 3 
6 Jup = pr = ar 
2orl3 a25 
7 Dine ey ai <a 
A9i 15) 735 
8 Yi = “Ry = Be 
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Hence we obtain 


Mg = 48012 +++ + Vso) 
= qane Fi 49 + 15 + 45+ 749 +99 + 325 + 735) 
1344 21 
ie hart yeoety) 


as an approximation to the integral iter (x? + x") dx. The value obtained 
earlier with the Trapezoid Rule was 7; = +4. Since the true value is given by 


1 
[w+ x") dx = %, 


it follows that the error using the Midpoint Rule is equal to 


Is - Hl = 


This is one half the error obtained using the Trapezoid Rule with the same 
value of h, 


In any application of the Midpoint Rule, the error ee — M,,| can be 
made arbitrarily small by taking sufficiently large. That is, we assert that 


(3.2) 


This theorem is easier to prove than the corresponding one for the 
Trapezoid Rule because every approximation M,, is, as it stands, a Riemann 
sum of f relative to the partition ,, of [a,b]. Since ||o,,|| + Oasn — a, itis 
a direct corollary of the fundamental theorem on the limit of ieaanut sums 
[(2.1), page 414] that lim M,, = ife ie 


na 


A means of estimating the error hs f — M,| ina particular application 
of the Midpoint Rule is provided by the following theorem: 


(3.3) If the second derivative f"’ is continuous at every point of [a, b], then there 
exists a number c such that a < c < band 


b 
[ f= Mn+ bof re yn. 
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As with the analogous theorem for the Trapezoid Rule [(2.4), page 419], 
this theorem can be proved by first reducing it to the casen = 1. A discussion 
of the error term can be found in R. Courant and F. John, /ntroduction to 
Calculus and Analysis, Volume I, Interscience Publishers (Wiley), 1965, 
pages 486 and 487. 

Theorem (3.3) can be used to obtain an upper bound on the error 
is f — M,,| provided the second derivative f’”’ is bounded on the interval 
[a, 6]. That is, if there exists a real number K such that 


\f"CO| < K, for every x in [a, 6], 


then, in particular | f’’(c)| < K, and so 


ee m,|= © aes “iso 


For the one integral we computed by both methods, the Midpoint Rule 
gave a better approximation than the Trapezoid Rule by a factor of 2. Com- 
parison of Theorem (3.3) with (2.4) shows that in general this ratio can be 
expected. 

Geometrically, the different methods of numerical integration described 
thus far in this and the preceding section are all based on approximating the 
area under a curve by a sum of areas of rectangles or trapezoids. Analytically, 
in each method the approximation to ff has been obtained by replacing f 
over every subinterval by a linear function. In Simpson’s Rule, however, we 
shall replace f over each subinterval by a quadratic polynomial Ax? + 
Bx + C. The corresponding area problem is the simple one of finding the 
area under a parabola (or a straight line, if A = 0). For most integrals, 
Simpson’s Rule gives much greater accuracy for the same value of h. 

Let f be a function which is integrable over the interval [a,b]. The 
procedure differs from the others in that we consider only partitions of 
[a, 6] into an even number of subintervals, Thus for an arbitrary even 


, b- 
integer n > 0, we set h = 


, and let 


a+ ih, 


xi 


y=f@), fori=0,...,7. 
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Since n is even, there is an integral number of “double” intervals [2;_», x2;], 
n E rae 
ea LAR 2? as illustrated in Figure 9, and 


Xop=a@ x, x xX; x Xs Xe=b x-axis 


Figure 9 


U nj2 


SQ) dx = >) | J (x) dx. 
a im “721-2 


There exists one and only one polynomial q,(x) = A;x? + Bix + C; of 
degree less than three whose graph passes through the three points 
(X2i—2, Yri-2), (X21, Yoi—a), and (x2;, Yo;) (See Figure 10). Over each double 
interval [x2;_», X2;] we shall approximate the integral of f by the integral of q;. 
Let us assume for the moment, and later prove, the fact that 


Laney = Hones + dyna + yo. a) 
Z2i-2 


y-axis 


(2-1 » Y2i-1) 


(X22 Yai-2) 


(Xai Yai) 


Y= q(x) 


x-axis 
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The sum of these integrals, which we shall denote S,,, is the approximation to 
ih f prescribed by Simpson’s Rule. Hence 


he 
Sr = 34 7 Oss + 4Ayoia + oi). 


i nae 


If this sum is expanded, note the pattern of the coefficient of the y,’s: If i is 
odd, the coefficient of y; is 4. If iis even, the coefficient is 2, with the excep- 
tion of yp and y,, each of which has coefficient 1. Thus Simpson’s Rule is 
expressed in the formula 


b 
(3.4) [ p= si= Bvt ant ant ant 2% 


++ 2yn—a + Ani + Vnde 


We now prove equation (1). The algebra is significantly simpler if we 
write g(x) in terms of x — x2;—1 instead of x (see Figure 10), Hence we let 


qi(x) = a(x — Xai)? + B(x — X=) + Vie (2) 


The integral Se2t as) dx may be computed by substituting uw = x — x21 
and using the Change of Variable Theorem for Definite Integrals (see 
page 215). Since x;-. — xo. = —h and x; — xa, = h, the result is 

A 


i qi(x) dx = (au” + Bu + 7;) du 
tai- —h 

_ fau® , Bw? 

= (ss air yeaa vu) 


* ait? + 61). (3) 


Ah 


i 


Setting first x = x2;_1 in equation (2), we obtain 
Vora = Gi(Xor-1) = a 0? + B04 7% = %. 
Next we let x = x2;» and x = Xy,; to get 
Vaine = Qi(Xxi—2) = aih® — Bih + Vi, 
and 
Yai = Gi(Xxi) = ash? + Bh + Vi. 


Adding, we obtain 
Voie + Yor = 2ajh® + 27;. 
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Since Y; = j2;_1, it follows that 
Zaxih® + 67; = Voie + 4yoi_a + Yai 


Substituting this result in (3) yields the desired result (1), and the derivation of 
Simpson’s Rule is complete. 


1 
EXAMPLE 2. Using n = 4, find an approximate value otf 3, dx by 
30a oy Dit 

Simpson’s Rule, We have h = Tae ae 

eG? 1=01,.-.,4, 

Fe ee ae a Py eee 

Dixy 16 +i 
1+ 6 


Table 3 contains the numbers necessary for the computation. 


TABLE 3 


Hence h 
s= 70 + 4y1 + 2ye + 40s + ys) 


= rh(1 + $4 + 33 + $4 + 48) 
= 0785392)... 


We know that 


2 1 
f res dx = arctanx| = i= 0.785398... 
Jd a 0 


Hence the error Wr — S,| is approximately 0.000006. 
Just as with the other two methods of integration by numerical ap- 
proximation, the error If - S,,| can be made arbitrarily small by taking n 


sufficiently large. That is, we have the following theorem, which we state 
without proof. 


(3.5) 
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In addition, the next theorem can be used to estimate the error in a 
particular application of Simpson’s Rule. 


(3.6) If the fourth derivative f is continuous at every point of [a, b], then there 
exists a number c such that a < c < band 


b 
[ f= 5, — 23! pon. 


For an outline of a proof, see J. M. H. Olmsted, Advanced Calculus, 
Appleton-Century-Crofts, 1961, page 119. 
The fourth derivative of every cubic polynomial is identically zero, for if 
S(X) = asx* + ax? + ax + ao, 


then f(x) = 0. It is therefore a rather surprising corollary of Theorem(3.6) 
that Simpson’s Rule will always give the exact value of the integral when 
applied to any polynomial of degree less than 4. 


PROBLEMS 


1. Use the Midpoint Rule with 2 = 4 to compute approximations to the following 
integrals. In (a), (b), (c), (d), and (e) compare the result obtained with the true 


value. 
1 p2 
(a) [ (x° + 1) dx (e) | V1 + xdx 
/0 0 
3 “Dae 
(b) / (6x — 5) dx (ft) i sin’x dx 
=i i) 
3 1 1 4 
(c) / —=dx (g) e dx 
ne" 0 
3 1 1 
(d) [ Tse 3 (h) if V1 + x8 dx. 


2. (a) through (h). Compare My, the Midpoint Approximation computed in 
Problem 1, to 7, the corresponding Trapezoid Approximation. 

3. (a) through (h). Use Simpson’s Rule with n = 4 to compute an approximation 
to the corresponding definite integral in Problem 1. 

4. Show geometrically that, if the graph of / is concave up at every point of the 
interval [a, 6], then the Midpoint Approximation is too small and the Trape- 
zoid Approximation is too big; i.e., 

eb 


M, <| f< Th. 
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5. Do Problem 4 analytically by using the remainder formulas (2.4) and (3.3). 

6. Show that Simpson’s Approximation is the weighted average of the Trapezoid 
Approximation and the Midpoint Approximation. Specifically, for any even 
positive integer n = 2m, show that 


Sn = 4Tm + &Mm. 


7. Prove Theorem (3.5), i.e., if f is integrable over [a, 6], then 


by showing that it is a direct corollary of the result of Problem 6 and the two 
corresponding theorems, lim 7, = Jo fand lim M, = (Bip 
no n—s00 
8. For each of the following integrals and each of the three methods of numerical 
integration (Trapezoid Rule, Midpoint Rule, and Simpson’s Rule), find the 
smallest integer n such that the error obtained is less than 10~4, As the basis for 
finding n, use Theorems (2.4) (3.3), and (3.6). 


4 2 
1 x 1 
(a) i (+5) dx (b) ee 


9. This problem is analogous to Problem 6. Show that, for any positive integer n, 


Ton = Tn + 4My. 
10. Suppose that the graph of / is concave up at every point of the interval [a, 6). 


(a) Using the results of Problems 4 and 9, show that 


b 
Tan — (Tn — Tan) < [ L< Tm 


for every positive integer n. 


(b) Hence show that the error Wr — To, 


satisfies : 
Lf ‘fess Ta < |Tn — Ton. 


(c) Show that (b) also holds if the graph of f is concave down at every point of 
[a, 6]. 


in the Trapezoid Approximation 


4. Volume. In this section we shall use Riemann sums to derive several 
integral formulas for the volume of solids. The concept of volume is a familiar 
one, and we shall not give a mathematical definition of it. As a result, the 
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formulas will be derived from properties of volume which seem intuitively 
natural and which we shall assume. By a solid we mean a subset of three- 
dimensional space. 

A subset Q of three-dimensional space is said to be bounded if there 
exists a real number k such that, for any two points p and q in Q, the straight- 
line distance in space between p and q is less than k. Alternatively, Q is 
bounded if and only if there exists a sphere in space which contains Q in its 
interior. In finding volumes of solids, we shall restrict ourselves to bounded 
subsets of three-dimensional space. 

Let Q be a bounded solid, such as the one shown in Figure 11, We 
choose an arbitrary straight line in space for a coordinate axis. Any point 


Figure 11 


on the line may be chosen for the origin and either direction as the direction of 
increasing numbers. The scale on the line must agree with the scale of dis- 
tance in space. That is, if two points on the line correspond to the numbers x 
and y, then |x — y| must equal the straight-line distance in space between 
the two points. 

For every number x, let P, be the plane figure which is the intersection of 
the solid Q and the plane perpendicular to the coordinate axis at x (see 
Figure 11). The second assumption we make about Q is that every set P, 
has a well-defined area. We then define a cross-sectional area function A by 
setting 

A(x) = area(P;). 


One consequence of the fact that Q is bounded is that there exists an interval 
(a, b] such that, for every x outside of [a, b], the set P, is empty and so 
A(x) = 0. Another consequence is that the function A is bounded on 
[a, 6]. 

Let us now consider a partition ¢ = {xo,...,%X,} of the interval 
[a, 6] which satisfies the inequalities 


@=xHSu5'°°Sm=d. 
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In each subinterval [x;_1, x;], we choose an arbitrary number x*. The pro- 
duct A(x#)(x; — x;-1) is equal to the volume of a right cylindrical slab with 
constant cross-sectional area A(x*) and thickness x; — x;1. If x; — x;1 
is small, then we should expect A(x¥)(x; — x;—1) to be a good approximation 
to the volume of the slice of Q which lies between the parallel planes at 


SRG| x x-axis 
xf 
Figure 12 


Xi. and x; (see Figure 12). Hence if the mesh of the partition o is small, 
then the Riemann sum 


= A(x? )(Xi — X11) 
i=l 


will be a good approximation to the volume of Q. Moreover, the smaller the 
mesh, the better the approximation ought to be. Therefore, we shall assume 
that if the volume of Q is defined, then it is given by 


vol(Q) = lim, DAC — xi). 


je 


It follows immediately from the integrability criterion, Theorem (2.1), page 
414, that 


b 
(41) vol(Q) = i) A(x) dx. 


a 


This is a basic integral formula for volume. 
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EXAMPLE 1, Find the volume V of a pyramid of height 4 with a square base of 
length a on a side. The pyramid is shown in Figure 13(a). We choose a 
vertical x-axis with origin at the apex and which cuts the center of the base at 
x =h. The cross-sectional area A(x) of the intersection of the pyramid 


in origin 
h 
direction of 
y increasing x 
(a) (b) 
Figure 13 


and the plane perpendicular to the coordinate axis at x is easily seen from the 
side view [Figure 13(b)]. Since corresponding parts of similar triangles are 
proportional, it follows that 


Hence 


and so 
h 2 fh 
a 2 
V= i A(x) dx = PIs xdx 
ain ds 
=a 3 34 h. 

This is the well-known result that the volume of a pyramid is equal to one 
third the product of the height and the area of the base. 


EXAMPLE 2. The axes of two right circular cylinders P and Q of equal radii a 
intersect at right angles as shown in Figure 14(a). Find the volume of the 
intersection PQ Q. We choose an x-axis perpendicular to the axes of both 
cylinders and which passes through their point of intersection. This point 
is chosen for the origin, and the direction of increasing x is upward. 
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Figure 14(b) helps one to see that the cross sections of PQ Q perpendicular 
to the x-axis are squares. From the end-on view in Figure 14(c), it is ap- 


(c) 
Figure 14 


parent that the cross section at x is a square with an edge of length 
2,/a® — x?. Hence 

A(x) = (Va? — 8)’ = 4° — x°), =a sxd<a 
By the integral formula for volume, therefore, 


a a 


A(x)dx = 4] (a — x’) dx. 


—a 


vol(P MN Q) = it 


Since a? — x? is an even function, the integral from —a to a is twice the 
integral from 0 to a, Thus 


i 
ao 
a 
t~ 

| 
* 
Oe 
= 


vol(P M Q) 


i 

ao 

Sa 

* 

i 0 
w]e, 
Sed 
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Consider a plane in three-dimensional space containing a region R and 
aline L. The solid generated by rotating R in space about L is called a solid 
of revolution. Among the solids of revolution are those described by rotating 
a portion of the graph of a function in the xy-plane about the x-axis (or the 
y-axis). We shall give an integral formula for the volumes of these solids, 
which is a special case of (4.1). Let f be a function integrable over the closed 
interval [a, 5], and consider the solid of revolution Q swept out by rotating 
about the x-axis the region bounded by the graph of f, the x-axis, and the 


y-axis 


y= f(x) 


: clamiicag ‘a = 
X-axis ms ‘Wy X-axis 
i - 


(a) () 
Figure 15 
lines x = aand x = b. Sucha region is illustrated in Figure 15(a), and the 


corresponding solid in Figure 15(b). For every x in [a, b], the cross section 
of Q perpendicular to the x-axis at x is a circular disk, of radius | f(x)|. Hence 


A(x) = 7| f(x)? = aLfOOP. 


By formula (4.1), therefore, the volume of the solid of revolution Q is given 
by 


b 


(4.2) vol(Q) = a Lf) Fdx. 


EXAMPLE 3, Let R be the region in the upper half-plane bounded by the 
parabola y? = 4x, the x-axis, and the line x = 4. Find the volume of Q, the 
solid of revolution obtained by rotating this region about the x-axis. The 
region and the solid are drawn in Figure 16. That part of the parabola in the 
upper half-plane is the set of all points (x, y) such that y? = 4x and y > 0. 
This set is the graph of the equation y = \/4x, and we therefore take 
S(x) = V/4x in formula (4.2), obtaining 


a4 4 
vol(Q) xf UoJ'dx = «} 4x dx 
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y-axis 


Figure 16 


EXAMPLE 4, Let R be the region in Example 3, and let S be the region bounded 
by the parabola y? = 4x, the y-axis, and the line y = 4. Both regions are 
shown in Figure 16(a). Find the volumes of the two solids of revolution Q, 
and Q2, obtained by rotating S and R, respectively, about the y-axis. The 
two solids are illustrated in Figure 17. The easiest way to find the volume of 


Q1 is to use the counterpart of formula (4.2) for functions of y. The equation 
2 


y® = 4x is equivalent to the equation x = 7 , and the parabola is therefore 


the graph of the function of y defined by f(y) = r . By symmetry therefore, 
4 4 4 
vol(Qi) = = if YOwdy =] gay 
eel ahs 
~ 16 5 5 
yeaxis y-axis 
Q, 


I 
| 
' 
| x-axis 


(a) (6) 


Figure 17 
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The union of Q; and Q, isa right circular cylinder of radius 4 and height 
4. Hence 


vol(Q; U Q2) = (14*): 4 = 647. 


It is obvious that 


vol(Q: U Qs) = vol(Q:) + vol(Q»). 


Hence 
vol(Q2) = vol(Q: U Q2) — vol(Q1) 
644 — 2567 
sac See 


Another way of computing the volumes of certain solids of revolution 
is the method of cylindrical shells. It may be used, for example, to find the 
volume of the solid Q. in Figure 17(b) directly, and it constitutes another 
interesting application of the integral as a limit of Riemann sums. Let fbe a 
function which is nonnegative and continuous at every point of a closed 
interval [a, b], where a > 0. Let R be the region bounded by the graph of f, 
the x-axis, and the lines x = aand x = b. We shall derive a formula for the 
volume of P, the solid of revolution obtained by revolving the region R about 
the y-axis (see Figure 18). 


praxis 
yeaxis 
y=S(x) | 
R a | 
— —-ss=+4--4 --- - 
a b X-axis | a x-axis 
BP 
| 
| 
(a) (b) 
Figure 18 
Consider a partition ¢ = {xo,..., X,} of the interval [a, b] such that 
a=x<SmunS'Sm=d, 
and choose numbers x*,...,x* such that x;1 < x* <x; for each 


i=1,...,”. Then r(x? — x3_,) is the area of the shaded annulus shown 
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in Figure 19(a), and af(x*)(x} — x}_1) is the volume of the cylindrical shell 
of height f(x?) and thickness x; — x;_1 shown in Figure 19(b), The essential 
idea in the derivation is that, if x; — x;_1 is small, then the volume of this 


praxis 


(a) (6) 
Figure 19 


shell should be a good approximation to the volume of that part of the solid 
P that lies between the two cylinders of radii x;_; and x;. Hence if the mesh 
of the partition o is small, then the sum of the volumes of the shells, i.e., the 
sum 


> af (xt (xi — xix), 


tml 


should be a good approximation to the volume of P. Specifically, we shall 
assume that 


n 


vol(P) = lim >> rf(xt)(xi — x74). (1) 
leo Fy 
On the basis of this assumption we now prove the theorem 


b 
(4.3) vol(P) = ar | xf(x) dx. 


a 


Proof. Since each x* may be any number in the subinterval [x;—1, x;J, let us for 
xi Xi 


convenience choose it to be the midpoint. This means that x* = 2 


or, equivalently, that x; + x;; = 2x*. Hence 


Xi — Mi = (ee + xi — xs) 


= 2xi(xi — xi), 
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and it follows that 


n 


DS rfOb Oi — Fa) = DD ext £64 oxi — x1). 
i=l 


i=l 


By our assumption (1), the left side of this equation approaches vol(P) as a 
limit as the mesh ||c|| approaches zero. The right side is a Riemann sum for 
the continuous function 27x/(x) and therefore approaches the integral 


Wh 2mnxf(x) dx as a limit as ||o|| approaches zero. This completes the proof. 


The region R in Figure 16(a), when rotated about the y-axis, generates 
the solid of revolution Q, illustrated in Figure 17(b). Let us compute the 
volume of Q by the method of cylindrical shells. The function f in the for- 
mula is in this case the one defined by f(x) = /4x = 2x". In addition, 
a = Oand b = 4. We therefore obtain 


4 
vol(Q») = 2ef x 2x" dx 
0 


4 
al Pde = dm B+ x5? 
0 


4n 2-32 ==> 
which agrees with the value obtained in Example 4. 


y-axis 


Figure 20 


It was pointed out in Section 6 of Chapter 4 that the dx which appears in 
{f(x) dx can be legitimately regarded as a differential. Moreover, it was 
remarked in Section 6 of Chapter 2 that the traditional attitude toward a 
differential is that it represents an infinitesimally small quantity. These 
ideas are a good aid to the imagination here, too. Thus, as the meshes of the 
subdivisions in the Riemann sums foi f(xt)(x; — xi-1) become in- 
finitesimally small, the differences x; — x;_1 become dx and the summation 
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X becomes the integral {. Consider the following rough-and-ready derivation 
of the formula used in the method of cylindrical shells. We imagine a shell 
of infinitesimal thickness at each x in the interval [a,b]. The radius is x, 
the thickness dx, and the height f(x) (see Figure 20). The circumference of 
the shell is 27x, and the area of the edge is the product of the circumference 
and the thickness, 27x dx. Multiplying by the height, we get the infinitesimal 
volume 2rxf(x)dx. The total volume is obtained by adding all the in- 
finitesimal volumes. We get }°27x/(x) dx or, actually, 


b b 
[ 2nxf(x) dx = arf xf (x) dx 


for the answer. 

The derivation of integral formulas by this process of “summing 
infinitesimals”’ is extremely useful both as a guide to memory and in helping 
one to discover the right formula in the first place. Of course, any such heu- 
ristic approach is justified mathematically only if it can be supplemented by 
careful analysis. 


PROBLEMS 


1. A solid Q has a flat base which is the region in the plane bounded by the 
parabola y? = x and the line x = 4. Each cross-section perpendicular to the 
x-axis is a square with one edge lying in the base. Find the volume of Q. 

2. The solid P has the same base as Q in Problem 1, but each cross-section per- 
pendicular to the x-axis is a semicircular disk with diameter lying in the base. 
Compute vol(P). 

3. A tetrahedron is a solid with four vertices and four flat triangular faces. Let T 
be a tetrahedron which has three mutually perpendicular edges of lengths 3, 4, 
and 10 meeting at a vertex. Draw a picture of T and compute its volume. 

4. The graph of the function f(x) = Va? — x? is a semicircle of radius a. Use 
this function and an integral formula for the volume of a solid of revolution to 
compute the volume of a sphere of radius a. 

5. Find the volume of the ellipsoid of revolution obtained by rotating about the 


x-axis the region bounded by the ellipse ee ae 
a 


b 
6. Sketch and find the volume of each of the solids of revolution obtained by 
rotating about the x-axis the region bounded by the indicated curves and lines. 


(a) y = x* — 1, x = 1, x = 2, and the x-axis, 
(b) y = $x, x = 8, and the x-axis. 


(c) y = 1+ 2x — x*, x = 0, y = 0, and x = 2. 


a x = 1, x = 2, and the x-axis, 


@) y= 


*. 


1 — x* and the x-axis. 


(e) 


“e 
I 
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7. Find the volume of a right circular cone of height / and with a base of radius a. 
8. (a) Find the volume of the solid of revolution obtained by rotating about the 
y-axis the region bounded by the x-axis, and the graphs of y = x* — 1 
and y = 3. 
(b) Using (a), find the volume generated by rotating the region in Problem 6(a) 
about the y-axis, (Use Example 4 as a model.) 
9. Using the method of cylindrical shells, find the volume of the solid of revolution 
obtained by rotating each of the regions in Problem 6 about the y-axis. 

10. Sketch the region R in the plane which is bounded by the parabola (y — 1)? = x, 
the line y = 2, and the x-axis and y-axis. Find the volume of the solid of revolu- 
tion obtained by rotating R about the x-axis, using 
(a) formula (4.2) twice, ie., rf y*dx once with »y — 1 = Vx and again with 

y-1=—-vx. 
(b) the counterpart of formula (4.3), i.e., the method of cylindrical shells, for 
functions of y. 

11. Since (x — A)? + y* = a’ is an equation of the circle with radius a and center 
at (h, 0), it follows by solving for y in terms of x that the graph of the function 
f(x) = Va? = (& — hi)? is a semicircle. 

(a) Assuming that 4 > a and using the method of cylindrical shells, write a 
definite integral for the volume of the solid torus (doughnut) with radii 
hand a. 

—hA 

ydy = 


(b) Evaluate the integral in (a) by making the change of variable 
[see Theorem (6.6), page 215], and using the fact that Jon Va" 


ma* oe 
in (area of a semicircle). 


12. Ina solid mass of material, the infinitesimal mass dm of an infinitesimal amount 
of volume dv located at an arbitrary point is given by 


dm = pdb, 


where p is the density of the material at that point. 
Consider a cylindrical container of radius a filled to a depth / with a liquid 
whose density is greater at the bottom and less at the top. Specifically, at a point 
a distance x below the surface the density is given by p = 2 + x. What is the 
total mass of liquid in the container? 
13. Same as Problem 12, but this time the container is a right circular cone (apex 
at the bottom) of height / and base of radius a which is filled to the top. 


5. Work. The concept in physics of the work done by a force acting on an 
object as it moves a given distance provides another important application of 
the definite integral. 

Throughout this section we shall consider only those situations in which 
the object moves in a straight line Z, and in which the direction of the force 
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Fis also along L. Mathematically, F is a function, which may or may not be 
constant. We shall assume that L is a coordinate axis and that, for every 
number x on L, the value of the force F at x is equal to F(x). The sign con- 
vention will be as follows: F(x) > 0 means that the direction of the force at 
x is in the direction of increasing numbers on L, and F(x) < 0 means that 
the direction of the force is in the direction of decreasing numbers. 

We first consider the special case in which the force F is constant as the 
object moves along L from a to b. Thus F(x) = k for all x such that 
a <x <b. Then the work done by the force denoted by W, is defined by the 
simple equation 

W = k(b — a). (1) 


Frequently, we wish to speak of the work done against the force which we 
shall denote by W,. This is just the negative of W. Hence 


W, = —W = (-k)(b — a). (2) 


EXAMPLE |. Compute the work done in raising a 10-pound weight a distance 
of 50 feet against the force of gravity. We choose a coordinate axis as shown 
in Figure 21 with the origin at the initial position of the object. The mag- 


40 | F(x) = -10 


Figure 21 


nitude of the force is constant and equal to 10 pounds. Thus |F(x)| = 10. 
By our sign convention, however, F(x) is negative, and so F(x) = —10. 
The work done against the force of gravity in raising the weight is therefore 
given by 


Ws = (—F(x))(b — a) = (—(—10))(50 — 0) 
= 500 foot-pounds. 
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Next, let us consider the problem of defining the work done by a force F 
which is not necessarily constant. We shall assume that the function F is 
integrable over the closed interval having endpoints a and b (it may be that 
a < bor that b < a). Then the work done by the force F as the object moves 
from a to 6 will be denoted by W(F, a, b) and is defined by 


b 
W(F, a, b) -{ F(x) dx. (3) 


Thus work depends on the function F and the numbers a and 5, and hence is a 
function of these three quantities. As in (1), we frequently abbreviate 
W(F, a, b) as simply W. 

Is this definition of work a reasonable one? The answer is yes only if 
W(F, a, b) has the properties which correspond to the physical concept we are 
trying to describe. For example, we should expect that the work done by a 
force in moving an object from a to b plus the work done in moving it from 
b to c should equal the work done in moying it from a to c. This property is 
expressed in the equation 


(5.1) W(F, a, b) + W(F, b,c) = W(F, 4, ¢), 


which is an immediate corollary of the definition of W(F,a, b) and the 
fundamental additive property of the integral [see Proposition (4.2), page 191]. 
Second, the work done by a greater force acting on an object as it moves from 
a to b in the direction of the force should certainly be larger than the work 
done by a smaller force. This is expressed in the proposition 


(5.2) If Fi(x) < Fo(x) for every x such thata < x < b, then 
W(Fi, a,b) < W(F2, a, 6). 


This is also simply a restatement of one of the fundamental properties of the 
definite integral [see Proposition (4.3), page 191]. Finally, we note that the 
definition is consistent with the earlier one in equation (1). That is, if the 
force is constant, then the work is simply the product of the constant value 
and the change in position. Thus 


(5.3) If F(x) = k for every x in the closed interval with endpoints a and b, then 
W(F, a, b) = k(b — a). 


The proof is just the elementary fact that Sok dx = k(b — a) [see 
Proposition (4.1), page 191]. 
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We have just shown that work, as we have defined it, has three natural 
and apparently quite basic properties. This suggests that the definition is 
reasonable. Actually, we can conclude much more than that. We shall now 
show that our definition of W(F, a,b) as a definite integral is the only one 
which has these three properties. That is, we have proved that the definition 
implies the properties, and we shall now prove, conversely, that the properties 
imply the definition. This is such an important fact that we state it as a 
theorem: 


(5.4) THEOREM. Let W be a function which assigns to every function F and 
any interval [a, b] over which F is integrable a real number W(F, a, b) such that 
(5.1), (5.2), and (5.3) hold. Then 


b 
wera) = | F(x) dx, 


Proof. Let F be a function, and [a, 5] an interval over which F is integrable. We 
shall first show that, for every partition o of [a, 6], the upper and lower sums, 
U, and L,, satisfy the inequalities 


L, < W(F, a,b) < Us. (4) 
To do this, we let ¢ = {xo,..., Xn} and assume the usual ordering: 
a=xmMom Si Smad 


As we have done in the past, we denote by M; the least upper bound of the 
values of F on the ith subinterval [x;—1, x;], and by m; the greatest lower 
bound. Then 


m: < F(x) < Mi, whenever x;-1 < x < xX. 


The two constant functions with values M; and mj, respectively, are certainly 
integrable over the subinterval [x;~1, x;]. Following the common practice 
of denoting a constant function by its value, we know, as a result of (5.2), that 


Wm, Xia, Xi) S WCF, xi, xi) S W(Mi, xi, Xi). 
Using (5.3), we obtain 
W(mj, xi-1, xi) = mi(xi — xi-1), 


W(Mj, xi, xi) = Mix — xi). 
Hence 
mix; — xi-1) S W(F, xi, xi) S Mix — xi). 
Adding these inequalities for i = 1,..., 7, we get 


n 


SE, mix; — Xi) < > WF, x:-1, Xi) S - M(x; — xi-1). 
i=l t=1 


i=l 
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it. Consider the spring shown in Figure 22, which is 1 foot long when under 
no tension. A 5-pound load B attached to the end of the spring has stretched 
it to a length of 2 feet (i.e., an additional 1 foot from rest position). How much 
work is done by the restoring force of the spring if the load is raised 4 foot? 


x = 0 (rest position) 


direction of increasing x 

Figure 22 
We choose a vertical x-axis with increasing values of x pointing down, and 
for convenience take the origin to be the rest position. For x > 0, the re- 


storing force F(x) of the spring is upward and, therefore, F(x) < 0. It 
follows by Hooke’s Law that 


F(x) = —kx, 


for some positive number k. To find the constant k, we use the fact that the 
5-pound load B has stretched the spring 1 foot. Hence F(1) = —5, from 
which it follows that -5 = —k-1andsok = 5. Thus 


F(x) = —5x. 


In raising B a distance of 4 foot, the movement is from x = 1 to x = 4. 
Hence the work W done by the restoring force Fis given by 


1/2 4/2 
W= [ F(x) dx = ‘h (—Sx) dx 


1 


“a 2 
= Sy die me Se 
if Xx dx 2 


1/2 


= 5(4 — 4) = 4 foot-pounds. 


The work done against the force F as the object moves from a to 5 will 
be denoted by W,(F, a, b), or simply by W, as before, and is by definition 
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the negative of the work done by the force F, Thus 


b 
W;(F, a,b) = em F(x) dx. (6) 


EXAMPLE 3. Consider the spring in Example 2 loaded as shown in Figure 22. 
How many foot-pounds of work are required to pull the load B down an 
additional | foot (i.e., so that the spring is stretched to a total length of 3 feet)? 
The total, or resultant, force F(x) acting at x is the sum of two forces: The 
first is the restoring force of the spring, which we have computed to be —5x, 
and the second is the force of gravity on B, which is equal to 5. (We ignore 
the weight of the spring.) Hence 


F(x) = 5 — 5x. 


The work required to pull the load B down an additional 1 foot, i.e., to move 
from x = 1 to x = 2, will be the work done against the resultant force F. 


Thus 
2 


a F(x) dx = — [ (S — 5x) dx 
1 d 


Wx 


2 2 
ee = sx) = § foot-pounds. 
iW 


EXAMPLE 4. According to Newton’s Law of Gravitation, two bodies of masses 


A : Mm 
M and mare attracted to each other by a force equal in magnitude to G ——> 
) 


where 7 is the distance between them and G is a universal constant. If the 
earth has mass M, find the work done in projecting a missile of mass m 
radially outward 500 miles from the surface of the earth. Let the center of 
the earth be fixed at the origin of an axis along which the missile is projected 
in the direction of increasing x, as shown in Figure 23. By Newton’s Law, the 
gravitational force F(x) acting on the missile at x is toward the origin and 


4 4 Mm ' - 
equal in magnitude to G——. By our sign convention, therefore, 
x? 
Mm 
ee 


Let a = 4000 miles, the radius of the earth, and let b = 4500. The work 
required to project the missile from a to b is equal to the work Wx done 
against the force Fin moving from a to b, 


F(x) =-G 
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missle 


=>- 


—> 
b x-axis 


Figure 23 


Hence 


Wx 


I 
| 
=——_ 
eS 
y 
= 
* 
= 
= 


il 

i>) 

S 

= 

I 
xs 


1 1 
= ee (Ca = 00) 
Suppose that we consider the work required to project the missile from the 
surface of the earth to points successively farther and farther away. We find 
that 
lim Ws = lim GMm (: g 5) 


bax bw ab 


This number can be regarded as the work necessary to carry the missile com- 
pletely out of the earth’s gravitational field. In this example we have, of 
course, ignored the gravitational forces which exist because of the presence 
of other bodies in the universe. 


PROBLEMS 


1, Compute the work in foot-pounds done by the force of gravity when a 50-pound 
rock falls 200 feet off a vertical cliff. 

2. Compute the work in foot-pounds done against the force of gravity in raising a 
10-pound weight vertically 6 feet from the ground. 

3. Acar on a horizontal track is attached to a fixed point by a spring, as shown in 
Figure 24. The spring has been stretched 2 feet beyond its rest position, and the 
car is held there by a force of 10 pounds. If the car is released, how many foot- 
pounds of work are done by the restoring force of the spring in moving the car 
2 feet back to the rest position? 
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er ae 


Figure 24 


4. An electron is attracted to a nucleus by a force which is inversely proportional 


to the square of the distance r between them; i.e., is . If the nucleus is fixed, 
r 


compute the work done by the attractive force in moving the electron from r = 2a 
tor =a. 

5. A container holding water is raised vertically a distance of 10 feet at the constant 
rate of 10 feet per minute, Simultaneously water is leaking from the container 
at the constant rate of 15 pounds per minute. If the empty container weighs 
1 pound and if it holds 15 pounds of water at the beginning of the motion, find 
the work done against the force of gravity. 

6. Suppose that a straight cylindrical hole is bored from the surface of the earth 
through the center and out the other side. An object of mass m inside the hole 
and at a distance r from the center of the earth is attracted to the center by a 


we f mgr . F 
gravitational force equal in absolute value to = , where g is constant and R is 


the radius of the earth. Compute the work done by this force of gravity in terms 
of m, g, and R as the object falls 


(a) from the surface to the center of the earth, 


(b) from the surface of the earth through the center to a point halfway between 
the center and surface on the other side, 


(c) all the way through the hole from surface to surface. 


(Hint: Let the x-axis be the axis of the cylinder, and the origin the center of the 
earth, Define the gravitational force F(x) acting on the object at x so that: 
(i) its absolute value agrees with the above prescription, and (ii) its sign agrees 
with the convention given at the beginning of this section.] 


7. Consider a cylinder and piston as shown in Figure 25. The inner chamber, which 
contains gas, has radius a and length b, According to the simplest gas law, the 
expansive force of the gas on the piston is inversely proportional to the volume 


’ k ‘ 4 
v of gas; ie., F = — for some constant k. Compute the work done against this 
v 


force in compressing the gas to half its initial volume by pushing in the piston. 


ie 


Doane 


Figure 25 
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8. A rocket of mass m is on its way from the earth to the moon along a straight line 
joining their centers. Two gravitational forces act simultaneously on the rocket 
and in opposite directions. One is the gravitational pull toward earth, equal in 


Mim 


G z ees 
absolute value to , where G is the universal gravitational constant, M, 


ry 
the mass of the earth, and r; the distance between the rocket and the center of the 
earth. The other is the analogous gravitational attraction toward the moon, 
GMom 

rT" 

is the distance between the rocket and the center of the moon. Denote the radii 
of the earth and moon by a and , respectively, and let d be the distance between 
their centers. 


equal in absolute value to 


, where M, is the mass of the moon and ry 


(a) Take the path of the rocket for the x-axis with the centers of earth and 
moon at 0 and d, respectively, and compute F(x), the resultant force acting 
on the rocket at x. 


(b) Set up the definite integral for the work done against the force F as the 
rocket moves from the surface of the earth to the surface of the moon. 


6. Integration of Discontinuous Functions. If a function f is continuous at 
every point of an interval [a, 6], then we know that f is integrable over 
[a, b] [see Theorem (5.1), page 199]. Continuity is certainly the most im- 
portant criterion for integrability that we have. For example, in the funda- 
mental theorem of calculus it is assumed that the integrand is continuous 
over the interval of integration, However, it is important to realize that a 
function does not have to be continuous to be integrable and that there are 
many simple discontinuous functions which can be integrated. 
We begin with the following theorem: 


(6.1) If f is bounded on [a, b] and is continuous at every point of (a, b] except 
possibly at the endpoints, then f is integrable over [a, b]. 


Proof. If a = b, the conclusion follows at once since ea = Gh = 0. Hence we 
shall assume that a < b. To be specific, we shall furthermore assume that /° 
is continuous at every point of [a, 6] except at a. The necessary modification 
in the argument if a discontinuity occurs at b (or at both a and 4) should be 
obvious, According to the definition of integrability (page 168), it is sufficient 
to prove that there exist partitions ¢ and r of [a, 6] such that U, — L,, the 
difference between the corresponding upper and lower sums, is arbitrarily 
small. For this purpose, we choose an arbitrary positive number ¢. Since / 
is bounded on [a, 6], there exists a positive number & such that |£C0| <k, 
for every x in [a, b]. We next pick a point a’ which is in [a, 6] and sufficiently 
close to a that 


O<a—a<z 
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(see Figure 26). Since f is continuous on the smaller interval [a’, 6], we know 
that f is integrable over it. Hence there exist partitions o’ and 7’ of [a’, b] 
such that the upper sum U,, and lower sum L,, for f satisfy 


[Ur — Eel <$: Q) 


y-axis 


X-axis 


Figure 26 


Let o and r be the partitions of [a, b] obtained from o’ and 7’, respectively, 
by adjoining the point a; ie, o = o' U {a} and r = 7’ U {a}. Since the 
maximum value of | f(x)| on the subinterval [a, a’] is less than or equal to k, 
it follows that 


[Us — Un| < ka’ - a) < k= (2) 
By the same argument, we have 
[la — Le| $ Ke’ — a) Sk = (3) 


Next, consider the algebraic identity 
U, — Ly = (Ug — User) + (Lx — Ly) + (User — Ly). 


The sum of three numbers is always less than or equal to the sum of their 
absolute values, Using this fact and the inequalities (1), (2), and (3), we obtain 


U, — Ly S |Us — Us| + |Lrr — L,| + |Uar — Ly 
€ € € 
Saar a ta eo 


Thus there exist upper and lower sums lying arbitrarily close to each other, 
and the proof is complete. 
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EXAMPLE |. Let f be the function defined by 


Pee . 

sin —> if x # 0, 
f@) = * 
0 ifx = 0. 


This function is continuous everywhere except at 0, and its values oscillate 
wildly as x approaches 0. The graph, for values of x in the interval [0, 2], is 
shown in Figure 27. Since | f(x)| < 1 for every x, the function is bounded on 
every interval. It therefore follows by Theorem (6.1) that f is integrable over 
[0, 2]. 


y-axis 


1 2 x-axis 


Figure 27 


An important extension of Theorem (6.1) is the following: 


(6.2) If f is bounded on [a, b] and is continuous at all but a finite number of 
points in the interval, then f is integrable over (a, b]. Furthermore, if a1, .. «5 Qn 
are the points of discontinuity and if a < ay < +++ < a, < b, then 


fefal oe 


Proof. It is a direct corollary of (6.1) that f is integrable over each subinterval 
[a, ai], [a1, ao],..., [an, 6]. By repeated applications of Theorem (4,2), 
page 191, we may then conclude that f is integrable over [a, b] and that 


b ay b 
ea pense] sf 


This completes the proof. 
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Consider the function f, whose graph is shown in Figure 28, and which is 
defined by 


0 —-«<x<-l, 
2 Sl Sx S25 
ENO 2<x<3, 
=l SS ak <= oo 
y-axis 
sits 
i: 
4 
' | r - 
-1 1 2 3 4 5 x-axis 
=f 
Figure 28 


A function whose domain is the entire set of real numbers and whose 
range is only a finite set of real numbers is called a step function. Such a step 
function is continuous at all but possibly a finite number of points, and in the 
present example the discontinuities occur at —1, 2, and 3. It follows by 
Theorem (6.2) that f is integrable over any closed interval. In particular, 


Ty= | pega fa 


For each of the three integrals on the right side of the preceding equation, 
the integrand f is constant on the interval of integration except possibly at 
the endpoints. If we think of an integral as area or as an average value, we 
shall almost certainly support the conjecture that the value of an integral is 
not affected by isolated discontinuities in the integrand. Thus we expect that 


Lefeeheely 


DENA NO) estes ir 2) cist =A =o) 
44+3-1=6 


i] 
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This conjecture is correct (hence, so is the preceding computation), and is 
implied by the next theorem. 


(6.3) Let [a, b] be a subset of the domains of two functions f and g, and let 
f(x) = g(x) for all but a Jinite number of values of x in [a,b]. Iff is integrable 
over [a, b], then so is g and dp f= T. g. 


Proof. It is sufficient to prove this theorem under the assumption that the values of 
fand g differ at only a single point ¢ in the interval [a, b] (because the result 
can then be iterated). To be specific, we shall assume that /(c) < g(c). The 
proof is completed if we can show that there exist upper and lower sums for g 
which differ from the integral i J by an arbitrarily small amount. For this 
purpose, we choose an arbitrary positive number e. Since fis, by hypothesis, 
integrable over [a, 6], there exists a partition 7 of [a, 6] such that the corre- 
sponding lower sum for f, which we denote by L,(/), satisfies 


b 
i f- Lif) <« 


However, every lower sum for f is also a lower sum for g. Hence we may 
substitute L,(g) for L,(/) in the preceding inequality and obtain 


“b 


/ f— Lg) <6 (4) 


We next derive a similar inequality involving an upper sum for g. The 
integrability of f also implies the existence of a partition o’ of [a, b] such that 
the corresponding upper sum for /' satisfies 


eb 
Us f) — as . 


By possibly adjoining to o’ a point on either side of c, we can assure ourselves 
of getting a partition o = {xo,..., Xn} of [a, 6] with the property that if c 
lies in the ith subinterval [x;—1, xi], then 

€ 


Age) — FO) 


We have already shown [see the proof of ce 1), page 168] that if one partition 
o is a refinement of another o’ (i.e., if o’ is a subset of o), then Up Gas 
Thus U,(f) is, if anything, a better approximation to J, ee than U,/(f). 
Hence 


Kg Kd S 


(5) 


ob 
vin - | iene (6) 


Let M; and N; be the least upper bounds of the values of / and g, respectively, 
on [x);-1, x]. Since f(x) = g(x) except at c, it follows that 


Ug) — Uo(S) = (Ni — Mii — x11). 
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But the difference N; — M; can be no more than g(c) — f(c). Hence 
U,(g) — UAS) < [gO — f(OMxi — xi), 
and this inequality combined with (5) yields 


Use) — Ulf) < 5° (7) 


Finally, adding the inequalities (6) and (7), we obtain 


b 
use) - { <6 


This is the analogue of (4) and completes the proof. 


EXAMPLE 2. Let f be the function defined by 


xe =< 1 = 0; 
f(x) = 42 -— x* Oran 525 
2x — 5 DIAN <a) 


The graph of f is drawn in Figure 29. The function is clearly continuous 
except at 0 and at 2, and is bounded on any bounded interval. It follows by 
Theorem (6.2) that f is integrable over the interval [—1, 3] and that 


Heditnn | ee [fs 


y-axis 


1 2 3 4 X-axis 


Figure 29 
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For every x in [—1, 0], we have f(x) = x’, and so 


0 0 4 
uh gh Bae 
[s- [x* 4 


For every x in [0, 2], we have f(x) = 2 — x* except that f(0) = 0. Hence, 
by Theorem (6.3), 


[s- [e — x')dx = (2x - =) 


Similarly, f(x) = 2x — 5 for every x in [2, 3] except that f(2) = —2. Again, 
by Theorem (6.3), 


0 


a 
a: 
-1 


2 


cole 


0 


3 3 
[ r= [ @x-5)de= @ - 50) = -6 - (6) =0. 
v2 2 


Hence 


ie -}+4+0=% 


EXAMPLE 3. Is each of the following integrals defined? 


m/ 2 
(c) | tan x dx. 
Jo 


This is the same as asking whether or not each function is integrable over its 
proposed interval of integration. Strictly speaking, the answer is no in every 
case, because each function fails to be defined at one of the endpoints of the 
interval. However, Theorem (6.3) shows that this answer is based on a 
technicality and misses the real point of the question. If a function / is 
bounded on an open interval (a, 6) and if f(a) and f(b) are any real numbers 
whatever, then fis also bounded on the closed interval [a, b]. Let us suppose, 
therefore, that fis bounded and continuous on the open interval (a, 6). We 
may choose values f(a) and f(b) completely arbitrarily, and the resulting 
function will be integrable over [a, 6] as a result of Theorem (6.1). Further- 
more, by Theorem (6.3), the integral (ee is independent of the choice of 
f(a) and f(b). Hence, if f is bounded and continuous on (a, 5), we shall 
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certainly adopt the point of view that f is integrable over [a, b] and, equiy- 
alently, that J, f is defined. 


Following this convention, we see that the function ine is bounded 
; Pile 40 aie ; 
and continuous on (0, 1), and so i sin # dx is defined. Using L’H6pital’s 
Jo 


Rule (page 123), one can easily show that 


tim 7% = -1. 
zai- 1 — x ' 
1 
Hence, i ni is bounded and continuous on (1, 2), and so i 2 = dx 
= cas 


exists. On the other hand, 


lim tanx= oo, 
24m /2)— 


and we therefore conclude that tan x is not integrable over the interval 


PROBLEMS 


1. Determine whether or not each of the following functions is integrable over the 
proposed interval (see Example 3). Give a reason for your answer. 


(a) cos t over [0, 1] (c) eta > over [0, 2] 
A 2 
(>) FAS 2, over 10, 1 @) ~+A*?, over (0,21 


2. Is each of the following integrals defined? (See Example 3.) Give a reason for 
your answer. 


1 ple 
sin x 1 
(a) i ae dx (d) iy inn” 
1/2 ae re 
(b) HAD Ae iy (e) ‘i Inxdx. 
0 x 0 


3. Draw the graph of f, and evaluate Nimie) dx in each of the following examples. 


1 if-«o <x<0, 
@) fW=45 fO<x<2, 
3 ME Sie 


and [a, b] = [—3, 3]. 
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if—7 <x <0, 


a 
) foy={P if0<x <0, 


and [a, b] = [—2, 2]. 


© sMran fn<x<n+1 where n is any integer, 
and [a, b] = [0, 5]. 


4. Prove that if a function f is bounded on an open interval (a, 6) and, if f(a) and 
J(b) are any two real numbers, then f is also bounded on the closed interval 
[a, 6). 


5. Compute 
1 t 
H 1 2 T 
(a) lim ~—dx (b) lim tan > x dx. 
tr Jt xX to1— Jo 2 


How does the result give insight into the fact that neither integrand is integrable 
over the interval [0, 1]? 


6. A function f is said to be piecewise continuous on an interval [a, 5] if it is con- 
tinuous at all but possibly a finite number of points of the interval, and if, for 
every point c of discontinuity in the interval, there exist numbers & and / such that 

lim f(@~) =k — and lim f(x) = 1. 

roe 20— 
Using Theorems (6.2) and (6.3), prove that if f is piecewise continuous on 
[a, 5], then it is integrable over [a, 5]. 


7. Improper Integrals. It is assumed in the definition of integrability 
(pages 168f) that if a function is integrable over an interval, then it is neces- 


1 
sarily bounded on that interval. Hence the function f defined by f(x) = a 


is not integrable over [0, 1] because it satisfies neither condition for bounded- 
ness: The number 0 is not in the domain of f, and there is no upper bound 
for f [for values of x near zero, f(x) becomes arbitrarily large]. The fact that 
(0) is not defined is not a serious difficulty because, as was proved in Sec- 
tion 6, the values of a function at any finite set of points can be defined 
arbitrarily without affecting the integrability of the function. Thus we could 


set 
1 


FOa\e if x ~ 0, 
3 if x = 0, 


and thereby satisfy the first condition of boundedness. However, there is no 
way to make f bounded on [0, 1] by changing a finite number of its values. 

In this section we shall show that it is possible to extend the concept of 
integrability to include many functions which are not bounded on their 
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intervals of integration. In addition, the extensions will allow the possibility 
of integrating over intervals which are not bounded. These integrals are 
called improper integrals. Two examples are 


1 


aL dx unbounded integrand, 
DEAE 


co 
| e-"dx unbounded interval. 
0 


Let (a, b] be a half-open interval (containing 6 but not a), and let f be a 
function which is integrable over the closed interval [t, b] for every number 
tin (a, 6]. The integral ig J is thus defined if a < ¢ < b, and our definition 
will concern the limit 


lim ie ; (1) 


tat 


We consider the following three cases: 


(i) The function f is bounded on (a, b}. It is not difficult in this case to 
prove that fis integrable over the closed interval [a, b] and, in addition, that 
the limit (1) exists and is equal tof” J. [If ais not in the domain of f, we define 
JS (a) arbitrarily.] 

(ii) The function f is not bounded on (a, b], but the limit (1) exists. In 
this case f is not integrable over [a, b] according to our original definition. 
Hence we define the improper integral, which is still denoted by ile ff, to be 
the limit (1). 

(iii) The limit (1) does not exist. In this case the integral is not defined. 


Thus, if the limit exists, we have the equation 


If f is bounded on (a, 6), the integral is called proper. If fis not bounded on 
(a, b], the improper integral exists only if the limit exists. However, the 
traditional terminology, which we shall adopt, is that the improper integral 
is convergent if the limit exists and divergent if it does not. 

In spite of the improper integrals defined in this section, we emphasize 
that whenever we say that fis integrable over [a, b] we mean it in the sense of 
the original definition of integrability, in which [a, b] is a bounded interval 
and f is bounded on it. 
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The situation is analogous if [a, b) is a half-open interval and f is in- 
tegrable over [a, t] for any ¢ in [a, b). We have 


If f is bounded on [a, b), then f is integrable over [a, b], and [oR is a proper 
integral. If fis not bounded, the integral is improper, and it is convergent 
or divergent according as the limit does or does not exist. 


EXAMPLE |. Classify each of the following integrals as proper or improper. 
If improper, determine whether convergent or divergent, and, if convergent, 
evaluate it. 


(a) [ ha (c) ve = eta 


1 pl 
(b) [ hax, (d) " sin | dr, 


5 1 eter, 
Since ae takes on arbitrarily large values near 0, we know that 
x 


t Vv 


Nee 


dx is not a proper integral. For every ¢ in (0, 1], 
1 1 

i) —dx = 2Vx| = 211 — Vi). 
t Vx : 


Since lim 2(1 — \/P) exists, we get 
t0+ 


1 
[ xLae = tim 20 = vi = 2. 
0 Vx 04+ 


Hence (a) is a convergent improper integral with value 2. 


1 3 f 
The values of — also increase without bound as x approaches zero, and 
x 


(b) is therefore not a proper integral. For every ¢ in (0, 1], 
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However, 


tim f dae ire oo, 
t+ too4 F 


and, since the limit does not exist, the improper integral is divergent. 


1 
The function 5} is not bounded on [0, 2), and so (c) is also an 


improper integral. For every ¢ such that 0 < t < 2, we have 


rt 

1 t 

[yee — Inj2 — | 
2 

— In(2—- t)+1n2 = tear 
Hence 
t 

AGN 0 2—x uh i isn Ing -t i 


and we conclude that dx is a divergent improper integral. 


1 
0 2—-% 


1 1 
Since | sin — “|< < 1 for all nonzero x, the function f defined by f(x) = sin rs 


is bounded on (0, 1]. It is also continuous at every point of that interval. 
We now assign a value, say 0, to f(0), and it follows by Theorems (6.1) and 
(6.3) that f is integrable over [0, 1], and the value of if f(x) dxi is independent 


1 
of the choice of f(0). As in Section 6, we therefore consider | sin = dx to be 
0 


a proper integral. 


We next define improper integrals over unbounded intervals. Let a be a 
given real number and fa function which, for every ¢ > a, is integrable over 
[a, ¢]. If the limit Hs if f exists, we define it to be the value of the con- 


vergent improper integral ils f. Thus 


If the limit does not exist, the integral of f over [a, x) also does not exist. 
Although it is not defined, we follow tradition and say that the improper 
integral is divergent. 
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As before, the analogous definition is given for the unbounded interval 
(—«, a]. We have 


and the improper integral (aie is convergent if the limit exists, and divergent 
if it does not. 


EXAMPLE 2. Test the following improper integrals for convergence or diver- 
gence, and evaluate the convergent ones. 


Hence 


| e“dx = lim (1 — e') = 1-—0=1, 
0 


tow 


and so the integral is convergent and equal to 1. 
Similarly, for (b), 


—, t Pa 
—dx = 2V/x =2V1-2. 
PY 


nD 


1 
#, we conclude that | —— xis 


Il 


However, since lim (2\// — 2) 
town 1 VX 
divergent integral. 


For (c) we obtain 


=) 
i= 
a 
ll 
| 
sles 
q 
Ni 
| 
=hs 
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@4 ; 
From this it follows that i: ~, dx is convergent and equal to 4, since 
2 x 


If the integral in (d) exists, its value depends on ¢. Hence in testing for 
convergence, we use another variable. 
t 


= arctan ¢ — arctans. 
® 


t 
1 
; Teu® = arctan x 


Since lim arctan s = — —, we conclude that 


ae 


NIA 


t 
[ a dx lim (arctan t — arctan s) 
—x 


2 
x 80 


arctan ¢ + Bi 


and the integral is convergent for all real values of ¢. 


We next enlarge the class of improper integrals to include integrands 
which are unbounded near both endpoints of the interval of integration. Let 
(a, c) be an open interval (we include the possibility thata = —#, ore = », 
or both), and let f be a function which is integrable over every closed subinter- 
val [s, 4] of, (a, c). Choose an arbitrary point 6 in (a, c), and consider the two 
integrals |  fand lee If either of these is RPEOPEEs their sum is equal to if if 
and we need no new definition. If both f. fand Sj fare improper integrals, 
then we define the improper integral Ip f to be their sum. Furthermore, 
ip J is defined to be convergent if and only if both f° fand Sj fare convergent; 
otherwise, Is Fis defined to be divergent. Thus, in all cases, we have the equa- 
tion 


(2) 


For the definition to be a valid one, it is necessary to know that ies as 
defined in (2), is independent of the choice of b. Hence, we need the following 
simple theorem, whose proof is left as an exercise. 
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(7.1) If f is integrable over every closed subinterval [s, t] of (a,c), and if bx 
and bs belong to (a, c), then 
nb 


[p fr- [oe [is 


Ja 1 


EXAMPLE 3. Classify each of the following improper integrals as convergent 
or divergent. Evaluate, if convergent. 


(a) [ das, (b) [ ae 


For (a) we write 
ph | v1 | wh 
| —dx = | =dx + 
Jo xX Jy x Jt 


1 js ; 
We have already shown in Example 1(b) that | a dx is divergent, and it 
Jo x 


follows that | dx is divergent. For (b) we have 


np | “2 


0 
I x er | i sy 
he ee dx = fe com dx + ieee dx, 


and 
“0 0 
/ | dx = lim aretanx 
~ dx = lim arctan x 
sill. steer? sae \¢ 
: ye = ES ees 
= Ait (0 — arctan ft) = ( *) rey 
Similarly, 
mi 
. Tv 
——— dx = lim arctant = 5° 
/ 1+ x? aan 2 
ee 
1 . » Tv Tv 
Hence I , dx is a convergent integral equal to) + 5 = 7. 
= x? Ee: 


As a final extension of the class of improper integrals, we include the 
possibility that the integrand may be unbounded near a finite number of 
points in the interior of the interval of integration. Let (a, b) be an open 
interval (including possibly a = —x, or b = x, or both), let ai,..-. dn 


sec. 7] IMPROPER INTEGRALS 467 


be points of (a, b) such that a; < +++ < a,, and let f be a function which is 
integrable over every closed bounded subinterval of (a,b) which contains 
none of the points a;,..., d@,. Then the equation 


is either a consequence of the theory so far developed, or is taken as the 
definition of the improper integral [” J. As before, ih Sis divergent if any one 
of the integrals on the right is divergent, and is otherwise either convergent or 
proper. 


EXAMPLE 4. Classify each of the following integrals, and evaluate any which 


are not divergent. 
el 
1 
(a) Loa dx, 


Bt 
1 
(b) 2 = dx, 
3 


eserves — dx. 
Genera) 


Since each integrand has arbitrarily large values near one or more points of 
the interval of integration, we conclude that none of the integrals is proper. 
For (a) we first observe that 


| a dx = 3x" + ¢, 


(c) 


from which we obtain 


and, in the same way, 
al pl 
1 ' 1 
—, dx = lim ae 
Jy xis (ao vi tee 


g— lim f°" = 3. 
04 
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From the definition in (3) it follows that 


1 1 0 1 1 1 
(de eee ya ox 


=—-$+9=0. 


Hence (a) is a convergent improper integral equal to 0. 
If (b) is convergent, it follows from the definition that 


1 1 e0 1 ea 
[ he- [kat | Bee 


and that both integrals on the right are convergent. However, 


iy a 
| ~—dx lim | = dx 
Jo xX top Jt X 


It 


lim (Inl — Int)= x, 
10-4 


0 


1 ae | 
and / — dx is similarly divergent. We conclude that | r dx is divergent. 
Jax J-1 


(Warning: Failure to note the discontinuity of the function - 
at 0 can result in the following incorrect computation: ze 


1 
| 1 oe = In|x| 
J1X 


If the integral (c) is convergent, then it is given by 


1 


=0-0=0.) 
=—1 


3 il ; ol 1 , al i . 
a =e | ces | = Ne aes 


and both integrals on the right are convergent. However, it is easy to show 
that neither is convergent. A partial-fractions decomposition yields 


1 


1 1 1 1 
G=D@=o) = see oes 
and so 
ie We dx = —4In|x — 1| + $In|x — 3) +c 
J @=DE=3)- ae fal vakameay 
Spine 
2 In sl te. 
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In particular, therefore, 
ae = lim ea te 
eos) eos 


(im in| =3!) — gin3 = a 
Palos t-—1 


which is sufficient to establish that (c) is divergent. 


We conclude this section with a theorem which gives a convenient test 
for the convergence or divergence of improper integrals, Called the Com- 
parison Test for Integrals, it can frequently be used to classify an improper 
integral whose integrand has no simple antiderivative, such as J, emt dx, 


(7.2) COMPARISON TEST FOR INTEGRALS. Let f and g be integrable over 
every bounded closed subinterval of a not necessarily bounded interval (a, b). If 
| f\ (x)| < g(x) for every x in (a, b) and if ie g is either convergent or proper, then 
afi fi is also either convergent or proper. 


Since an open interval can be split into two pieces, this theorem also 
holds for half-open intervals. For simplicity, we shall prove it for the interval 
(a, 6). 


Proof. We first prove that ve || is either convergent or proper. We shall assume 
without proof the theorem which states that if a function fis integrable over an 
interval, then so is \fl. [In most applications of (7.2) the function / is con- 
tinuous at every point of (a, 6]. In this case, |/| is also continuous and the 
problem does not arise.] Since 


0 < | FO) < gO, (4) 


for every x in (a, 4], it follows that 


‘ “b 
| \f| < | g 
Jt vt 


ab 
for every 1 in (a, b]. Since g has nonnegative values, J, g increases as ¢ ap- 
proaches a from the right. Hence 


b 


eb eb ob 
) g < lim [ z- | & 
At tat Jt Ja 


b 


Ab ‘ 
| Ifl ss &, 


: ba . , 
for every fin (a, 6]. But J, |/| also increases as ¢ approaches a from the right, 
and the preceding inequality shows that it is bounded from above by the 


and therefore 
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pb = . | ea 
number J’, g. An increasing bounded function must approach a limit. Hence 


lim iP |f| exists, and therefore ahs |/| is either convergent or proper. 
toot 
Since —f(x) < |f(2x)], it follows that 


0 <S(x) + |G] < 280), (5) 


for every x in (a, b]. In this part of the proof, the inequalities (5) are the 
analogues of (4). In exactly the same way as in the preceding paragraph they 


imply that , 
[u+wsaf g 


and thence that the integral f (f+ |/|) is either proper or convergent. 
Finally, therefore, we have 
eb b rb 
lim / f= lim f (f+ (fs) — lim | If. 
tat Jt toa+ Jt toa+ Jt 


Since both limits on the right exist, so does the one on the left. We conclude 
that J) f is either proper or convergent, and the proof is complete. 


EXAMPLE 5, Prove that ie e—**dx is convergent. Since x? > x whenever 
x > 1, it follows that e~*? < e~* for x > 1. An exponential is never 
negative, soe" = |e~*"|, and therefore 


fer ere: forx > 1. 
The convergence of i e~“dx, shown in Example 2, implies the convergence 
of ip e~*dx. It follows by the comparison test, i.e., by Theorem (7.2), that 
th e~*"dx is a convergent integral. This, in turn, implies the convergence of 
Sy ew dx. 
PROBLEMS 


1. Classify each of the following integrals as proper, improper and convergent, or 
improper and divergent, Evaluate any which are convergent if an indefinite 
integral can be found. 


el 
1 
@) I ie Sessa 


(e) | tan x dx 
Jo 
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2. Classify each of the following integrals and evaluate any which are not divergent. 


a ae 

(a) le ria (e) i sin x dx 
p2 1 1 

(b) i had (f) [eu 

©) Le x Ide @) hoe 
ee ‘ Sy @+2P 
pe 1 

(d) | xe" dx (h) [ x In x dx. 
J0 0 


a 
3. Show that the integral i Lax is 
0 


(a) proper if—-x <s <0. 
(b) improper and convergent if0 <5 <1. 
(c) improper and divergent if 1 < 5s < «. 


ca 

. 1 ane 

4. For what values of s is the integral [ ~, convergent, and for what values is it 
ae ae 


divergent? Give reasons for your answers. 
5, Classify each of the following integrals, and evaluate any which are not diver- 
gent if an indefinite integral can be found. 


(a) a aid (f) | e "dx 


* 
(b) t gape (e) i : 


tan ay, 3 1 , 
(h) i Gee an 


oft fa (i) i ea 
1 x 


‘ *inx 
ee = () i x2 dx. 


6, Prove Theorem (7.1). 
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7. Using the Comparison Test for Integrals if necessary, classify each of the 
following integrals. 


0 n 
(a) et dx (d) i er 
J—x Js JG 
oD ol 
(b) if = sin x dx (e) | x sin u dx 
Wil 3c? J0 x 
pe pl 
©) | e-'sin x dx ) | ee 
v0 J0 r/(x — 1)(x — 2) 


8. If F(t) = f, e~dx, find F’(0) and F’(1). 
9. (a) Show that the area of the region P bounded by the x-axis, the line x = 1, 


Mt oes 
and the curve y = — is infinite. 
x 


(b) Show that the volume of the solid of revolution obtained by rotating the 
region P about the x-axis is finite. 


10. Prove that if f is bounded on (a, 6] and integrable over [¢, 4] for every ¢ in 
(a, b), then f is integrable over [a, bland lim J, f= J, f. [Hint: The argument 


toa 


is essentially the same as that in the proof of Theorem (6.1),] 


CHAPTER 9 


Infinite Series 


Addition of real numbers is basically a binary operation: Given any two 
real numbers a and 4, there is defined a real number denoted by a + b and 
called their sum. The sum of numbers a, ...,4@,, where n > 3, is then 
defined by repeated applications of the binary operation. For example, one 
way of grouping the terms is given by 


(++ a + a) + as) + a) +20 + na) + &. 


The Associative Law of Addition implies that the sums obtained by all the 
different possible groupings are the same; so we can discard the parentheses 
and write 


F 
a= ate +a. 
dal 


Thus addition of any finite number of terms is defined. However, without 
further definitions, the sum of an infinite number of terms makes no sense 
at all. In this chapter we shall make the necessary definitions and develop 
the theory of infinite series. Two examples are 


yee 


t=0 


I 
ue 
he 
+ 
aa 
+ 
+ 


DCnyieit+ 1) 


j=l 


Seb a Si 


Later in the chapter we shall consider infinite series in which each term 
contains the power of an independent variable. An example is the series 


2 3 
setts iat, catoo les 
Licrewveh oecinenr ah aot ; 
which, for every real number x, is an infinite series of real numbers. We shall 


see that many functions can be defined by these power series, and this fact is 
of fundamental importance in mathematics and its applications. 
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1. Sequences and Their Limits. Infinite series are defined in terms of limits 
of infinite sequences, and make sense only in these terms. We therefore begin 
by reviewing the ideas of sequences which were introduced in Section 2 of 
Chapter 4. Following that, we shall develop some additional facts about the 
limits of infinite sequences. The definition of infinite series, i.e., of the sum of 
an infinite number of terms, will be given in Section 2, 

An infinite sequence is a function whose domain consists of all integers 
greater than or equal to some integer m. In the normal terminology of func- 
tions the value of a sequence s at an integer / in its domain would be denoted 
by s(i). However, it is customary with sequences to denote this value by 5). 
Thus 

Sy = st), for every integer / > m. 


The sequence s itself is frequently denoted by {s;} or by an indicated enumera- 
tion of its values: 5), S4is Sm4% ++ In the majority of examples m is 
either 0 or 1, and the first term of the sequence is then sp or s;, respectively. 
An infinite sequence s of real numbers is said to converge to a real number 
L, or, alternatively, the number L is called the limit of the sequence s, written 


ins An, 
if the difference s,, — L is arbitrarily small in absolute value for every suffi- 
ciently large integer 7. The formal definition is therefore: lim s, = L if, 


for every positive real number ¢, there exists an integer N such that 
|s, — L| < € for every integer n > N. 

Geometrically, a sequence s of real numbers is an indexed set of points 
on the real line. If the sequence converges to L, then the points s, of the se- 
quence cluster ever more closely about L as 1 increases (see Figure 1), That 
is, §, lies arbitrarily close to L if n is sufficiently large. 


5, $3 54 ee? 55 
= + Hitt 


Figure | 


If the numbers 5s, become arbitrarily large as 7 increases, then the se- 
quence does not converge and no limit exists. In the special case that, for 
every real number B, the values s,, are all greater than B for sufficiently large 
n, we shall write 


Lins, = ce, 
ne 
The complete definition is: lim s, = ~ if, for every real number B, there 
nn 


exists an integer N such that s, > B for every integer» > N. A simple 
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example of a sequence which “converges to infinity” in this way is the sequence 

of positive integers 1, 2, 3, 4, 5,.... By reversing the single inequality 

5, > B in the above definition, we obtain the analogous definition of 
lim's, = —oo: 


nn 


It should not be supposed that if an infinite sequence s of real numbers 
fails to converge, then it follows that lim s, = -:x. For example, the 
oscillating sequence Were 

1,-1,1,—-1,1,-1,... 
is bounded and does not converge. Another example is the sequence 
DMO P2pONSHOpase As 


defined, for every integer n > 1, by 
n 
2 


0 if mis odd. 


if n is even, 


Sn = 


This sequence is not bounded and does not converge, since, as n increases, 
there exist arbitrarily large values s,. However, because of the regular 
recurrence of the value 0, it also does not satisfy lim s, = ~. 


ny 

The basic algebraic properties of limits of real-valued functions of a real 
variable, which are summarized in Theorem (4.1), page 32, also hold for 
infinite sequences of real numbers. We have 


(1.1) THEOREM. /f sequences {s,\ and {t,\ converge and if c is a real number, 
then 


(i) lim (s, + t,) = lim s, + lim f,. 
nv ne 


nove 


(ii) lim (¢es,) = ¢ lim s,. 
n 


non +n 


(iii) lim (s,f,) = Clim s,,)(lim 4). 


n— 


n 


(iv) lim “= 


nova In n no 


We give the proof of (i). Let L; = lim s,, and Ly = lim 1¢,, and choose 
n nn 


an arbitrary number €. To prove (i) we use the fact that there exist integers 
N, and Ny, such that 


eeal and |t; — Lb| < 5) 


nin 
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for every integer i > N, andj > N». If we set N equal to the larger of Ni 
and No», then, for every integer n > N, we have 


ise ee 5 and |t, — La| < 5" 
Since (Sp + t) — (Li + Le) = (Ss, — Li) + (tn — Le) and since |a + b| < 
la] + |b| for any two numbers a and 4, it follows that 


\(Sn + tr) — (Li + La)| = [(Sn — Lr) + (tr — L2)| < [Sn Li| + |tn L,| 
S 5 oe 5 =6 


forn > N. This completes the proof of (i). The proofs of the other parts of 
the theorem are similar, and the methods are exactly the same as those used 
in Appendix A to prove (4.1), page 32. 

Similar to (1,1) is the following result, whose proof we omit. 


(1.2) [flim s, is the real number L and if lim t, = +x, then 


ne nove 


(i) lim = 0, 


th oo ie 10) 
Seay New eh eee 


Actually we have already used (1.1) and (1.2) in Chapter 4 in evaluating 
definite integrals as the limits of upper and lower sums. The following ex- 
ample is included primarily as a review. 


EXAMPLE |, Determine whether or not each of the following sequences con- 
verges, and evaluate the limit if it does, 


iy 2 
(a) {a,} defined by a, = BED Ser 


3n2 — 7 
(hr git 
(b) {b;) defined by b; = Tepe 7 
k+1 
(c) {c;} defined by c, = are 


(d) {d,) defined by d, = (—1)* = + 


Note that the definition of each of the above sequences is incomplete because 
we have neglected to specify the domain. However, the omission does not 
matter, since we are concerned only with the question of the limit of each 


sec. 1] SEQUENCES AND THEIR LIMITS 477 


sequence. It follows immediately from the definition of convergence that the 
limit of an infinite sequence is unaffected by dropping or adding a finite 
number of terms at the beginning. 

For (a), after dividing numerator and denominator by n?, we get 


Using (1.1) and (1.2), we conclude that 


lim a, = 7 
nw howe 3 


weit 


So the sequence {a,,} converges to %. 
The ith term of the sequence {b,} can be written 


b Phe] 2 
(eta) oa aan TAt 
TEC +}) 


Since lim (1 + +) = 1+ 0 = 1, we have 


Ce 
3 him (1 te 4 


Hence the sequence {b;} also converges to the limit §. 
For large values of k, the number k + 1 is approximately equal to k, 
and the number k? + 1 is approximately equal to k*. Thus the behavior of 


2 2. 
3 


ke ot : 
the ratio a 1? as k increases, is the same as that of Bz = ke which ap- 


proaches zero. We conclude that the sequence {c,} converges to zero. A 
more systematic analysis is obtained by writing 


k+1 c+p) (+z) 


eee ae) 
ae l+% 
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from which it follows by (1.1) and (1.2) that 


k+1_ (+0) _ 
pee ee ea 
The sequence obtained by taking the absolute value of each term in (d) 
is one which increases without bound, That is, it is clear that |d,| = . a , 
and that te 
k+1 
he Saale 


However, the factor (—1)" implies that the terms of the sequence {d,} 
alternate in sign, and for this sequence we can conclude only that no limit 
exists. 


A sequence s of real numbers is said to be an increasing sequence if 
Siq1 2 Sip (1) 


for every integer / in the domain of s. If the inequality (1) is reversed so that 
Siz. S 8, for every i in the domain of s, then we say that s is a decreasing 
sequence. A sequence is monotonic if it is either increasing or decreasing. 
Note that, just as in the analogous definitions for functions, we use “‘in- 
creasing” and “decreasing” in the weak sense. That is, an increasing sequence 
is one which is strictly speaking nondecreasing, and a decreasing sequence is 
one which is literally nonincreasing. 

The following two theorems will form the basis of some fundamental 
conclusions about infinite series. Both are statements about increasing 
sequences, and corresponding to each there is an obvious analogous theorem 
about decreasing sequences. 


(1.3) Let s be an infinite sequence of real numbers. If s is increasing and if 
lim s, = L, then s, < L for every n in the domain of s. 


n—2 


Proof. Suppose that the conclusion is false. Then there exists an integer N such 
that sy > L. Let a be the positive number sy — L. Since s is an increasing 
sequence, we know that s, > sy for alla > N. It follows that 


5S, -L>sy —L=a, 


for alln > N. Since the difference s, — L is greater than or equal to the 
positive constant a, it cannot be arbitrarily small. Hence the sequence cannot 
approach L as a limit, contradicting the premise that lim s, = L. This 
completes the proof. Bisa? 
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A sequence s of real numbers is said to be bounded above by a real number 
Bifs, < Bfor every nin the domain of s. If the inequality is reversed to read 


B < s,, we obtain the analogous definition of a sequence s which is bounded 
below by B. The second theorem is: 


(1.4) Let s be an infinite sequence of real numbers. If s is increasing and 
bounded above by B, then s converges and lim s, < B. 
nw 
It is easy to see geometrically that (1.4) must be true. Because the se- 

quence is increasing, each point s,, on the real line lies at least as far to the 
right as its predecessor s;,_, (see Figure 2). In addition, we are given that no 
points lie to the right of B. Hence the points of the sequence must “pile up” 
or cluster at some point less than or equal to B. The proof which follows 
serves to make these intuitive ideas precise. 
5 83 sian vay eee 

1 1 

T T 


i 1 1 eh 
T T T TT 


fan 
THT 


Figure 2 


Proof. The range of s, which is the set of all numbers s,, has the number B as an 
upper bound. By the Least Upper Bound Property (see page 7), this set 
has a least upper bound, which we denote by L. Obviously, 


[ey (2) 


We contend that lim s, = L. Since L is an upper bound, we have s, < L 
ns 

for every n in the domain of s. Since L is a /east upper bound, there must 

exist values s,, of the sequence which are arbitrarily close to L. That is, for 

any e€ > 0, there exists an integer N such that |L — sy| = L — sy <e«. 

Since the sequence is increasing, we have s, > sy for alla > N. Hence 

—s, < —sy and so 


|L—s,|=L—m<L—sy <6, 


for every integer n > N. This proves that lim s, = L, and this fact, together 


non 


with the inequality (2), completes the proof. 


It should be remarked that the essential ideas of Theorems (1.3) and 
(1.4) are not limited to sequences. For example, by making only trivial 
changes in the proofs, we obtain the following analogous results about an 
arbitrary real-valued function f defined on an interval [a, «): 


(1.3) If f is increasing and if lim f(x) = L, then f(x) < L for every x in 
[a, x). ae 
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(1.4) If f is increasing and if f(x) < B for some number B and for every 
x in [a, %), then lim f(x) exists and, furthermore, lim f(x) < B. 


ton rp 


The latter asserts that every increasing bounded function must approach 
a limit, a result which we assumed without proof in the proof of the Com- 
parison Test for Integrals on page 469. 


PROBLEMS 


1. Determine whether or not each of the following sequences converges, and 
evaluate the limit if it does. 


2 
@) a = 5 @ s= (Cn ttt 
Ke 1\' 
©) b= Ga © a= (i st i) 
(Ot = () = isint. 
n t 


2. Evaluate each of the following limits. 


(a+ Dm + 3) 


(a) lim (d) lim cosn 


ne w+ 3 Fessesh 
(b) lim et (e) lim ee n 
(c) lim +. - (f) lim (/k — Vk + 1). 
koe n/k kv 


3. Determine whether or not each of the following sequences {s,,} converges, and, 
if it does, evaluate the limit. 


(EVP as Oia ue Orca 


1 : 
1+ = for every integer n 
(b) s, = such that 1 <n < 10, 
ils for every integer n > 10. 
1 Pie ey 
1+-: if n is a positive even 
n . 
(pose : integer, 
oe 
15 if nis a positive odd 


integer. 
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1 é 
1+ a for every integer 1 
d) s = such that 1 <n < 10, 


ae for every integer 7 > 10. 


1 ee 
4, Let s be the sequence defined by s,, = — , for every positive integer n. Draw an 
n 


x-axis, and plot on it the first ten points of the sequence. What is lim s,,? 
nove 


5. Let r be a real number, and consider the sequence 1, r, r*, r’,..... Show that the 


sequence converges if and only if —1 <r < 1, and that 


0 if-l<r<1l, 


lim r" = 41 ifr = 1, 
pci x fins). 
What is the behavior of the sequence for r = —1 and for r < —1? 


(Hint: Let r" = e"'"*, for r > 0.) 
6. Finish the proof of Theorem (1.1): 
(a) Prove part (ii). 
(b) Prove part (iii). 
(c) Prove part (iv). 
7. Let s and ¢ be two infinite sequences and aa real number such that 
Sn =A+tn, 
for every integer n greater than or equal to some integer k. Prove that 


lim s, = a + lim f,. 


ne noe 
(Suggestion: It is easy to prove this result directly from the definition of con- 


vergence. Alternatively, one may consider a constant sequence with the single 
value a, and obtain the result as a corollary of Theorem (1.1), part (i).] 


8. Consider the sequence {s,} defined by s, = n + (—1)", for every integer n > 0. 
(a) Write the first ten terms of the sequence. 


(b) Show that lim s, = %, but that {s,! is not an increasing sequence. 
nova 
(c) Give another example of a sequence {s,,) which is not monotonic but for 
which lim 5, = %. 


noe 


2. Infinite Series: Definition and Properties. We are now ready to define 
infinite series. Consider an infinite sequence of real numbers a,,, Qn 41, 
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Gmn4o,++.. From this sequence {a;} we construct another sequence {5,} 
with the same domain, called the sequence of partial sums and defined by 


Sm = Amy 
Sm4i = Am + ints 
Sm42 = Am + Anti + Amos 


That is, for every integer n > m, the number 5, is given by 


Sn = 5, ai = An Pt Ane (30) 


i=m 


If the sequence {s,,} of partial sums converges, we define its limit to be the 
value of the infinite series determined by the original sequence {a;}, and we 
write 


dai = limisy: (2) 


i=m non 


EXAMPLE |, Show that 


For this series the sequence of partial sums is given by 


so= 1, 

s=1+4, 

we=l+e+h, 
and, more generally, by 

1 1 
Ee iii ame isa 
Note that sp = 2 — 1,5; = 2 — 4, ands, = 2 — 4. Itis not hard to show 
1 

that s, = 2 — on for every positive integer 7. Hence 


lim s.= im (2 — 3x) = 2, 


2. 1 
and it then follows from the above definition that 33, x= Ds 
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If, for a given sequence of real numbers dm, Gm41,.-., it happens that 
the corresponding sequence of partial sums does not converge, then the 
value of the infinite series is not defined, In this case we shall follow the 
customary terminology and say that the infinite series }>;2,, a; diverges. 
On the other hand, if the sequence of partial sums does converge, we shall 
say that the infinite series )>;2,, a; converges. Summarizing the above defini- 
tions (1) and (2) in a single formula, we obtain the equation 


in which the series on the left converges if and only if the limit on the right 
exists. 

Our first theorem states that if an infinite series }°;2,, a; converges, 
then the sequence {a,;} must converge to zero: 


(2.1) THEOREM. /f 3 ,, a; converges, then lim a, = 0. 
nox 


Proof, Let s = {s,) be the sequence of partial sums. Since the infinite series con- 
verges, there exists a real number L such that 


rs 
>) 4: = lim's, = £. 
i=<m 


ne 


Let s’ be the sequence defined by sj, = s,—1, for every integer n > m + 1. 
The range of the function s’ is the same as that of s, and the order is the same. 
That is, enumeration of the terms of both sequences gives the same list of 
numbers! Sm, Sm41,...+ We conclude that 


lim sj, = lim s,. 


ne nse 
We next observe that, for every integer n > m + 1, 
Qn = Sy — Sn-1 = Sn — Ss 


Since the limit of the sum or difference of two convergent sequences is the 
sum or difference of their limits [see Theorem (1.1), page 475], we have 


lima, = lims, — lim s, = L—L=0, 


nn no ne 


and the proof is complete. 


As a result of Theorem (2.1) we see at once that both infinite series 


Sen 


i=0 


Da Ply behs baad 


484 INFINITE SERIES [cuar. 9 


are divergent. For the first, lim a, = lim (—1)"2, which does not exist, and 


n+ n> 


F e 1 
for the second, lim a, = lim (2 + +) = 2, 
non nv n 

[Warning: The converse of Theorem (2.1) is false. That is, it is not true 
that if lim a, = 0, then >>44,, a; converges. A well-known counterexample 


non 


is the series discussed in the following example.] 


EXAMPLE 2. Show that the infinite series 
“1 
gr itetatate: 
km 
diverges. This series is called the harmonic series and is particularly interesting 
. eae spel F 
because it diverges in spite of the fact that lim —- = 0. To prove divergence, 


ne I 


we first observe that s,,, the nth partial sum of the series, is given by 


meltsten tie 


y-axis 


I 2 Gg n n+l x-axis 


Figure 3 


1 
Next, consider Figure 3, which shows the graph of the function — between 
x 


x = landx = n+ 1. With respect to the partitiong = {1,2,...,2+ 1}, 
the upper sum U, is equal to the sum of the areas of the shaded rectangles 


and is given by f ‘ 
U tat iret tert tet 
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Thus U, = sp. Since every upper sum is greater than or equal to the cor- 
responding definite integral, we obtain 


nth 
Sn = u,> f —dx = In(n + 1). 
iy BES 


We know that In(n + 1) increases without bound as 7 increases, hence the 


same is true of s,. Thus ‘ 
lim is, = cc, 
ne 


which completes the proof that the harmonic series diverges. 


The next theorem states that infinite series have what is commonly 
called the property of linearity. The result is a useful one because it shows 
that convergent infinite series may be added in the natural way and also 
multiplied by real numbers. Note that we have come across the property of 
linearity before. It is one of the basic features of finite series and also of def- 
inite integrals. 


(2.2) If Sem a and Di, b; are convergent infinite series and if c is a real 
number, then the series Y-- (a; + 6) and Si», ca; are also convergent, and 


®) Y@to= Yat yo 


i=—m i=m i=m 


(ii) = ca; = Dy a). 


t=m i=m 


Proof. The proofs of (i) and (ii) are direct corollaries of the corresponding parts of 
Theorem (1.1), page 475. Let {s,,) and {f,} be the two convergent sequences 
of partial sums corresponding to )7y_» 4; and S>{~ bj, respectively. That is, 


= . ai, th = een 


i=m i=m 


oe 


pp a; = lims, bi = lim t. (4) 


ne no 
i=m i=m = 


By part (i) of Theorem (1.1), we have 
lim (s, + t1) = lim s, + lim 1, (5) 


nove ne noe 


which shows, first of all, that {s, + 7,} is a convergent sequence. The lin- 
earity property of finite sums implies that 


int tn = be + D5 = DG +00, 


i=m i=m 
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from which we conclude that {s, + f,} is the sequence of partial sums 
corresponding to the series ))/.», (a: + bi). Hence 


DY G+ 6) = lim (sy + tH). (6) 


0 
i=m ™ 


Substituting from equations (6) and (4) into equation (5), we obtain 
Ei b)= Dat Dos 
and this completes the proof of part (i). Part (ii) is proved in the same way, 


and we omit the details. 


As an application of Theorem (2.2) we may conclude that if a series 
Dien a: diverges and if c # 0, then (., ca; also diverges. For if the latter 
series converges, we know from part (ii) of (2.1) that 


es is ca; = p ae be by aj. 


i=m i=m i=m 


and that the series on the right converges, contrary to assumption. For 


A 
f 2 J Ee F 

example, since the harmonic series > ~ diverges, it follows at once that the 

series =I 


also diverges. 

It is an important corollary of the next theorem that the convergence or 
divergence of an infinite series is unaffected by the addition or deletion of 
any finite number of terms at the beginning. 


(2.3) If m <I, then the series S/n a; converges if and only if Lia; 
converges. If either converges, then 


sae <3 + Da 


i=m i=m 


Proof. Let {s,) and {t,) be the sequences of partial sums for 7. a; and 3/-, a, 


respectively. Then 


Sy = >} ai, for every integer n > m, 


i=m 


ty = oy ai, for every integer n > /. 
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If n is any integer greater than or equal to /, then obviously 


” 1 n 
San Dat Da 
i=m i=m i=l 
Hence 


i-1 
= 5 ait tr, for every integer n > /. 
i=m 
The number >7}=}, a; does not depend on n, and is fixed throughout the proof. 


Thus, for n > /, the sequences {s,,} and {¢,} differ by a constant. It follows 
that one converges if and only if the other does and that 


i-1 
lim s, = ) ai + lim tr, 
ae Te el ae 


(see Problem 7, page 481). This completes the proof, since by definition, 


lim s, = >> aj and lim t, = 33, ai. 
=m é 


n0 


As an illustration, consider an infinite series 7,4, a; whose first thousand 


‘ . i 
terms we know nothing about, but which has the property that a, = 5; for 


every integer n > 1000. We have shown in Example | that the series 


e 


Sy ip converges, and it follows by Theorem (2.3) that Ss 4 also converges. 


i= 1001 


Since the latter series is precisely the series };210, @;, a second application 
of (2.3) establishes the convergence of the original series 3/2, ai. 
An infinite geometric series is one of the form 


Yiari=atartarte, 


t=0 


in which @ and r are arbitrary real numbers. For example, by taking a = 1 


“ 
. ‘ 1 ; , 
and r = 4, we obtain the convergent series Do rie In studying the question 
i=0 
of the convergence or divergence of geometric series, it is sufficient to take 
a = 1 and consider the simpler series 


cy) 
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For if this series converges, then so does 02 ar", and 


On the other hand, if (7) diverges and a # 0, then 30/2, ar' also diverges. 
The principal result about the convergence of geometric series is the follow- 
ing: 


(2.4) The geometric series (7) converges if and only if —l<r< 1. If it 
converges, then 


Proof, If r = 1, the series (7) is the divergent series | + 1 + 1-+ +++. Hence, 
in what follows, we shall assume that r # 1. The sequence {s,} of partial 
sums is defined by 


oy es se 


for every integer n > 0. Observe that 


Dts = Der Se isis eee 
1 he i Aas att ia hae a 


On the other hand, we have the equation 
Sn berth = Sno 
It follows that 1 + rs, = s, + r"*!, whence 1 — r+! = 5,(1 — r), and so 


= ptt 


oY as hear 
The proof is completed by considering two cases. First of all, suppose that 
—1<r<i. Then lim r"*' = lim r" = 0 (see Problem 5, page 481), 


non navn 


and therefore 


Second, suppose that r < —l or r > 1. For neither of these possibilities 
does lim r"*! exist (again, see Problem 5, page 481). It follows that lim s,, 


nn non 


also does not exist, and hence the series }7/_) r' diverges. This completes 
the proof. 
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PROBLEMS 


1. Determine whether or not each of the following infinite series converges, and 
evaluate it if it does. 


< 1 1 
(c) (i + ‘) (g) 
@) > (3-3) wm Ae. 


2. Consider the infinite series S/o a; defined by 


dog = ar? jie per He rent 
axi41 = 0, fee OLE 2S sie 


Write out the sum of the first ten terms. Does the series converge? If so, to what 
value? 

3. Using Theorem (2.2), show that if °/.,, a; converges and if }°/_,, b; diverges, 
then 37. (ai + b;) must diverge. 

4. Is it true that if the series 7/., (a; + 4;) converges, then both }°/.,, a; and 
Se m 5; Must also converge? Give a Sika for your answer. 


5. Prove that the harmonic series ye k diverges using the following elementary 


kel 
argument. Begin by grouping the terms of the series: 


“1 
Ez +G+H+G+st+t+Hy 
kel 


+@G+t+mtet+etatatwt 


and observe that 


b+h>dtaoh 
E+d+d+b> d+ atdta-d ate 
1 
6, Consider the infinite series 3 G- ch) . By writing out a few terms of the 


sequence of partial sums, Nae that the series converges, and give its value. 

7. An infinite series of the form See (a; — aj4,) is called a telescoping series 
(see Problem 6). Prove that it converges if and only if the sequence {a,,} con- 
verges. If it does converge, what is its value? 
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8. Determine whether or not each of the following infinite series converges, and 
evaluate it if it does. 


“ 1 
DRED 
2i+1 
() Se ce ee, 7 eed) 


0 Eat) a) i) 


(Hint: Look at Problems 6 and 7.) 


3. Nonnegative Series. The theory of convergence of infinite series is in 
many respects simpler for those series which do not contain both positive 
and negative terms. A series which contains no negative terms is called 
nonnegative. Thus >-(~,, a; is nonnegative if and only if a; > 0 for every 
integer i > m. In this section we shall study two convergence criteria for such 
series: The Integral Test and the Comparison Test. 

Let © (2,, a; be an arbitrary infinite series (not necessarily nonnegative), 
and let {s,,} be the corresponding sequence of partial sums. We recall that 
a;, for every integer n > m, and that, if {s,}) converges, then 
Lin a; = lim s,. We shall extend the convention regarding the symbol ~ 


ne 


and write 


eA ea (or —x) 


i=m 


if and only if lim s, = x (or —x). 


2 
It may very well happen that a series neither converges nor satisfies 
Sin ai = +x. For example, the divergent series 


x 
Wen =1-141-14+1--- 
i=0 
has for its sequence of partial sums the oscillating sequence 1, 0, 1,0, 1,.... 
However, for nonnegative series, there are only two alternatives: 


(3.1) Every nonnegative series SO, a; either converges or satisfies 


Wisma =e. 
The proof of this fact follows directly from the following two lemmas: 


(3.2) If Sim a; is a nonnegative series, then the corresponding sequence {S,} 
of partial sums is an increasing sequence. 


sec. 3] NONNEGATIVE SERIES 491 


Proof. For every integer n > m, we have sy41 = Sn + @y41. Since the series is 
nonnegative, it follows that sn41 — Sn» = @n41 > 0. Hence 


Sai 2 Sny for every integer n > m, 


which is the definition of an increasing sequence. 


(3.3) If {s,} is an increasing infinite sequence of real numbers, then either it is 
bounded above and therefore converges or else lim s, = %. 


noe 


Proof. If the sequence is bounded aboye, then it is proved in Theorem (1.4), page 479, 
that it must converge. Suppose it is not so bounded. Then, for every real 
number B, there exists an integer N such that sy > B. Since the sequence is 
increasing, it follows that s, > sy for every n > N. Hence s, > B, for every 
integer n > N, and this is precisely the definition of the expression 
lim s, = %. 


ne 


We come now to the first of the tests for convergence of nonnegative 
infinite series. It is a generalization of the method used in Section 2 to prove 
the divergence of the harmonic series. 


(3.4) INTEGRAL TEST. Let f be a function which is nonnegative and decreasing 
on the interval [m, «). Then the infinite series S/<m a; defined by 


a; = f(i), for every integer i > m, 
is convergent if and only if the improper integral ie S(x) dx is convergent. 


Proof. The series S\f», ai is nonnegative, and its corresponding sequence {s,,) of 
partial sums is therefore increasing. Figure 4 illustrates the graph of the 


yeaxis 


m om+ilm+2 A=l it X-axis 


Figure 4 
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function / over an interval [m, m], where n is an arbitrary integer greater than 
m. Since f is decreasing, its maximum value on each subinterval of the parti- 
tion ¢ = {m,m + 1,...,n} occurs at the left endpoint. Moreover, each 
subinterval has length 1. Hence the upper sum U,, which is equal to the sum 
of the areas of the rectangles lying above the graph in the figure, is given by 


n=l 


n—1 
U, = DD LW = De, ay = Sy. 


i=m i=m 


Similarly, the lower sum L, is equal to 


n n 


L= 3) /O= DD ai 


ism. i=m41 


Sn — Ams 


As always, we have 


La < i Sx) dx < Us, 


and it follows that 


Sn — Am S / SQ) dx SF Sy. (1) 
The crux of the proof of the Integral Test is in the inequalities (1). In com- 
pleting the argument, we consider the “if” and “‘only if” parts of the theorem 
separately. 

“Y. ” Let J f(x) dx be a convergent improper integral. That is, 


lim ie _ f(x) dx exists. Since f is nonnegative on [m, ©), the integral 


bax 


nb F F ; ; 
J, f(x) dx is an increasing function of b, Hence 


/ L(x) dx < / J(x) dx, for every integer n > m, 


Jim Jim 


[see (1.3), page 479]. From (1) it follows that 


n “se 
Sn <S dm + | f(x) dx < am + / I(x) dx, 
Jim Jim 
for every integer n > m. Hence the increasing sequence {s,} is bounded 
above and therefore converges. The convergence of the sequence of partial 
sums is equivalent to the convergence of the corresponding infinite series, so 
we conclude that }/_,, a; converges. 
“Only if.” Suppose that 7/,, a; converges. Then 


Suna Sn S 3 ai 


i=m 


for every integer n > m [see (1.3), page 478}. For any real number 4 in 
[m, <), choose an integer n > b. Since ie J (x) dx is an increasing function 
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of b, we obtain from (1) 


A 


b on 
[ F(x) dx < | F(x) dx < Sy. 


Hence 


b 
[ Sx) dx < DY) av. 


i=m 


The integral is therefore bounded above, and it follows that lim Sore) dx 


bm 


exists [see (1.4’), page 480]. Hence {” f(x) dx is a convergent improper 


dm 


integral, and the proof of the Integral Test is complete. 


The convergence or divergence of many infinite series can be determined 
easily by the Integral Test. Important among these are series of the form 


ny 


5 lng 


where p is a positive real number. Such a series is called a p-series. An 
example is the divergent harmonic series, for which p = 1. The basic con- 
vergence theorem is 


— | 
(3.5) The p-series SS, 3 converges if and only if p > 1. 


t=1 
Proof. The function / defined by /(x) = s is nonnegative on the interval [1, %), 
and is also decreasing on that interval since we have made the assumption 
that p > 0. Moreover, it is obvious that /(/) = a for every positive integer i, 
If p # 1, then Ue 
x? te, 


1 
: x pee 


Hence we have the three computations: 


o<pci| SE eee (eet) ks, 
1 x? 1 — piso 


p=: wigs / Wik = Wiebe 
x Ol oe 


ba 


a eeeccy ee 1 
pou dae = 4 jim (Gr - 1) ren 
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It follows that I 2 dx is convergent if and only if p > 1, and the Integral 
1 x? 


Test therefore completes the proof. 


Thus the first of the following three p-series diverges, and the last two 
converge: 


1 1 
14+—-+-—=+°*, 
WwW? 373 


— 1 1 i 
Pay ulrepsree ae oe 


« 
, : 1 . 
EXAMPLE |, Determine whether the series > ~~ converges or diverges. 
ket 


2k? + 1 
1 
The function f defined by f(x) = tea is nonnegative and decreasing on 
the interval [1, «), and obviously /(k) = Ei . Since 


1 yo te /3 
i, ET dx = 5 arctan V2 x + ¢, 


we have 


1 abalie wipd e ailte i ia anne 5 
ik e+ pax = lim (arctan V2 6 — arctan v2) 


V2 bon 


1 G 2) 
= —(>5 — arctany/2)- 
v2 


Hence the integral is convergent, and therefore so is the series. 


We come now to the second of our convergence tests. 


(3.6) COMPARISON TEST. Jf 30/2, a; is a nonnegative series and if Diy, b; 
is a convergent series with a; < b; for every i > m, then Yj, a; converges 
and Vi=m 4: S Bim bi. 
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Proof. Let {s,} and {t,) be the sequences of partial sums for 27», a; and Dj_» bi, 
respectively. The hypotheses 0 < a; < 6; imply that 


Sn Stay for every integer n > m, (2) 


and also that both series are nonnegative. Hence both {s,} and {t,} are 
increasing sequences, The convergence of ©, 6; means that {7,,) converges 
and that lim t = fim bj. It follows that 


n+ 


for every integer n > m 


[see (1.3), page 478]. Hence, by (2), 


a 
Sn S SB, bi for every integer n > m. 


Thus {s,,} is increasing and bounded above by Sen bj, The sequence there- 


fore converges and e 
lim Sn < Do bi 


nn 
fas i=m 


[see (1.4), page 479]. The convergence of s, implies the convergence of 
yim a and that the value of the series is lim s,, Hence 


nn 
” 2 

yD, as DD, bi, 
i=m i=m 


and the proof is complete. 


* 
EXAMPLE 2. Use the Comparison Test to prove that the series 5s F 7 


i=0 
converges. We first observe that the first two terms of the series are negative. 


However, 2/2 — 7 > 0 provided i > 2, and so the series SS 


eee 

t=? 
negative. It is sufficient to prove the latter series convergent because of the 
important fact that the convergence of an infinite series is unaffected by any 
finite number of terms at the beginning. As our test series we take the con- 


wl ; : 
vergent p-series >= ~.. To use the Comparison Test, we wish to show that 
? 


j=1 


’ for every integer / > 2. (3) 


2 


This inequality is equivalent to /? < 2/2 — 7, which in turn is equivalent to 
i? > 7. The last is clearly true provided i > 3. Thus we have proved 


> for every integer i > 3, (4) 
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which is slightly weaker than (3). However, (4) is certainly sufficient. We 
= 1 


converges. It follows from (4) by the Comparison 


know that the series > 


w 


Test that : 
= 272 — 7 


1 
d Iso. 
cree oes also, 


w=0 


converges and, as a result, the original series 


Example 2 illustrates a useful extension of the Comparison Test: The 
series 2, a; converges if there exists a convergent series 7», 6; such that 
0 < a; < b; eventually. The assertion that 0 < a; < 6; eventually means 
simply that there exists an integer V such that 0 < a; < 6; for every integer 
i> N. The justification for this extension is Theorem (2.3), page 486. A 
similar observation should be made about the Integral Test. It may be neces- 
sary to drop a finite number of terms from the beginning of the series under 
consideration before a convenient function f can be found which satisfies the 
conditions of the test. 

The Comparison Test is as useful for proving divergence as convergence. 
It is an immediate corollary that if the nonnegative series ¥_,, a; diverges 
and if a; < b; for every i > m, then Lf», b; also diverges. For if Di, b; 
converges, the Comparison Test implies that }>;2,, a; converges, which is 
contrary to assumption. 


1 
1 (kt + 5/4 
diverges. If we use the Comparison Test, mel must decide whether to look 
for a convergent test series with larger terms to prove convergence, or a 
divergent test series with smaller terms to prove divergence. To decide which, 
observe that for large values of k, the number k? + 5 is not very different 


EXAMPLE 3. Determine whether the series a converges or 


- 1 
is approximately equal to —,. Stated 


from k*, and therefore rap 


1 
(ke + 518 
more formally, we have 


pi Cee. 2 ites 
fea ee 


i! 
This comparison, together with the ae of the p-series an ee? leads 


us to believe that the series aa diverges. Hence fe shall try a 


“(8 2 ye 
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divergent test series. The most obvious candidate, oe >a» fails to be useful, 
since the necessary inequality, ka 


x 


is clearly false for every value of k. However, the series a en is also 
ke © 
divergent, and we may ask whether or not it is true that 


1 1 
2K S EE SYA 
This inequality is equivalent to 8k? > k* + 5, and hence to 7k? > 5, which 
is certainly true for every positive integer k. Hence (5) holds for every integer 
k > 1, and it therefore follows by the Comparison Test that the series 


x 


1 . 
SS 45 diverges. 


k=l 


(5) 


PROBLEMS 


1, Test the following infinite series for convergence or divergence, 


= 4 we 
(a) A (f) _ 
ai 2 rai VE + 1 
“ 1 
(g) Ss 
nai Vi + 2 
= 4 sy 
(c) — (h) Ds eat 
bat VA i=0 
< 1 “1 
ee — (i) = 
u Vk+7 x e 
“1 F . 1 
OP aire Uae aay 


nN 


. Using the Integral Test for infinite series and the Comparison Test for integrals 
(page 469), determine whether each of the following series converges or diverges. 


(a) wee (b) 5 
i=1 


k= 


i 


3. Using the Integral Test, prove the theorem that, for positive r, the geometric 
series )-, r' converges if and only if r < 1. 
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4. Let ©, a; and S,, 6; be two convergent nonnegative series. Using the 
Comparison Test, prove that the series 77, aid; also converges. 
5. Prove the following theorem, which is hinted at in Example 3. Ess b; isa 


; Sire ; ; " Bre Ce 
positive series (i.e., b; > 0 for every integer i > m) and if lim — = 1, then the 
nove Dy 


: d wa pre 
series fm a; converges if and only if Syf.m, b; does. 


4. Alternating Series. Special among infinite series which contain both 
positive and negative terms are those whose terms alternate in sign. More 
precisely, we define the series }>;4,, a; to be alternating if a,a;,, < 0 for 
every integer i > m. It follows from this definition that an alternating series 
is one which can be written in one of the two forms 


YE; or Cs, 


i=m i=m 
where 6; > 0 for every integer i > m. An example is the alternating har- 
monic series 
” nal 
VGvt =l-t+ 4-244 ——- 


i=l 
An alternating series converges under surprisingly weak conditions. 


The next theorem gives two simple hypotheses whose conjunction is sufficient 
to imply convergence. 


(4.1) THEOREM. The alternating series D\~, a; converges if: 


(i) {dn4al S< |an|, for every integer n > m, and 
(ii) lim a, = 0 (or, equivalently, lim |a,,| = 0). 


ne nn 


Proof. We shall assume for convenience and with no loss of generality that m = 0 
and that a; = (—1)'b; with 6; > 0 for every integer / > 0, The series is 
therefore )>.) (—1)‘b;, and the hypotheses (i) and (ii) become 


W) bras = big for every integer n > 0, and 


ii’) lim b, = 0. 
nn 
The proof is completed by showing the convergence of the sequence {s,| of 
partial sums, which is defined recursively by the equations 
50 = (—1)%bo = by, 
Su = Snr + (—1)"bn, edo eles 
The best proof that lim s, exists is obtained by an illustration. In Figure 5 


non 


we first plot the point sy) = by, and then the point s; = sy — b:. Next we 
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t ; 


Figure 5 


plot s2 = s; + by and observe that, since by < hb), we have s. < so, After 
that comes s3 = so — bs and, since b; < bs, it follows that s; < s3. Con- 
tinuing in this way, we see that the odd-numbered points of the sequence 
{s,} form an increasing subsequence; 


HS Ss 56° S51 S*''s (1) 
and the even-numbered points form a decreasing subsequence: 
Sy Bisa Beg Be sn Se 


Furthermore, every odd-numbered partial sum is less than or equal to every 
even-numbered one. Thus the increasing sequence (1) is bounded above by 
any one of the numbers s2,, and it therefore converges [see (1.4), page 479]. 
That is, there exists a real number L such that 

lim s2,-1 = L. 


n—0 
For every integer n > 1, we have 
San = San—1 + bony 


and, since it follows from (ii’) that lim bo, = 0, we conclude that 


ne 


lim so, = Lim $2.1 + lim bay 


L—-0O=L, 


We have shown that both the odd-numbered subsequences {s,—1} and the 
even-numbered subsequence {s2,,} converge to the same limit L. This implies 
that lim s, = L. For, given an arbitrary real number e > 0, we have proved 


nt 


that there exist integers N; and N2 such that 


S41 —-Ll<e whenever 2n — 1 > Ni. 
|S2n —LIl <6 whenever 2n > N. 


Hence, if 7 is any integer (odd or even) which is greater than both N, and No, 
then |x, — L| < «. Thus 
L= lims, = >? (-1)'b,, 


i=0 


and the proof is complete. 
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As an application of Theorem (4.1) consider the alternating harmonic 


series 
2 ot 
Se 
» (-1) ‘ideas 


i=1 


1 1 
epee Sta ee 


The hypotheses of the theorem are obviously satisfied: 


(i) me i. < ‘ for every integer n > 1, and 
ay ae 1 enelyil 

Gs of ot Cone 
i) are Dies BU ne 


Hence it follows that the alternating harmonic series is convergent. It is 
interesting to compare this series with the ordinary harmonic series 


> =1+%4+4%4+4+-°°:, which we have shown to be divergent. 
We see that the alternating harmonic series is a convergent infinite series 
Lim ai for which the corresponding series of absolute values 57, |a)| 
diverges. 

For practical purposes, the value of a convergent infinite series 37 2.,, a 
is usually approximated by a partial sum S°'_,, a;. The error in the ap- 
proximation, denoted by £,,, is the absolute value of the difference between 
the true value of the series and the approximating partial sum; i.e., 


x n 
SD ai— > a; 


i=m i=m 


E, = 


In general, it is a difficult problem to know how large 1 must be chosen to 
ensure that the error £,, be less than a given size. However, for those alter- 
nating series which satisfy the hypotheses of Theorem (4.1), the problem is an 
casy one. 


(4.2) If the alternating series S/.» a; satisfies hypotheses (i) and (ii) of 
Theorem (4.1), then the error E,, is less than or equal to the absolute value of the 
first omitted term. That is, 


Ey, < \an4:|, for every integer n > m. 


Proof. We shall use the same notation as in the proof of (4.1). Thus we assume that 
m = 0 and that a; = (—1)'b,;, where b; > 0 for every integer i > 0. The 
value of the series is the number L, and the error E,, is therefore given by 


n 


E, = De = Da 


i=0 


= |L—s,|. 
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Since |an4:| = bn41, the proof is completed by showing that 
|L — snl < bn4s, for every integer n > 0. 


Geometrically, |L — s,| is the distance between the points L and s,, and it can 
be seen immediately from Figure 5 that the preceding inequality is true. To 
arrive at the conclusion formally, we recall that {s2,—1} is an increasing se- 
quence converging to L, and that {s2,} is a decreasing sequence converging 
to L. Thus if n is odd, then n + 1 is even and 


Sr SL S Supa 
On the other hand, if n is even, then 1 + 1 is odd and 
Snp1 SLS Sn 


In either case, we have |L — s,| < |sn41 — Sn. Hence, for every integer 
n> 0, 


E, = |L — sal < |snga — Sul = [angst 


and the proof is complete. 


In Table 1 we have computed some partial sums which approximate the 
value of the alternating harmonic series, Each entry in the second column is 
an approximation, and the corresponding entry in the third column is the 
upper bound on the error provided by Theorem (4.2). 


TABLE | 


5 F ‘+1 1 
Alternating harmonic series: > (0 


i=l 


Partialeiaieueleort eqn eeee (-ytt. 
n Sn = approximation |@n4a| = Me vero 
be PP. n+l “n+ 1 for error 

1 1 4 
2 $ 3 
3 & + 
4 1 $ 
10 0.646 0.091 

100 0.6882 0.0099 

1000 0.6926 0.0010 

10,000 0.6931 0.0001 
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PROBLEMS 


1, Determine whether each of the following alternating series converges or diverges, 
Give the reasons for your answers. 


er een @ Sen 


i=l vi 2 
. cent 4 : 

eo ORF f fi) pen 
p> P+1 (f) > {=1) aS 
. B : 

(c) > est (g) DL cost 
) f : = cos(km) | 

(a) Lov @+pa (h) Pc 


2. Prove that, for any infinite sequence {a,} of real numbers, lim a, = 0 if and 
nw 


only iflim |a,| = 0. (Hint; The proof is simple and straightforward. Go directly 


nw 
to the definition of convergence of an infinite sequence.) 

3. For each of the series -/.,, a; in Problem 1, determine whether or not the 
corresponding series of absolute values >/. m |a;| converges. 

4, Give an example of an alternating series >, a; which you can show con- 
verges, but which fails to satisfy condition (i) of the Convergence Test (4.1). 

5. The first of the following examples comes from the formula for a geometric 
series, and the last two follow from the theory developed later in this chapter: 


ba S7 THEE Cw nt -ttan 
= i411 
Se cas) ag ae es 


i=l 


mana 
(c) se Aaa Aas yee ioe " 
If the value of each of these series is approximated by a partial sum So/.», ai, 


how large must be taken to ensure an error no greater than 0.1, 0.01, 0.001, 
10-4? 


5. Absolute and Conditional Convergence. An infinite series 2%,, a; is 
said to be absolutely convergent if the corresponding series of absolute values 
Lien |ai| is convergent. If a series D/2,, a; converges, but 22m |a;| does 
not, then we say that 0, a; is conditionally convergent. An example of a 
conditionally convergent series is the alternating harmonic series: We have 
shown that 


a= evar gtg-gse 
i=1 i=l 
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converges, but that 


© 21 


Wigl=Do- ltt tetas 


i=l 


diverges. 

There are many examples of series for which both }2,, a: and Di», |ai| 
converge, and also many where both diverge. (In particular, for nonnegative 
series, the two are the same.) There is the remaining possibility that +, |a;| 
might converge, and 72, a; diverge. However, the following theorem shows 
that this cannot happen. 


(5.1) THEOREM. Jf the infinite series 7. a; is absolutely convergent, then it 
is convergent. 


Proof. Since |a;| > —ai,we have a; + |a;| > 0, for every integer i > m. Hence the 
et ; east 
series S7/_» (a; + la:|) is nonnegative. Since a; < |a;|, we also have 


a; + |ail < lal + lai| = 2Iail, (i) 


for every integer i > m. The assumption that iin ai is absolutely conver- 
gent means that the series >/..,, |ai| converges, and, hence, so does the series 
Sen 2lai|. It therefore follows from (1) by the Comparison Test that the 
nonnegative series S7/.» (ai + |ai|) is convergent. We conclude from 
Theorem (2.2), page 485, that 


ow 


y ai = >»S, (ai + ail) — > la; 


i=m i=m i=m 


and that 0/.,, ay converges. This completes the proof. 


Thus the only possibilities for a given series are those illustrated by the 
following scheme: 


absolutely convergent 


conditionally convergent 


2, — ae 


divergent 


EXAMPLE 1, Classify each of the following infinite series as absolutely con- 
vergent, conditionally convergent, or divergent. 


1 oars ea aire et 
@® LOU A OREM ie 


k=l 
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If we let a, = (—1)* , the alternating series in (a) will converge 


1 
Vk+1 
(i) |ax4a| < Jay], for every integer k > 1, and 
(ii) lim |a,| = 0. 

kaw 


[See Theorem (4.1), page 498.] We have 


lax] = at and lax41] = ——- 

Vk +1 Vk +2 
Hence condition (i) becomes 

ee 

Vk+2° VkF1 


which is certainly true. Condition (ii) is also satisfied, since 


’ for every integer k > 1, 


and it follows that the series > ¢_, a, converges. However, it is easy to show 
that 72, |a,| diverges by either the Comparison Test or the Integral Test. 


Using the latter, we consider the function f defined by f(x) = veal 
V 
which is nonnegative and decreasing on the interval [l, 2). We have 


, 1 
ftp = Seseil = |a;| and 


oa 
i f(x) dx 


/ - = dx = lim [2Vx +1 i 
1 Je 


lim 2V6 + I — 2/2] = x. 
baw 


The divergence of the integral implies the divergence of the corresponding 
series °;—, |a;|, and we conclude that the series (a) is conditionally con- 
vergent. 

For the series in (b), we might apply the same technique: Test first for 
convergence and then for absolute convergence. However, if we suspect 
that the series is absolutely convergent, we may save a step by first testing 
for absolute convergence. In this particular case, the corresponding series of 


< 1 
absolute values is > 


2. pe — 15) - The latter can be shown to be convergent 
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by the Comparison Test. For a test series we choose the convergent series 
2 re s 5 , 
De ra The condition of the test is that the inequality 


1 a 

pe 1) Sk 

must be true eventually. We shall consider only integers k > 3, since, for 
these values, 2k? > 18 and hence |2k? — 15| = 2k? — 15. For those 
integers for which k > 3, the inequality 


1 2 
Te — 15 Se 


is equivalent to k2 < 4k? — 30, which in turn is equivalent to k? > 10. The 
last is true for every integer k > 4. Hence 


2) i > 4. 
pe — 15] < ia for every integer k > 4 


1 ; 
It follows that > pe — 15) converges, and therefore that the series (b) 
is absolutely COnuerecne 


(5.2) RATIO TEST. Let 02, a; be an infinite series for which lim lar anal ~ 


(or x), n+» [dn 
(i) Ifq <1, then the series is absolutely convergent. 
(ii) Ifq > 1 (including g = ~), then the series is divergent. 
(iii) If q = 1, then the series may either converge or diverge; i.e., the 
test fails. 


Proof. Suppose, first of all, that lim Jens} 


noe! (al 


= q <1. This implies that the ratio 


lan4al 

\an| 
arbitrary number r such that gy <r < 1, then there exists an integer N > m 
such that 


is arbitrarily close to q if n is sufficiently large. Hence if we pick an 


ih for every integer n > N. C2) 


We shall show by mathematical induction that (2) implies that 


lay +i] < r'lay|, for every integer i > 0. (3) 


Ifi = 0, then the inequality in (3) becomes ay +0| < r' 
the second part of an inductive proof we need to show that, if the inequality 


506 
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(3) is true for i = k, then it is also true for i = k + 1. The assumption, then, 
is that 


lax4al < rlas (4) 


and we want to prove that 
laveesal < ray]. 
If we multiply both sides of inequality (4) by the positive number r, we get 
rlavsel <M Yay4. G59) 
But, inequality (2) tells us that 


lay! 
lav+n] 
and hence that 
laveegal < rlay yal. (6) 
Combining inequalities (5) and (6) we have 
lav4nqal < Alay, 
completing the inductive proof. Since |r| <1, the geometric series 


Ee {ay|r' converges, and it follows from (3) by the Comparison Test that 
the series Soren lay 4,| converges. However, 


o Ee 


D laved = lait 


i=0 


and the convergence of }°/_y |ai| implies the convergence of )/.,, ail. 
Hence the series 7/,, aj converges absolutely, and the proof of part (i) of 
the theorem is complete. 


" an . 
We next assume that lim eed =q> 1, and let r be an arbitrary 
nove (An 


number such that | <r <q. Then there exists an integer N > m such that 


nt 


=r, for every integer n > N. 


In the same way in which we proved that (2) implies (3), it follows by induc- 
tion from the preceding inequality that 


lav4i| > r'layl, for every integer i > 0. 
Since r > 1, we know that lim ri = « (see Problem 5, page 481), and there- 
iawn 


fore also that 


lim Ja,| = lim jay4;| = *. 
Nn im 
However, if the series }>/_,,, @; converges, then it necessarily follows that 
lim |a,| = lim a, = 0. [See Theorem (2.1), page 483, and Problem 2, 


no 


page 502.] Hence }>/_,, a; diverges, and part (ii) is proved. 
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Part (iii) is proved by giving an example of an absolutely convergent 
series and one of a divergent series such that gq = 1 for each of them. Con- 


a 
sider the convergent p-series Se. =, which, being nonnegative, is also 


absolutely convergent. Setting a, = 3 We obtain 
Pie ee 
Et w+ n+ 1 
and 
ldngal _ dnga _ nv = 1 
fle pM Dili eerie, 
lan 4, n+ 2n+ fee 
n nn 
Hence 
lim Ks = lim —J— = 1. 
n-ve |Qn So eee 
n nan 


x“ 
ri 5 F 1 

For the second example, we take the divergent harmonic series ss —. Ifwe 
Lt 


1 1 : 
let a, = —, then a,41 = and 
n n+1 
[deta]: _ Guar md 
\an| ay n 1 ee 1 
n 
For this series we also get 
lay 4al x 
lim "= tim =1 


ara aged 
n 


nw [an] 


The Ratio Test is therefore inconclusive ify = 1, and this completes the proof. 


If n is an arbitrary positive integer, the product n(n — 1)+++3-+2>- Lis 
called n factorial and is denoted by n! Thus 3! = 3-2-1 = 6 and 
5! = 5:4+3+2:+1 = 120, Although it may seem strange, 0! is also defined 
and has the value 1. A convenient recursive definition of the factorial is 
given by the formulas 


0! 
(n + 1)! 


1, 
(a + Dn!, for every integer n > 0. 


EXAMPLE 2, Prove that the following series converges: 


1 1 1 
PD yoy aeep an 


n=" 
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r : x : 1 , 
We write the series as }0;) a, by defining a, = ni for every integer n > 0, 
Then ne 


langal _ @+D!_ __ al 
|an| iy (n+ I)! 
n! 
ws oe tte ees cls 
~ (n+ Int n+l 
Hence 
= lin 71 =O 


Since q < 1, it follows from the Ratio Test that the series is absolutely 
convergent. But absolute convergence implies convergence [Theorem (5.1)], 


eigen L 
and we conclude that the series Dy |, converges. 


n=0 
EXAMPLE 3. Show that the infinite series 
Dirt = 1+ 2 $3 + 4h po 
i=l 


converges absolutely if |r| < 1 and diverges if |r| > 1. This series is related 
to the geometric series Diy r' = 1+ r+ 72+ --:, and ina later section 
we shall make use of the relationship To settle the ammediate question of 
convergence, however, we set a; = ir'—' for every positive integer i, and write 
the series as dis 1@;. Observe, first of all, that if |r| > 1, then |a,| = n|r|"~ 
and 

lim |a,| = lim alr|"—* 


non noo 


=O. 


Hence, if |r| > 1, the series must diverge, since convergence would imply 
lim |a,| = 0. This proves the second part of what is asked, and we now 


ne 


assume that |r| < 1. If = 0, the series is absolutely convergent with value 1, 
so we further assume that r # 0. Then 


dangil _ @ + Wel" _ a +1)) 1 
+ ae rl=(1 +5), 


|a,| nlr|n— 
and so 


wa anal DN ipl ee 
jim ea = ln (1 oa i) |r| = Ir}. 
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Thus g = |r| < 1, and the Ratio Test therefore implies that the series is 
absolutely convergent. 


The next theorem, with which we conclude the section, establishes a 
useful inequality. 


(5.3) If the series i, a; converges, then |Y iim ail < Xiim lail. 


The result is true even if }0*“,, a; is not absolutely convergent, for in 
that case 5, |a;| = %, and the inequality becomes |}7;2,, a;| < x. 


Proof. In view of the preceding remark, we shall assume throughout the proof that 
> eam \a\| converges, Let {s,} be the sequence of partial sums corresponding 
to the series ya. Then 


n 
Sn = ys ai, for every integer n > m, 
i=m 


and the assumption that 5°/.,, a; converges means that the sequence {s,,} 
converges and that 


lim s, = Da. (7) 


ne Tom 


The general fact that |a + 4| < |a| + |d|, for any two real numbers a and 4, 
can be extended to any finite number of summands, and we therefore have 


n 


Sy ai 


i=m 


< 3; ail. 


i=m 


[su] = 


Furthermore, 


Y lal < DS la 


i=m 


[see (3.2), page 490, and (1.3), page 478). Hence 


” 
Isa] < ‘Ss lai, for every integer n > m. (8) 


i=m 


It follows from (8) that 


|lim s,| < >> lad. (9) 


Lon 
= i=m 


[It is easy to see that (8) implies (9) if we regard the numbers s,, and 7, |ai| 
as points on the line. The geometric statement of (8) is that all the points s, 
lie in the closed interval whose endpoints are —>>/_,, {ai| and °{_» ja. If 
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(9) were false, it would mean that lim s, lay outside this interval, a positive 
ny 


distance away from it. But this cannot happen, since s, is arbitrarily close to 
lim s, for n sufficiently large.] Combining (7) and (9), we obtain the in- 


n—s00 


equality which was to be proved. 


PROBLEMS 


1, Classify each of the following infinite series as absolutely convergent, condition- 
ally convergent, or divergent. Show how you obtain your answer starting from a 
standard test or series. 


& 4 3 i: 
(a) Bon eo (e) 2) rae 
= 1 =, 100° 

(b) Ler ) as 
Sei Pip ses 
OL ) ae ea 100k 


(@) San hy) pie 


2. (a) Prove that the series Di = is absolutely convergent. 


n=0 


(b) Prove that lim m0 


n—0 


3, Classify each of the following series as absolutely convergent, conditionally 
convergent, or divergent. Show how you obtain your answer, 


@ >= © Det? 


n=l n= 
S Inn 
(b) yen (CDS res 
n=l n=l 
= ai 
4. (a) Prove that, for every positive number a, the series Ds, i is absolutely 
convergent. imo 
(b) Prove that lim 4 — = 0 for every positive number a. 
ne Nn! 


5. The infinite series 


< 1 1 1 1 1 1 
2ae rays haa Pango 
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is defined, for every integer n > 0, by the two equations: 


Gan 


Gant) = Fntign 


(a) Show that 5°79 a» is absolutely convergent. 


(b) What is lim +l 9 


no 


6. As a corollary of (5.1), prove the following extension of the Comparison Test: 
The series {mai is absolutely convergent if there exists an absolutely convergent 
series S-/. b; such that |a;| < |bi| eventually. 


6. Power Series. Associated with every infinite sequence of real numbers 
, @y, as, .. , and every real number x, there is the infinite series 


D ax’ = ao + ax + ax? +s, 


i=d 


Such a series is called a power series in x, As a general rule, it will converge 
for some values of x, but not all. For example, the geometric series 


Lex et xe 


converges and has the same value as i for every real number x in 


absolute value less than 1, but it diverges for all other values of x. A power 
series which converges for some real number c, i.e., which converges if 
x = c, is commonly said to converge at c. Note that every power series in x 
converges at 0, since, if x = 0, then 


= . 
as a,x" 


t=O 


ay + a0 + 4:0? + +++ = ao. 


The following proposition is the basic theorem in studying the con- 
vergence of power series: 


(6.1) If a power series fo a;:x' converges for some real number c, then it is 
absolutely convergent for every real number x such that |x| < |c|. 
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Proof. If c = 0, the result is vacuously true, so we shall assume that c # 0. The 
fact that the series )>/., ac’ converges implies that lim a,c” = 0. Hence 


nye 


there exists a nonnegative integer N such that |a,c"| < 1, for every integer 


n> N. Since |a,c"| = |a,| |e|", it follows that 
1 
lan] < ie’ 
and thence that 
Ix|" 
ls") = lal lt <r 


for every real number x and for every integer n > N. We now impose the 
Pe x 
restriction that |x| < |c|, and set r = i. Then r < 1, and 
c 


lanx"| <r", for every integer n > N. 


That is, we have shown that |a,.x”| <r” eventually. Since the geometric 
series DD r' converges if |r| <1, it follows by the Comparison Test that 
Di, laix'| converges. This completes the proof. 


We shall derive three corollaries of (6.1). The first asserts that the set of 
all real numbers x at which a power series Xj a;x' converges is a nonempty 
interval on the real line. The set is nonempty because, as is remarked above, it 
contains the number 0, A set of real numbers is an interval if, whenever it 
contains two numbers, it contains every number in between those two. Thus 
we must prove that if the series converges at a and at cand ifa < b < c, then 
it also converges at b, This is quickly done. Suppose first that b > 0. Then 


|b] = b < c= el, 


and (6.1) implies that the series converges at b. On the other hand, if b < 0, 
then = 
|b] = —b < —a= |al, 


and it again follows from (6.1) that the series converges at b. This completes 
the proof, and, as a result, we call the set of all numbers at which a power 
series converges the interval of convergence of the power series. 

A number a is called an interior point of a set S of real numbers if there 
exists an open interval which contains a and which is a subset of S. The set 
of all interior points of S is called the interior of S. For example, if S is itself 
an open interval, then all its points are interior points and hence S equals its 
own interior. More generally, the interior of an arbitrary interval consists 
of the interval with its endpoints deleted. 

The second corollary states that a power series converges absolutely at 
every interior point of its interval of convergence. The proof is virtually the 
same as that of the first corollary, Let b be an arbitrary interior point of the 
interval of converence. Because it is an interior point, we know there exist 
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real numbers a and c which also lie in the interval and for whicha < b < c. 
As before, if b > 0, then |b| < |c|, but if b < 0, then |b| < ja|. In either 
case it follows from (6.1) that the series converges absolutely at b, and this 
completes the argument. 

The third corollary is the following: The interior of the interval I of 
convergence of a power series ><» a,x' is symmetric about the origin. That 
is, if b is an interior point of /, then so is —b, Again, there exist numbers a 
and c in J such that a < b < c. Now consider the open interval (—c, —a). 
It certainly contains —b, and, if we can show that (—c, —a) is a subset of /, 
then we shall have proved that —6 is an interior point of /. Let x be an 
arbitrary number in (—c, —a), that is, -c < x < —a, There are the, by 
now familiar, two possibilities: If x > 0, then —a > 0 and 


|x| = x < -a = |al. 
If x < 0, then —c < 0, whence c > 0, and 
x= —x <'c = |el, 


For either possibility, the convergence of the series at x is implied by (6.1), 
and so the third corollary is proved. 

If a power series converges for every real number, then its interval of 
convergence is the set of all real numbers. The only other possibility, 
according to the third corollary above, is that the interval of convergence is 
bounded with symmetrically located endpoints —p and p. We define the 
radius of convergence of a power series 7/4» a;x' to be infinite if the interval 
of convergence is the set (— x, «) of all real numbers, and to be the right 
endpoint of the interval of convergence if the interval is bounded. The 
preceding results are then summarized in Figure 6 below and in the following 
theorem: 


radius of 
interval of convergence SOR Mer aerie, 
divergence divergence 
=P: 0 p x-axis 


Figure 6 


(6.2) THEOREM. If a power series YX» a;x' has radius of convergence p, then 
the series converges absolutely at every x in the open interval (—p, p). If p is 
not infinite, then —p and p are the endpoints of the interval of convergence. 


It is important to realize that, when p is finite, we have made no predic- 
tion as to whether the series converges or diverges at p and at —p. All we 
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know is that it converges absolutely in the open interval (—p, p) and diverges 
outside the closed interval [—p, p]. 


EXAMPLE |. Find the interval and radius of convergence of each of the follow- 
ing power series: 


(c) > ax" = L+x4 2x? 4 3x? +--- 


n=0 
In many examples the radius of convergence can be found easily using the 
Ratio Test. 


ca xt s 
For the series in (a), we set u; = 7 and form the ratio 


n! | nt 


x") ane ener Dr 


[Wace let 


|un| (a+ 1! 
Since (2 + 1)! = (n+ Dn!, 


Wngal = |a| ae, 
|un 


Hence 


lim ints} = lim el = 0. 
no (Mn an io 


It follows from the Ratio Test that the series x5 = is absolutely convergent 
=i 

for every real number x. Hence the interval of convergence is the entire real 

line, and the radius of convergence is infinite. 


hk 
Let u, = (—1)* = for the series in (b). For every integer k > 1, we 


have |u| = lait Hence 
ke k . 
gal IY ey 
|u| k+1 [xk UC kK+1 
Since 
k 5 1 
lim = lim: al 
kook +1 poe 1+ bl 


k 
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we obtain 


[wigs 


lim slim = |z| jim = |x|. 


koe [Ue ky + ‘I 


The Ratio Test therefore implies that the series = (-1)" = converges 


absolutely if |x| < 1 and diverges if |x| > 1. It follows that the endpoints 
of the interval of convergence are the numbers —1 and 1 and that the radius 
of convergence is 1. If x = 1, the series becomes 


Dey pat- st 4-44. 
k=l 


which is the convergent alternating harmonic series. On the other hand, if 
x = —1, the series becomes 


= k—1 e i = ye —1 bE 
» yt GY = H(- 
ko] k=l 
Since 2k — | is always an odd integer, we have (—1)**~! = —1, and so 
Seta = Se: 
k=l k k=l k 
which ae’ Hence the interval of convergence of the power series 


> (- oe — is the half-open interval (—1, 1]. 


For the series in (c), let v,, = n!x". We then get 


[meals a Geeta 1) ieee) 


malual “Tala = (n+ 1)lal. 
It follows that 
Ls if x # 0, 
lim Alaetsl = im (n + 1)[x| = 
nox [Un n= 0, ifx = 


From the Ratio Test we conclude that the series 07) n!x" converges only at 
= 0. The radius of convergence is therefore equal to 0, and the interval 
of convergence contains the one number 0. 


A significant generalization of the definition of power series can be made 
as follows: Consider an arbitrary real number a and an infinite sequence of 
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real numbers dp, a1, @2,.... For every real number x, a power series in x — a 
is defined by 


o 


De aie = a)! = ay + a(x — a) tale — a +-- | 1) 


i=0 


The power series in x studied earlier in this section are simply instances of the 
present definition for which a = 0. 

Fortunately, it is not necessary to start from the beginning again to 
develop the theory of convergence of power series in x — a. Consider the 
power series in y obtained by making the substitution x — a = y in the 
series (1). We obtain 


D ai’ = ao + ay + ay? + es. (2) 

i=0 
Let / be the set of all real numbers y for which (2) converges, i.e., the interval 
of convergence of the power series (2). Similarly, let J be the set of all real 
numbers x for which (1) converges. Since x — a = y, Or equivalently, 
x = y + a, a number 6 will belong to / if and only if b + a belongs to J. 
Thus the set J consists of all numbers of the form 6 + a, where b belongs to /. 
Symbolically, we write 

J=I+a. 


[- radius of 
convergence ‘i 


iil 
=r : 0 Pp i a ¥: 
interval of interval of 


convergence of convergence of 
ya ¥ away! 
i=0 i=0 
Figure 7 


Geometrically, therefore, the set J is obtained by translating the interval / 
along the real line a distance |a|, translating to the right if a > 0, and to the 
left if a < 0 (see Figure 7). Hence, the set J of all real numbers x for which 
Deo a(x — a)’ converges is also an interval, and is called the interval of 
convergence of that series. The corresponding radius of convergence is equal 
to the radius of convergence of the series (2), but this time it should be 
interpreted (if it is not infinite) as the distance from the number a to the right 
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endpoint of the interval of convergence J. The interior of J is, of course, 
symmetric about the number a. 

A power series 29 a;(x — a)’ is frequently called a power series about 
the number a. If we recall that |x — a| is geometrically equal to the distance 
between x and a, we see that the appropriate analogue of theorem (6.2) is: 


(6.3) THEOREM. If the power series Diy a(x — a)‘ has radius of convergence 
p, then the series converges absolutely at every x such that |x — a| <p. Ifp 
is not infinite, the series diverges at every x such that |x — a| > p. 


EXAMPLE 2. Find the radius and interval of convergence of the power series 


E 


g 2 
Shot aiar 42h? 4 Sty... 


t=0 


Observe, first of all, that this is a power series about the number —2. That is, 
to put it in the standard form (1), we must write the series as 


w 


DE - Cys 


i=0 


1 


Let us set wu, = 3n (x + 2)" and apply the Ratio Test. For every integer 


n > 0, we obtain 


lungal _ \@ + 2)"" Be) eek. 
|un| SHED | G2)" a 
Hence 
= Jim atl — e+ 21. 
he i Ale = 3 


The series is therefore absolutely convergent if g < 1, or, equivalently, if 
|x + 2| < 3, and it is divergent if g > 1, or, equivalently, if |x + 2| > 3. 
Remember that |x + 2| is the distance between x and —2. Thus the interior 
of the interval of convergence is the set of all real numbers whose distance 
from —2 is less than 3. Hence the radius of convergence is equal to 3, and 
the endpoints of the interval of convergence are the numbers —5 and 1, 
If x = —5, the series becomes 
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which diverges. If x = 1, we also obtain a divergent series, 


Sear er = eee 
i= 


i= 


It follows that the interval of convergence of the power series 


Sae+2 


i=0 


is the open interval (—5, 1) (see Figure 8). 


{° radius of 
convergence Sy 
€ ) real line 


interval of convergence (—5, 1) 


Figure 8 


PROBLEMS 


1. Find the radius of convergence of each of the following power series. 


(a) ve ) > C1)'s" 


i=0 k=O 
Oo) Be (f) 225" 

i=l i=l) 
Ons (mate 

k=l t=! 

Bay sont si ee 
OP 7a (h) ay 


2. Find the interval of convergence of each of the power series in Problem 1. 
3. Is the following statement true or false: Every power series }>/_y aix' converges 
absolutely only in the interior of its interval of convergence? Why? 
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4. Find the radius of convergence of each of the following power series. 


ca ws oy Cy ! Fe 
(a) ye? @ DE@-v 

i=l n=0 
(b) >? — o + 

C k in ree 
€) Sait © ye "GeE DN 


5. Find the interval of convergence of each of the power series in Problem 4. 


6. Prove the following: If lim lan i. = p, then the radius of convergence of the 
nove |An 
‘ x ig 1 J 
power series >°;~) a(x — a)’ is equal to-. (Assume that on o« and that 
p 
piles 0.) 
x 


7. Functions Defined by Power Series. For every power series 


eI 


Do aie — a)’, 


t=0 


the function defined by the power series is the function f which, to every real 
number ¢ at which the power series converges, assigns the real number f(c) 
given by 


a 


fle) = Yo ale — a)’. 
i=0 
The domain of fis obviously equal to the interval of convergence of the power 
series. Speaking more casually, we say simply that the function f is defined 
by the equation 


S@) = 3 a(x — a)’. 


t=0 


As an example, let f be the function defined by 


Fi S22 to-pieesh eS, pee 


1=0 


This power series was studied in Example | of Section 6 and was shown to 
converge for all values of x. Thus the domain of the function which the 
series defines is the set of all real numbers. 
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Functions defined by power series have excellent analytic properties. 
One of the most important is the fact that every such function is differentiable 
and that its derivative is the function defined by the power series obtained by 
differentiating the original series term by term. That is, if 


a 


f(x) = DY atx — a)! = ay + a(x — a) + ax = a)? +>, 


i=0 


then 


f'®) = x ia(x — a)'—* = a, + 2a(x — a) + 3ax(x — a)? +-°:. 


i=l 


This is not a trivial result. To prove it, we begin with the following theorem: 


(7.1) A power series Yi2y a(x — a)' and its derived series ./., ia(x — a)’ 
have the same radius of convergence. 


In Section 6 we showed that the essential difference between the power 
series /2, a(x — a)! and the corresponding series 7, a;x' is that the 
interval of convergence of one is obtained from that of the other by transla- 
tion. In particular, both series have the same radius of convergence. To 
prove (7.1), it is therefore sufficient (and notationally easier) to prove the 
same result for power series about the origin 0. We shall therefore prove the 
following: Uf the power series 27, a;x" has radius of convergence p and if the 
derived series 32, iajx' has radius of convergence p', then p = p’. 


Proof. Suppose that p < p’, and let ¢ be an arbitrary real number such that 
p<c<p’. Then the series Dea ac’ diverges, whereas the series 
Xf, iaic'! converges absolutely. Since c is positive, 

x x : 
c 3 lia;e’ "| = DS liaic'|, 
i=. i=. 
and it follows that the series )°7., iajc’ is also absolutely convergent. How- 
ever, it is obvious that, for every positive integer /, 


laie'| < ilaie’| = iaic'|. 


|aic'| converges, 
a contradiction. 


The Comparison Test therefore implies that the series >; 
and this fact implies the convergence of )>}_) aic’, which is 
Hence the original assumption is false, and we conclude that 


pe’ Sp. (1) 


Next, suppose that p’ < p. We shall derive a contradiction from this 
assumption also, which, together with the inequality (1), proves that p’ = p. 
Let b and ¢ be any two real numbers such that p’ < b < ¢ < p. It follows 
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from the definition of p’ that the series 377, iajb'—! diverges. Similarly, 
from the definition of p, we know that the series in aje' converges, and 
therefore lim a;c' = 0. Because c is positive, it follows that there exists a 


isn 


positive integer N such that, for every integer i > N, 


laic'| <e. 
But |aic'| = |a\le’, and so the preceding inequality becomes |ai|c' < ¢, or, 
equivalently, 
1 
jail < sie 


Hence. since / is also positive, we obtain 


i-1 i-1 
liab' | = ib’ ail < a = i(*) , 


nid 


: = b 
for every integer i > N, Let us set- =r, Then 0 <r < 1, and we have 
shown that i 

liaib' "| < ir’, for every integer i > N. 

However, it is shown in Example 3, page 508, that the series Seino 
converges if |r| < 1. Hence the preceding inequality and the Comparison 
Text imply that the series 37 /_, |ia;b'—'| converges, and this contradicts the 
above conclusion that 57/., ia;b'~! diverges. This completes the proof that 
p’ = p, and, as we have remarked, also proves (7.1). 


Note that Theorem (7.1) does not state that a power series 
YL) a(x — a)! and its derived series have the same interval of convergence, 
but only that they have the same radius of convergence. For example, in 
Example 1(b), page 514, the interval of convergence of the power series 

x k 


yey 


kal 
derived series is 


Fey 


k=l 


is shown to be the half-open interval (—1, 1]. However, the 


5; (= 1 a 
kal 


=J—x4+x°—x74---, 


which does not converge for x = 1. It is a geometric series having the open 
interval of convergence (—1, 1). 

Let ©4, a,(x — a)! be a power series, and let f and g be the two func- 
tions defined respectively by f(x) = Djiy a(x — a)’ and by g(x) = 
D461 iai(x — a)’. We have proved that there is an interval, which, with the 
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possible exception of its endpoints, is the common domain of fand g, How- 
ever, we have not yet proved that the function g is the derivative of the func- 
tion f. This fact is the content of the following theorem. 


(7.2) THEOREM. If the radius of convergence p of the power series 
DY, atx — a)’ is not zero, then the function * defined by f(x) = 
Dido a(x — a)! is differentiable at every x such that |\x — a| < p and 


SX) = x ia(x — a)’. 


i=1 


Proof. It is a direct consequence of the Chain Rule that if (7.2) is proved for a = 
then it is true in general. We shall therefore assume that /(x) = Sea ajx'. 
Let g be the function defined by g(x) = 0/4 fa:x'~!, and let c be an arbitrary 
number such that |c| < p. We must prove that /’(c), which can be defined by 


ste) = tim “=O, 


me a 


exists and is equal to g(c). Hence the proof is complete when we show that 


tim (= £0 _ wo) = 0, (2) 


Let d be an arbitrary real number such that |c| < d < p (see Figure 9). 


=a c be x d 


Figure 9 


Henceforth, we shall consider only values of x which lie in the closed interval 
[—d, d]. For every such x other than c, we have 


For each integer i > 1, we apply the Mean Value Theorem to the function 
x', whose derivative is ix'~', The conclusion is that, for each /, there exists a 
real number ¢; in the open interval whose endpoints are c and x such that 
x! — ci = je "(x — c), Hence 
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and so 


He) = $0) > iyi 


x-—c 
From this it follows that 


Le) = Fc) _ Ove 5: oS SS aece 
t=1 


x= 


7 1 
. ay = 
= >) ia(c; — ec’). 
2 


i=? 


For each integer i > 2, we now apply the Mean Value Theorem to the 
function x'~!, whose derivative is (i — 1)x'~*. We conclude that there exists 
a real number 4; in the open interval whose endpoints are ¢ and ¢; such that 


coo = — 1b; ter — c). 


Hence 


w 


a(c) =) ii = 1)aibi “(ei = 0). 


im? 


fe) = $0) _ 
= C 


Since |e; — c| < |x — cl, for every i, we obtain, using Theorem (5.3), 
page 509, 


fx) = [© _ He 
z=—c¢ 


< |x —e| = li — Labi |. (3) 


Two applications of (7.1) imply that the power series Shey ii — lax’, 
which is the derived series of 0/2; ia.x'~', also has radius of convergence 
equal to p, and it is therefore absolutely convergent for x = d. Moreover, 
|b;| < d for each i, and so 


\i@ — 1abi*| < iG — Dad’, 


for every integer i > 2. It follows from the Comparison Test that 


DG = adi < YO ii = Dana’ 


i=2 i= 


(4) 


The value of the series on the right in (4) does not depend on ., and we denote 
it by M. Combining (3) and (4), we therefore finally obtain 


x) — fl 
AP= 0 — fo] <r —ele 
<1 
The left side of this inequality can be made arbitrarily small by taking | — ¢| 


sufficiently small. But this is precisely the meaning of the assertion in (2), 
and so the proof is finished. 
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EXAMPLE 1, (a) Show that 


SN: x x? 
ct de Wepeka esr apa 


for every real number x, and (b) show that 


ce x* 
In(l + x) = > (Gl) =x 
k=l 


for every real number x such that |x| < 1. 


wo i 


For (a), let f be the function defined by f(x) = SD ; . We have already 


t=o 
shown that the domain of f is the set of all real numbers; i.e., the radius of 
convergence is infinite. It follows from the preceding theorem that 


f'(x) = S72 ar ’ for every real number x. 
i=l 
Since User. we obtain 
i @-T) 
2 yh 
Lu kt’ 
where the last equation is obtained by replacing i — 1 by k, Thus we have 


proved that 
S'@) =f) for every real number x. 


" ‘ r ReneS 
The function f therefore satisfies the differential equation = = y, whose 


general solution is y = ce”, Hence f(x) = ce* for some constant c. But it is 
obvious from the series which defines f that f(0) = 1. It follows that c = 1, 
and (a) is proved. 


2” hk 
A similar technique is used for (b). Let f(x) = >S. (-1)*7 " . The 


kaa 
domain of f is the half-open interval (—1, 1], and the radius of convergence 
is 1. Hence 


f'@) 


Ste 1)'- Naas 3 Ge pie 


Lix+x—x fee, 


sec. 7] FUNCTIONS DEFINED BY POWER SERIES 525 


for |x| < 1. The latter is a geometric series with sum equal to i . Hence 


we have shown that 


pn ae ae 
S'() = ieee for every x such that |x| < 1, 
Integration yields 
dx 
Hie) = I riectreag = = Infl+x|/+e. 


Since |x| < 1, we have |l + x| = (1 + x). From the series which defines f 
we see that f(0) = 0. Hence 


0 = f(0) = Intl +0)+c=0+c= Cc. 


It follows that f(x) = In(1 + x) for every real number x such that |x| < 1, 
and (b) is therefore established. 


Example | illustrates an important point. The domain of the function f 
xt 
defined by f(x) = om (-1)- ope is the half-open interval (—1, 1]. On the 


other hand, the oan of the one In(1 + x) is the unbounded interval 
(—1, %). It is essential to realize that the equation 


. 
Ind +x) = (4 


has been shown to hold only for values of x which are interior points of the 
interval of convergence of the power series. It certainly does not hold at points 
outside the interval of convergence where the series diverges. As far as the 
endpoints of the interval are concerned, it can be proved that a function 
defined by a power series is continuous at every point of its interval of 
convergence. Hence the above equation does in fact hold for x = 1, and we 
therefore obtain the following formula for the sum of the alternating harmonic 
series: 


Let 32, a(x — a)! be a power series with a nonzero radius of conver- 
gence p, and let f be the function defined by the power series 


fe) = DY aie — a, 


i=0 
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for every x in the interval of convergence. By iterated applications of 
Theorem (7.2), i.e., first to the series, then to the derived series, then to the 
derived series of the derived series, etc., we may conclude that f has deriv- 
atives of arbitrarily high order within the radius of convergence. The formula 
for the nth derivative is easily seen to be 


C73) FG) = OIG = Gi nee ae =a), 
for every x such that |x — a| < p. 

Is it possible for a function f to be defined by two different power series 
about the same number a? The answer is no, provided the domain of f is not 
just the single number a, The reason, as the following corollary of Theo- 
rem (7.3) shows, is that the coefficients of any power series about a which 
defines f are uniquely determined by the function f. 


(1.4) If f(x) = So a(x — a)! and if the radius of convergence of the power 
series is not zero, then, for every nee n>0, 


5 fC. 


~ al 
[By the zeroth derivative f we mean simply f itself. Hence, for n = 0, 

the conclusion is the obviously true equation a) = f(a).] 
Proof. The radius of convergence p is not zero, and so the formula in (7.3) holds. 


i! 
Since ii — 1)--'\G —n+1) = i m! , we obtain 
lt} DY 


f° = - Laem ae — a)" 


me 


= man + (1 + 1)lanqa(e — a) + dngo(X — ay bee, 


for every x such that |x — al <p. Setting x = a, we obtain 
f(a) = nan, 


from which the desired conclusion follows. 


PROBLEMS 
1. Let / be the function defined by 


fe) =F 


(a) Find the radius of convergence of the power series and also the domain of f. 
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(b) Write the derived series, and find its radius of convergence directly [i.e., 
verify Theorem (7.1) for this particular series]. 
(c) Find the domain of the function defined by the derived series. 


F , al “ 
. Let f be the function defined by f(x) = > a (x — 2)‘, and follow the same 
i2! 
i=) 
instructions as in Problem 1. 


. Let f be the function defined by f(x) = ay a (x — 2)/, and follow the same 
Si 
instructions as in Problem 1, ; 


. Let f be the function defined by f(x) = >a MGs a , and follow the same 


i=0 


Vi 
instructions as in Problem 1. 
. Find the domains of the functions fand g defined by the following power series. 


Sy (1) sit Z(=1)' 91 
(a) f(s) = x reaiia (b) gO) = x “Gprt 
. If f and g are the two functions defined in Problem 5, show that 
(a) f'(x) = g(x) (b) g’(x) = —f@). 
. Let fand g be the two functions defined in Problem 5 (see also Problem 6). 
(a) Evaluate /(0), (0), g(0), and g’(0). 
(b) Show that f and g are both solutions of the differential equation 


(c) Write the general solution of the differential equation in (b), and thence, 
using the results of part (a), show that /(x) = sin x and that g(x) = cos x. 


. Show, as is claimed at the beginning of the proof of Theorem (7.2), that it is a 
direct consequence of the Chain Rule that if this theorem is proved for a = 0, 
then it is true for an arbitrary real number a. 

. Prove that every power series can be integrated, term by term. Specifically, 
prove the following two theorems. 


(a) A power series es aj(x — a)! and its integrated series 


e 


ai it 
», | (x — a) 


i=0 
have the same radius of convergence. 
(b) Jf the radius of convergence p of the power series Dey a(x — a)! is not 
zero and if f and F are the functions defined, respectively, by 


x 


fix) = Yo ade—a)' and Fe) = DO — ay", 
i=0 i=0 
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then 


F(x) = [ reyax +e. 


10. Starting from the geometric series 


Mev =1- 244-840 


i=0 


and the results of Problem 9, show that 


(by rity 
arctan x = pls ’ 
tbe il 


for every x such that |x| < 1. 

11. (a) Show that the interval of convergence of the integrated series in Problem 10 
is the closed interval [—1, 1]. 
(b) True or false? 2 (-1)! 
= arctan! = Ane 
arctan ~ oped 

8. Taylor Series. The subject of Section 7 was the function defined by a 
given power series. In contrast, in this section we start with a given function 
and ask whether or not there exists a power series which defines it. More 
precisely, if fis a function containing the number a in its domain, then does 
there exist a power series 7/2) ai(x — a)! with nonzero radius of convergence 
which defines a function equal tof on the interval of convergence of the power 
series? If the answer is yes, then the power series is uniquely determined. 


Specifically, it follows from Theorem (7.4), page 526, that a; = jl f(a), for 


every integer i > 0. Hence 


f(x) = a, Sax — a)! 


= fla) + Sax — a) + ES"@x = a) +--+, 


for every x in the interval of convergence of the power series. 
Doe a function which has derivatives of every order at a. The power 


series r 1 pox — a)' is called the Taylor series of the function f about 


f= i! 
the number a. The existence of this series, whose definition is motivated by 
the preceding paragraph, requires only the existence of every derivative 
f(@. However, the natural inference that the existence of the Taylor series 
for a given function implies the convergence of the series to the values of the 
function is false. In a later theorem we shall give an additional condition 
which makes the inference true. Two examples of Taylor series are the 


$l) — 0) TG) 
4 — x) +1 —*) — 1 = OE 
(d-*)-1=@)u 

T= Of = (zr 


Ure]gO a10Ja1ay) OM “(]) UL UOMUYap ay) WoLy 


9= = (Danf aus — = (uf 
‘7 = (1),,f aouaym ‘= = (x), f 


‘T— = (1),f aousym = 2 mC 


TUB SOAITE 
-ALap ayy, f Jo ydes3 ayy uo yora Jo ydeid oy) asoduuiadns pur *] saquinu 
ay} inoqe f uoNouNy ay} Joy “yz [eIUOUATOd Jo[AR] ay) ayndiuos “¢ puR 


ZL 0 =u Jog : = (x)f hq pauyap uonouny ay) aq f 197 “| aTdWVvxXa 


uss = y Yona sof yf = M)yiL 
sayfsiips p Inogn f uojounf ays of “yz, uojpuuxosddn sojkn yt yu ayy (1°8) 


ry[nsos queysodurt yng ajdus ay) avvy 

am snyt “(),, f 01 [enba st i yeyT smoys “yz [erUOUATOd JO[AR], ay JO P Ie 
DATIBALIOP YY OY} JO UONeINdWOd Joop ‘s+ “QO = y JaB9qUT YOR 10.4 

*X Joquunu yeas A19A2 104 


(0 — OW) f . bie + (0 — XW), + (OS 


=) 


10 DO) SEX = 


Aq uaais “7 yertuoudjod ay} st» saquuinu ay) INoge fUONoUNy ay} 

0} uoREMTXOIdde JO[ABT, yyw ay] Udy “WS “GQ = J JadayUT AIOAO JO} S}SIXO 

(P).f YI Yons uoHoUNs vf puv Jad9]UI SANPSIUUOU B 2q W JIT :SMO][OJ 

sev st uoruyep ayy “Zz Aq ajouap q]eys aM yoryM (v — x) ur [RIWOUATod 
+7 O=! 

vsttuns yeijued yw ayy §(9 — NOY WST & salias 1o]AR] ve JOj ‘sums jenied 


sw Aq payewrxoidde oq uv satis oyUyUr JUASI9AUOd v JO oNTVA oy 
*L WoI9ag 
jo | adwexq ur padojaasp (x + ])u] OJ soas ay} pur ,a Joy satias 


67zS SHIYAS YOTAVI [g ‘Das 


530 INFINITE SERIES [cuar. 9 


These equations express the functions 7, as polynomials in x — | rather 
than as polynomials in x. The advantage of this form is that it exhibits most 
clearly the behavior of each approximation in the vicinity of the number 1. 
Each one can, of course, be expanded to get a polynomial in x. If we do this, 
we obtain 

T(x) = 1, 

T\(x) = —x + 2, 

T(x) = x? — 3x + 3, 

T(x) = —x? + 4x7 — 6x + 4. 


The graphs are shown in Figure 10, The larger the degree of the approximat- 
ing polynomial, the more closely its graph “thugs” the graph of f for values 
of x close to 1. 


y-axis 


y= T(x) 


y= T(x) 


Figure 10 


The basic relation between a function f and the approximating Taylor 
polynomials 7, will be presented in Theorem (8.3). In proving it, we shall 
use the following lemma, which is an extension of Rolle’s Theorem (see 
pages 111 and 112). 
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(8.2) Let F be a function with the property that the (n + 1)st derivative 
F""*)'(p) exists for every t in a closed interval [a, b], wherea < b. If 


(@) F®@=0, fori=0,1,...,n, and 
(ii) F(b) = 0, 


then there exists a real number c in the open interval (a,b) such that 
F+0(c) = 0, 


Proof. The idea of the proof is to apply Rolle’s Theorem over and over again, start- 
ing with / = 0 and finishing with i = n. (In checking the continuity require- 
ments of Rolle’s Theorem, remember that if a function has a derivative at a 
point, then it is continuous there.) A proof by induction on n proceeds as 
follows: If n = 0, the result is a direct consequence of Rolle’s Theorem. 
We must next prove from the assumption that if the lemma is true for n = k, 
then it is also true for n = k + 1. Thus we assume that there exists a real 
number ¢ in the open interval (a, 6) such that F“+(c) = 0 and shall prove 
that there exists another real number c’ in (a, 6) such that F+*)(c’) = 0, 
The hypotheses of (8.2) with n = & + 1 assure us that F“+*)(4) exists for 
every fin fa, b] and that F+(a) = 0. The function F“*+" satisfies the prem- 
ises of Rolle’s Theorem, since it is continuous on [a,c], differentiable on 
(a,c), and F“+)(a) = F“*+)(c) = 0. Hence there exists a real number c’ 
in (a,c) with the property that F“+*(c’) = 0. Since (a,c) is a subset of 
(a, b), the number c’ is also in (a, 6), and this completes the proof. 


We come now to the main theorem of the section: 


(8.3) TAYLOR’S THEOREM. Let f be a function with the property that the 
(n + 1)st derivative f\"*”(t) exists for every t in the closed interval [a, b}, 
where a <b. Then there exists a real number c in the open interval (a, b) 
such that 


n 
(hy) = 1 ciy Bort 
f(b) = > af a — a)! + Rng 
where 
Se ey ae 
R= Gah Oe = a" 
Using the approximating Taylor polynomials, we can write the conclu- 
sion of this theorem equivalently as 


= n-+41) _— 7yrtt 
@eit (c)(6 — ay". (2) 


f(b) = T,(b) + 


Note that the particular value of c depends not only on the function f and the 
numbers a and b but also on the integer 7. 
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Proof. Let the real number K be defined by the equation 
S(b) = T,(b) + K(b — ayn". 
The proof of Taylor’s Theorem is completed by showing that 


1 


ve o(n--1) 
Ke aaah 


for some real number c in (a, 5). For this purpose, we define a new function 
F by setting 
F(t) = f(@) — Tal) — K(t — a)"*, 


for every 1 in [a, b]. From the equation which defines K, it follows at once that 
£(6) — Tr(b) — K(b — a)"*! = 0, 
and hence that F(b) = 0. In computing the derivatives of the function F, we 


observe that any derivative of K(r — a)"*' of order less than n + 1 will 
contain a factor of ¢ — a, and therefore 


d' n-+1| ; 
—_ - | =0, fori=0,...," 
a K(t — a) ee for i = 0, n 


Since f‘(a) = T,,"(a), for every integer i = 0,...,m, [see (8.1)], we con- 
clude that 
F@ = (%) -—TMm@ —0=0, 1=0,....0 
Hence, by Lemma (8.2), there exists a real number ¢ in (a, 5) such that 
F°M() = 0. 


Finally, we compute F“*"(r) for an arbitrary 7 in [a, 6]. Since the degree of 
the polynomial 7, is at most x, its (7 + 1)st derivative must be zero, More- 
over, the (n + 1)st derivative of K(¢ — a)"*! is equal to (n + 1)!K, Hence 


= FOF) = fH) — (n + DIK. 
Letting ¢ = c, we obtain 


0 = F"+(e) = OFC) — (n + DIK, 


from which it follows that K = 


ne pO: This completes the proof. 
n . 


It has been assumed in the statement and proof of Taylor’s Theorem 
that a < b. However, if b < a, the same statement is true except that the 
(n + I)st derivative exists in [b, a] and the number c lies in (b, a). Except 
for the obvious modifications, the proof is identical to the one given. Suppose 
now that we are given a function f such that f'"*" exists at every point of 
some interval / containing the number a. Since Taylor’s Theorem holds for 
any choice of 6 in J other than a, we may regard 6 as the value of a variable. 
If we denote the variable by x, we have: 
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(8.4) ALTERNATIVE FORM OF TAYLOR’S THEOREM. Jf f\"*? (0) exists for 
every t in an interval I containing the number a, then, for every x in I other than 
a, there exists a real number c in the open interval with endpoints a and x such 
that 


L pin n 
SX) = f(@) + fae — a) +o +f ax — a)" + Rn, 
where 
1 
hee Gaal 
The conclusion of this theorem is frequently called Taylor’s Formula 


and R,, is called the Remainder. As before, using the notation for the ap- 
proximating Taylor polynomials, we can write the formula succinctly as 


7 SP MeNox — ay 


(3) 


EXAMPLE 2. (a) Compute Taylor’s Formula with the Remainder where 
f(x) = sin x, a = 0, and n is arbitrary, (b) Draw the graphs of sin x and 
of the polynomials 7,,(x), form = 1, 2, and 3. (c) Prove that, for every real 


number x, 
2i-1 3 5 a 


5 “ aay ee: et Oe a 
aie eam? a et 


The first four derivatives are given by 


ees 
= sinx = cos x, 
dx 


——sinx = —sin x, 


dx 

ad 

—— sin x = —cos x, 
x8 

a P 

—— sin x = sin x. 

dx! 


Thus the derivatives of sin x follow a regular cycle which repeats after every 
fourth derivation. In general, the even-order derivatives are given by 
24 


a . . ” 
gai in = (—1)'sin x, | aan 00h lee ae 


and the odd-order derivatives by 


gio 


dx2i-1 


Side (— Iie cos, | tal, 2) Scan 
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If we set f(x) = sin x, then 
f(0) = (—1)'sin 0 = 0, PH OSS Lae aa 
f° 2X0) = (1) c= (=, P= 1,253,.... 


Hence the mth Taylor approximation is the polynomial 


n 


Tala) = FLOR’, 


i=0 


in which the coefficient of every even power of x is zero. To handle this 
alternation, we define the integer k by the rule 


x? if n is even, 
(4) 
’ if n is odd. 


It then follows that 


k ee. k 
Tix) = Qo area (Ct = Den gay 8) 


i=l 


{If n = 0, we have the exception 7)(x) = 0.] For the remainder, we obtain 


1 n n 
R, a5 @rl y is +H(¢) x +1 
n4i 
Gi (-1)' cose, if n is even, 
= Me ; (6) 
aa (-1)‘ sine, if nis odd, 


for some real number c (which depends on both x and 7) such that |c| < |x|. 
The Taylor formula for sin x about the number 0 is therefore given by 


2i—1 


k 
a fog ae 
sinx = > D™ Gjaay t Be 


where k is defined by equation (4), and the remainder R,, by (6). 
For part (b), the approximating polynomials 7), 7, and 7; can be read 
directly from equation (5) [together with (4)]. We obtain 


Ti(x) = x, 
T,(x) = x, : , 
TG) =x-F = x= 5: 


Their graphs together with the graph of sin x are shown in Figure 11. 
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praxis 


x-axis 


Figure 11 


To prove that sin x can be defined by the infinite power series given in 
(c), we must show that, for every real number x, 


sin x 


lim 7T;,(x) 


ne 


Il 
| 
iM 
Y 
t 
: 
nN 
™ le 
= 


where k is the integer defined in (4). Since sin x = T;,(x) + Rn, an equiv- 
alent proposition is 

lim R, = 0. 

no 
To prove the latter, we use the important fact that the absolute values of the 
functions sine and cosine are never greater than 1. Hence, in the expression 
for R,, in (6), we know that |cos c| < 1 and |sinc| < 1. It therefore follows 
from (6) that 
[ttt 


al $ ey 


It is easy to show by the Ratio Test [see Problem 4(b), page 510] that 

-|n-HL 
lim Acie = 0. Hence lim R, = 0, and we have proved that 
nove (n+ 1)! 0 


8 5 a 


. Piece ie 
sinx = x — 37 + 


RIN oe 


The form of the remainder in Taylor’s Theorem provides one answer 
to the question posed at the beginning of the section, which, briefly stated, 
was: When can a given function be defined by a power series? The answer 
provided in the following theorem is obtained by a direct generalization of the 
method used to establish the convergence of the Taylor series for sin x. 
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(8.5) Let f be a function which has derivatives of every order at every point 
of an interval I containing the number a. If the derivatives are uniformly 
bounded on I, i.e., if there exists a real number B such that |f'"(t)| < B, for 
every integer n > 0 and every t in I, then 


fo) = DH Pax — ay’, 


ist 


for every real number x in I. 


Proof. Since f(x) = T,(x) + R» [see Theorem (8.4) and formula (3)], we must 
prove that f(x) = lim 7,,(x), or, equivalently, that lim R, = 0. Generally 
speaking, the number c which appears in the expression for the remainder R, 
will be different for each integer n and each x in J. But since the number B is a 
bound for the absolute values of a// derivatives of f everywhere in J, we have 
|£*0(0)| < B. Hence 


1 


| 
cs (n+) _ yyntt 
[Ral = @+i fe" (e)x = a) | 
_ leat ingy |x — al" 
qe f OS Gay 
However [see Problem 4(b), page 510], 
; |x hla if ; a 
Gao me Ce 


from which it follows that lim R, = 0. This completes the proof. 


ny 


It is an important fact, referred to at the beginning of the section, that the 
convergence of the Taylor series to the values of the function which defines 
it cannot be inferred from the existence of the derivatives alone. In Theo- 
rem (8.5), for example, we added the very strong hypothesis that all the 
derivatives of f are uniformly bounded on /. The following function defined 
by 

VCore 0 : ite = 90; 
en. Safed: 


has the property that f(x) exists for every integer n > 0 and every real 
number x. Moreover, it can be shown that f‘""(0) = 0, for every n > 0. It 
follows that the Taylor series about 0 for this function is the trivial power 
series )7j2, 0+ x'. This series converges to 0 for every real number x, and 
does not converge to f(x), except for x = 0. 

When a Taylor polynomial or series is computed about the number zero, 
as in Example 2, there is a tradition for associating with it the name of the 
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mathematician Maclaurin instead of that of Taylor. Thus the Maclaurin 
series for a given function is a power series in x, and is simply the special 
case of the Taylor series in which a = 0. 

Suppose that, for a given n, we replace the values of a function f by those 
of the nth Taylor approximation to the function about some number a. 
How good is the resulting approximation? The answer depends on the 
interval (containing a) over which we wish to use the values of the polynomial 
T,. Since f(x) — T,(x) = R,, the problem becomes one of finding a bound 
for |R,,| over the interval in question. 


EXAMPLE 3. (a) Compute the first three terms of the Taylor series of the 
function f(x) = (x + 1)!8 about x = 7, That is, compute 


TAX) = f+ SOM — D+ LO = 


ores 5 
(b) Show that 7»(x) approximates f(x) to within Dp = 0.00024 (ap- 
proximately) for every x in the interval [7, 8]. 
Taking derivatives, we get 
2/3 1 
y — a ee ea rd 
f'@) = 4@ + 1) 3(x + 12/8 


Pe Nicer oe —5/3 _ 2 as 
Sx) = &(x + 1) | O(x + 1)5/8 
fst) ae DE Ty we 
AOD = FOF = HEE I 
Hence 
£1) = 8" = 2, 
ee mes ls 
POR 12 
ee 2 ee 1 5 
f") = O-on  3esgeSSC«CTA 


and the polynomial approximation to f(x) called for in (a) is therefore 
ns | | (7 
T(x) = 2+ pled -—7)- RR Dyas, 
For part (b), we have | f(x) — T2(x)| = |R2| and 
Ra = aS" - 1 


for some number c which is between x and 7. To obtain a bound for |Ry| 
over the prescribed interval [7,8], we observe that in that interval the 


538 INFINITE SERIES [cuar. 9 


maximum value of (x — 7) occurs when x = 8 and the maximum value of 
|f’”"| occurs when x = 7. Hence 


1 a 
[Rel < Ls"| 8 — 7K 


Since f’"(7) = a3 


Hence for every x in the interval [7, 8], the difference in absolute value be- 
tween (x + 1)" and the quadratic polynomial 7.(x) is less than 0.00025. 


PROBLEMS 


1, For each of the values of n indicated, compute the Taylor polynomial T,, 
which approximates the function f near the number a. 


il 


(a) f(x) = permis th 0, n = 0, 1, and 2, 
= re 1 = he 

(b) ff) = BRT 0, = 0, 2, and 4, 
4 a! ee = 

() f= ipm' = 1,n = 0, 1, and 2. 


) f(x) = Vx + 1,4 = 3," = 1,2, and 3. 


(@) f(x) = sinx,a = 4+ = 0,1, and 2. 
2. Compute the formula, for an arbitrary nonnegative integer m, for the approxi- 
mating Taylor polynomial to the function f about the number a. 


(a) f(x) = cosx, a=0 (b) f(x) =Inx, a=1, 


3. Forn = 0,1, and 2, compute the Taylor polynomial 7, which approximates the 
function f near 0. Draw the graphs of the three polynomials together with the 
graph of f. 


(a) f@®) =e (b) f(x) = cos x. 


4. Let p be a polynomial in x of degree <m; i.e., the function p is defined by an 

equation m 
P(X) = ay + ax $+ + anx”, 

and let 7,, be the Taylor polynomial which approximates p near an arbitrary 
real number a. Prove, as a simple consequence of Taylor’s formula with the 
remainder, that p(x) = 7,(x), for every real number x, provided n > m. 

5. For each of the values of n indicated, compute the approximation 7, to the 
polynomial p near the number a. 


(a) p(x) = x? + 3x — 1,a = 2, = 1, 2, and 3. 


sec. 8] TAYLOR SERIES 539 


10. 


11, 
12. 


(b) p(x) = 2x8 — 5x? + 3,4 = 0, n = 1, 2, and 3. 
(c) p(x) = xt + 3x° + x + 2,a = 0,n = 3,4, and 17, 
(d) p(x) = x* — 1,a = 1,n = 2,3, and 4. 


. Prove that, for every real number x, 


cos x 


J ¢ Pid 
Lov ai 


x x x 
ee ees 


AU ae 


. For each of the following functions, compute the Taylor series about a. 


x 


(a) e,ifa=0 (b) = ifa=2 (c) arctan x, ifa = 0. 


. (a) Compute the cubic Taylor polynomial p(x) which approximates the func- 


tion 


u for values of x near the number 1. 
x+2 


(b) Show that, for every x in the interval [0, 2], the approximation p(x) differs 


in absolute value from 2S by less than 0.04. 
Fey ee x3 


. Show that sin x differs in absolute value from the approximation x — 6 


7 


by no more than = 0.025 (approximately) for every x in the interval 


15-2 
a 
a 


The Taylor approximation 7;, to a function / about the number a is frequently 
called the best polynomial approximation of degree <n to the function / near a 
because it can be shown that 7, is the only polynomial of degree <n with the 
property that, as x approaches a, the difference f(x) — 7,,(x) approaches zero 
faster than (x — a)". 

Prove the following part of the above assertion: If f has continuous 
(n + 1)st derivative in an open interval containing a, then lim on =0 

Teepe 

What cubic polynomial best approximates x — 2x* + 3x — 3 near x = 2? 
Another statement of Taylor’s Theorem which gives a different form for the 
remainder is the following: Let f be a function with continuous (n + 1)st 
derivative at every point of the interval [a, 6]. Then 


f(b) = fla) + fab — a) ++++ + JP (an Tea 


rb 
+ | Su fo dt. 


n! 
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(a) Using integration by parts, show that 
b b n 
[ Sa eds 
a ne 


“b ngs. 
— Cand =i / GHD pmgy dt. 


» (n—1)! 
(b) Using induction on n and the result of part (a), prove the above form of 
Taylor's Theorem in which the remainder appears as an integral. 


13. Let have a continuous second derivative at every point of an interval contain- 
ing the number a in its interior, and let f(a) = 0. Show that / has a local 
maximum value at a if f’’(a) < 0, anda local minimum yalue at a if /’’"(a) > 0. 
[Hint: Use the Taylor Formula f(x) = 7\(x) + R; and the fact that, if a 
continuous function is positive (or negative) at a, then it is positive (or negative) 
near a.] 


CHAPTER 10 


Geometry in the Plane 


Suppose that we are concerned with the motion of a particle as it moves 
in a plane. At any time ¢ during the motion, the position of the particle is 
given by its two coordinates, which depend on time, and may therefore be 
denoted by x(‘) and y(0), respectively. The set of points traced out by the 
particle as it moves during a given interval of time is a curve. The function 
which describes the position of the particle is called a parametrization, and a 
curve described by such a function is said to be parametrized, In the first 
sections of this chapter we shall develop the mathematical theory of param- 
etrized curves, abstracting from the picture of a physical particle in motion, 
Later we shall return to this application and define the notions of velocity and 
acceleration of such particles. 

Parametrized curves represent an important generalization of the curves 
encountered thus far as the graphs of functions. As we shall see, a param- 
etrized curve is not necessarily the graph of an equation y = f(x). 


1. Parametrically Defined Curves. When we speak of the plane in this book, 
we assume, unless otherwise stated, that a pair of coordinate axes has been 
chosen. As a result, we identify the set of points in the plane with the set R? 
of all ordered pairs of real numbers. A convenient notation for a function P 
whose domain is an interval J of real numbers and whose range is a subset of 
the plane is P: > R®. Every function P: J— R® defines two coordinate 
functions, the functions which assign to every ¢ in J the two coordinates of the 
point P(r). If we denote the first coordinate function by f, and the second one 
by g, then they are defined by the equation 


P(t) = (f@), a), for every tin I. (19) 


Conversely, of course, every ordered pair of real-valued functions f and g 
with an interval J as common domain defines a function P: J > R® by equa- 
tion (1). 

Since the first and second coordinates of an element of R® are usually 
the x- and y-coordinates, respectively, we may alternatively define a function 


541 
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P: I— R? bya pair of equations 
x = f(d, 
y= 80), 


where fand g are real-valued functions with domain /. Then, for every ¢ in J, 
we have P(t) = (x,y) = (f(0), g(1)). It is also common practice to denote 
the coordinate functions themselves by x and y. When this is done, we do not 
hesitate to write the equations x = x(t) and y = y(7), and the function 
P: I— R? is defined by 


P(t) = (x(0, x), for every fin J. 


A function P: J R? is said to be continuous at fo if both coordinate 
functions are continuous at fo. If the coordinate functions are denoted by x 
and y, then we define 

lim P(t) = (lim x(t), lim y(t). 

toto toto toto 
As a result, the definition of continuity for P is entirely analogous to that for a 
real-valued function: P is continuous at fo if fo is in the domain of P and if 
lim P(t) = P(to). As before, the function P is simply said to be continuous 
tt 
if it is continuous at every number in its domain. 

A curve in the plane is by definition a subset of R? which is the range of 
some continuous function P: /— R*. Every curve is the range of many such 
functions, and, as a result, it is necessary to choose our terminology carefully. 
We shall call a continuous function P: / + R* a parametrization of the curve 
C which is the range of P, and we shall say that C is parametrically defined 
by P: /— R*. The points of the curve C obviously consist of the set of all 
points P(7), for every tin /. By a parametrized curve we shall mean the range 
of a specified continuous function P: /— R?. Speaking more casually, we 
shall refer to the curve defined parametrically by 


P(t) = (x(), (0), 
or, equivalently, to the curve defined parametrically by the equations 


x 


x(t), 
y= yO), 


for every ¢ in some interval / which is the common domain of the continuous 
functions x and y. If ¢ is regarded as an independent variable, it is called the 
parameter of the parametrized curve. 
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EXAMPLE 1. Draw the curve defined parametrically by 
P(t) = (?,0), =2 <t <0. 
This is, of course, also the curve defined by the equations 
bahay cr 
ypH=t, —0o <t< oo. 


It is plotted in Figure 1. Since the set of all points (x, y) which satisfy the 
above two equations is equal to the set of all points (x, y) such that x = y*, 
we recognize the curve as a parabola. 


praxis 


TABLE 1 


(x,y) 


0 | (0) 

1 (1,1) 
Sede | eiCL y=) ' 

2 | (4,2) x-axis 
=2 (4, -2) 


Figure | 


It is worth noting that every curve which we have previously encountered 
as the graph of a continuous function f can be defined parametrically. The 
graph is the set of all points (x, y) such that x is in the domain of fand such 
that y = f(x). This set is obviously equal to the set of all points (x, y) such 
that 


x= 
(2) 


y =f, and t is in the domain of f. 


Hence the graph of f is defined parametrically by equations (2). 

A function P: /— R? is differentiable at f if the derivatives of both 
coordinate functions exist at fo. Moreover, following the usual style, we say 
that P is a differentiable function if it is differentiable at every number in its 
domain. This terminology is also applied to parametrized curves. That is, a 
curve defined parametrically by P: / — R? is said to be differentiable at fo, 
or simply differentiable, according as P is differentiable at fo, or is a differ- 
entiable function. 
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EXAMPLE 2. Draw and identify the curve C defined parametrically by 
P(t) = (x(0), v(t) = (4 cos 1, 3 sin 9), 


for every real number f. If (x, y) is an arbitrary point on the curve, then 


ll 


x = 4cost, 


y = 3sin t, 
x y ; 
for some value of t. Hence, rie cos ¢ and ant sin f, and, consequently, 


x 


Us eae eee 
16 + 9 = cost + sint = I. 


Thus for every point (x, y) on the curve, we have shown that 


we 
- 


x y 
ou ( 
The latter is an equation of the ellipse shown in Figure 2, and it follows that 


the curve C is a subset of the ellipse. Conversely, let (x, y) be an arbitrary 
point on the ellipse. Then |x| < 4, and so there exists a number ¢ such that 


yraxis 


x-axis 


Figure 2 


x = 4cost. Since cos ¢ = cos(—f) and sin ¢ = —sin(—/), we may choose 
t so that sin ¢ and y have the same sign. Then, solving equation (3) for y 
and setting x = 4 cos ¢, we obtain 


os ne We 16 cos’t\ _ 2 
y =9(i =) = 91 16 ) = 9 cos’t) 
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Since y and sin ¢ have the same sign, it follows that y = 3 sin’. We have 
therefore proved that, if (x, y) is an arbitrary point on the ellipse, then there 
exists a real number ¢ such that 


(x, ») = (4 cos 7, 3 sin 1) = P(t). 


That is, every point on the ellipse also lies on C. We have already shown that 
the converse is true, and we therefore conclude that the parametrized curve C 
is equal to the ellipse. 


Consider a curve C defined parametrically by a differentiable function 
P: 1 > R®, and let fo be an interior point of the interval /. A typical example is 
shown in Figure 3. Generally it will not be the case that the whole curve is a 
function of x, since there may be distinct points on C with the same x-co- 
ordinate. However, it can happen that a subset of C containing the point 
P(t) is a differentiable function, Such a subset is shown in Figure 3, drawn 


y-axis 


X(to) x-axis 


P(t) = (x(t), 9(O) 


Figure 3 


with a heavy line. Thus if P(t) = (x(t), »(4)) for every rin J, then there may 
exist a differentiable function f such that 


(0) = f(a), (4) 
for every ¢in some subinterval of / containing fy in its interior. If such a func- 
tion does exist, we shall say that y is a differentiable function of x on the 
parametrized curve P(t) = (x(t), y(t) in a neighborhood of the point P(t). 
Applying the Chain Rule to equation (4), we obtain 


VO = f'(xO)x'(0. 
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Hence 


S'(x) = (5) 


for every ¢ in the subinterval, for which x’(1) # 0. If we write y = f(x) and 
use the differential notation for the derivative, formula (5) becomes 


(6) 


dy 
It should be apparent that f’(x(s)), or, equivalently, = at 7, is equal to the 
slope of the curve C at the point P(/). 


EXAMPLE 3. Find the slope, when ¢ = = of the parametrized ellipse in 


Example 2. The parametrization is defined by the equations 


( = 4cos t, 


y = 3sint. 


We shall assume the analytic result that y is defined as a differentiable function 
of x in a neighborhood of the point 


Since 


7 Fett ee ua Xe 3V3 
(scos¥+3 sin) = (4 33 v) = Q. 3 ). 


one can see by simply looking at Figure 2 that this should certainly be true 
since the curve passes smoothly through the point and, in the immediate 
vicinity of the point, does not double back on itself. We have 


dx 
dt 


dy 
dt 


d : 
= am tcost = —4sint, 


Oars 
= qosint = 3 cos t, 
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and so 
dx ” = V3 = 
a = —4sin5 = 4- -2V3, 
see 
a Boe = 3cos x =: 
Hence, by formula (6), the slope is equal to 
Al 
dy = dt | tor/s = 3 s on 
AX\tanjs dx 2/33 
dt |tan/s 


The problem of giving analytic conditions which imply that y is a differ- 
entiable function of x on a parametrized curve in the neighborhood of a 
point is akin to the problem of determining when an equation F(x, y) = c 
implicitly defines y as a differentiable function of x in a neighborhood of a 
point. As mentioned on page 81, the latter is solved by the Implicit Function 
Theorem, and the techniques needed here are similar. 

Asa final example, let us consider the curve traced by a point fixed on the 
circumference of a wheel as the wheel rolls along a straight line. We take the 
x-axis for the straight line. The radius of the wheel we denote by a, and the 
point on the circumference by (x,y). If we assume that the point passes 
through the origin as the wheel rolls by to the right, then the curve is defined 
parametrically by the equations 


x = a(6 — sin 6), 
y = a(l — cos 6), —-n <0< 0, 


where the parameter @ is the radian measure of the angle with vertex the 
center of the wheel, initial side the half-line pointing vertically downward, 
and terminal side the half-line through (x, y) (see Figure 4). (An alternative 


x-axis 


Figure 4 
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geometric interpretation of the parameter is that a@ is the coordinate of the 
point of tangency of the wheel on the x-axis.) The curve is called a cycloid. 
Note that the parametric equations are quite simple, whereas it would be 
difficult to express y as a function of x. 


PROBLEMS 
1. Draw and identify each of the curves defined by the following parametrizations. 
@ P=?) -27 <t<o. 
(bo) Pi) = @¢-—1,t), —e <t<om. 
© POW=(-1,t+1), -2e <t<o, 
(d) P(t) = (20, 371%), —o <tc. 
() PQ) = (= 1), oe << 
(f) P(t) = @Bcos#,3 sin 1), O< <a, 
(g) P(s) = (sins, 2), —w dso, 
(h) Q(r) = (2sinr, 3 cos r), —-w<r<cn, 
2. Draw and identify each of the following parametrized curves. 
© opr © OTT <0)? 
x =f, 
®) eae: —-“x <t<om, 
©) [* = 2cos 1, 
y = cost, r= Oa Pie 00.5 
x = 3sec 0, 
(d) y = 2tand, ae pee 


2 v) 


3. Each of the following parametrized curves is a function f of x. [To put it another 
way, each is the graph of an equation y = f(x).] Find f(x). 


(a) Pi) = (te —1,° + 1), —-xn<t<nx, 
(b) ie 
ues 
ro) pee t 
y =3sin¢, OS Sor. 


(d) P=), -2 <t <n, 
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4. For each of the following parametrizations, find an equation F(x, y) = ¢ whose 
graph is the parametrized curve 


(a) Pt) = (0, —2 <t<o, 
(b) email 
y=e, -w <t<ow 
x=e+e, 
2 oe —~ <t<a, 


(For (b) and (c), you will need in addition to the equation F(x, y) = ¢, 
the inequality x > 0.] 


5. For the ellipse in Example 2 parametrized by the equations x = 4 cost and 
y = 3sin 4s, interpret r geometrically. (Hint; See Figure 5.) 


y-axis 


(xy) ae 


x-axis 


Figure 5 


6. Sketch the curve defined by the parametrization 


x = a0 — bsiné, 
y =a— bcos, —-x» <0< om, 


This curve is traced by a point, fixed on a radius of a wheel of radius a at a dis- 
tance ) from the center, as the wheel rolls along a straight line. There are two 
cases. 


(a) The curtate cycloid, where a > 5. (Think of a point on the spoke of a 
wheel.) 


(b) The prolate cycloid, where a < 5. (Think of a point on the flange of a 
railway wheel.) 
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7. For each of the following parametrized curves, assume that » is defined as a 
differentiable function of x in a neighborhood of the points indicated, and find 


dy ‘ 
se at the point. 
LX 


(a) P(t) = (2t + 1, °), when t = 2. 


r= Scoss, 


3 sin s, when s = he 
4 


" 
S 


» = ft, when ¢ 
x = et, 

= t, when ¢ = In 5. 

8, Find the slope of each of the following parametrized curves at the point indicated. 


(a) PQ) = (t—1, fF — 3 + 3¢ — 1), at PQ). 


x = 3 cost, 
(b) y = 3sin¢, when st = us 
4 
xr — fll 
©) i 


J e+r+ 1, at (1, 3). 
(d) Q() = (@ —1 + 1,e! + 1), at Q(0). 


9, (a) Assuming the necessary differentiability conditions on the parametrization 


P(t) = (x(), »()), derive a formula for o 
Lx” 
(b) For the curve parametrized by the equations x = +1-+1 and 


y= he ay Rnd oe whenlhi = 1: 
dx* 


2. Arc Length of a Parametrized Curve. The straight-line distance in the 
plane between two points P = (x1, 91) and Q = (Xs, y») is defined in Section 2 
of Chapter | by the formula 


distance(P, Q) = V (x2 — x1)? + G2 — y1)- (G0) 
In this section we shall consider the harder problem of defining distance, or 
arc length, along a parametrized curve. 
Let C be a curve parametrically defined by a continuous function 
P: I— R?, and let a and b be two numbers in the interval / such that a < b. 
As we have seen in Section 1, C is the set of all points 


P(t) = (x(1), (0), for every fin J. 
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Consider a partition ¢ = {fo,..., t,} of the closed interval [a, b] such that 
a=tSth<so'Sh =), 


and set P(t;) = P;, for every i = 0,...,n. We shall take the number L, 

defined by 2 

Lz = >) distance (P;-1, Pi) (2) 
i=l 

as an approximation to the arc length along C from P(a) to P(b). In Figure 6, 

the number L, is the sum of the lengths of the straight-line segments joining 


the points along the curve. Using (1), we may also write 


eae »» Vit) = xk + DG) = rE 


ia 


Py = P(a) 


Figure 6 


The principle which motivates the definition of arc length is the fact that 
if one partition o of [a, 5] is a subset of another partition 7, then L, is in 
general a better approximation than L,. The basic reason for this is simply 
that the finer partition r determines more points on the curve, As an example, 
consider Figure 7, in which L, is the sum of the lengths of the solid straight- 


Figure 7 
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line segments, and L, is the sum of the lengths of the dashed-line segments. 
It is clear from the picture that L, is closer than L, to our intuitive idea of the 
arc length of the curve. Moreover, 


(2.1) If one partition o of [a, b] is a subset of another 7, then L, < L,. 


Proof. This fact is geometrically apparent from Figure 7. The argument can be 
reduced to consideration of a single triangle by the realization that, since + 
can be obtained from o by adjoining one new point at a time, it will be suffi- 
cient to prove the result under the assumption that r differs from o by the 
inclusion of only one additional point, which we denote by ¢,. Let P, = 
P(t,). For some integer i, we have t;1 < t, < t;. Then the expressions for 
L, and L, are obviously the same except that the term distance(P;_1, P;), in 
L, is replaced by the sum distance(P;1, P,) + distance(P,, P;) in L,. Hence 


L, — Le = distance(P;—1, Py) + distance(P,, P;) 
— distance(P;—1, P;). 
It is clear from the triangle in Figure 8 that the right side of the preceding 


equation cannot be negative. We conclude that L, — L, > 0, or, equiva- 
lently, that L, > L,, and the proof is complete. 


Figure 8 


Thus partitions with more points result in approximations at least as 
large. This brings us to the definition of arc length: Let C be a curve param- 
etrized by a continuous function P: J > R?, and let aand b be two numbers 
in J with a < b. We consider the set of all real numbers L, formed from all 
partitions o of the interval [a, 5]. This set, denoted by {Z,}, either has an 
upper bound or it does not. The are length of the parametrized curve C from 
P(a) to P(b) will be denoted by L,’ and is defined by 


_ [the least upper bound of the set {Z,}, if an upper bound exists, 


b 
La a, if {L,} has no upper bound. 


A curve parametrized by a continuous function P:[a, b] > R? is said to 
be rectifiable if its arc length L, is finite. 

The main difficulty with the above definition, like that of the definite 
integral, is that it is by no means immediately apparent how to use it to 
compute the arc lengths of even very simple rectifiable curves. We shall now 
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show that if the parametrization satisfies a simple differentiability condition, 
then the arc length is given by a definite integral. 


(2.2) THEOREM. Consider a parametrization defined by P(t) = (x(t), y(t), 
for every t in an interval [a, b]. If the derivatives x’ and y' are continuous func- 
tions, then the curve C parametrized by P is rectifiable and its arc length is given 
by 


rb 
L,’ = H V x(t)? + yO? dt. 
a 
(Note that we have used x’(r)? for [x’(t)}? and y’()? for [y'(O]*.. This is a 


common abbreviation, which we shall not hesitate to use whenever it causes 
no ambiguity.) 


Proof. If a = b, then L,° is certainly equal to zero, as is the integral; so we assume 
thata <b. Let o = {f,...,¢n) bea partition of [a, 5] with 
a=t<tn<i<hn=h, 


and set P; = P(t;). In each open subinterval (¢;—1, ¢;) there exist, by the Mean 
Value Theorem, numbers f;; and fj: such that 


(ti) — x(t) = x’ (tian) (i — ia), 


WH) — Yi) = y' (tia) (ti — fi-). 
Hence 


distance(Pi—1, Pi) = V [x(ti) — x(4—-? + bd) — xiv? 


Vx ta)? + yi)? (ti — a), 


and so 


Le = DV x' Ga? + yin? (te — 1). @) 


i=l 


The conclusion of the theorem should now seem a natural one. Since x'(/) 
and y’(1) are continuous functions, so is Vx’(1)? + y’()?. We know that 
continuous functions are integrable. It is therefore very reasonable to suppose 
that, for successively finer and finer partitions, the right side of equation (3) 
approaches the integral J, vx’()? + yO? dr. If this is so, it follows in a 
straightforward manner from (2.1) that the set {Z,}, for all partitions o, 
must have the integral as a least upper bound, and the proof is then finished. 
To complete the argument, it therefore remains to prove that 


im) Lo 
leo J 

We recall that the fineness of a partition ¢ is measured by its mesh ||o|\, 

defined on page 413 to be the length of a subinterval of maximum length. 
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Unfortunately, the preceding equation does not follow directly from the 
theory of Riemann sums because L,, as it is given by equation (3), is not a 
Riemann sum for the function \/x'(? + y’(f?. It fails to be one because, 
in each subinterval of the partition, we have chosen #vo numbers f;; and f;2 
instead of one. To overcome this difficulty, we shall use a theorem about 
continuous functions of two variables, whose proof, although not deep, 
requires the concept of uniform continuity and we shall omit. From equa- 
tion (3), we write the identity 


Le = DV Ga? FG? (= 6) 
i=l 


+> [ vara + Cay? — Vx Ga? + va (ti — ta). 
i=l 
The first expression on the right is a Riemann sum for V/x’()2 + y’()? 


relative to a, and we shall abbreviate it by R,. Next, let F be the function of 
two variables defined by 


F(t,s) = Vx'()? + Gy — Vx? + yO, 


for every ¢ and s in the interval [a,b]. As a result, we can write the above 
expression for L, as 


Ly = Re + Dy Pltin ta\(ti = ti). 


im 


Hence 


Ly — Re = Dy Fleiss tiad(ti — te), 


i=1 


which implies that 
Le — Rel SY) |FCtity tin)|(ti — ti). (4) 
fal 


The function F is continuous, and, as is obvious from its definition, F(t, .) = 0 
for every t in [a,b]. As a result, it can be proved that |F(t, s)| is arbitrarily 
small provided the difference |r — s| is sufficiently small. This is the theorem 
which we shall assume without proof. It follows that, for any positive number 
¢, there exists a positive number 6 such that, if o is any partition with mesh 
less than 6, then 

|F(ti, tia)| < for every i. 


Hence, by the inequality (4), we obtain 


[Le — Rel < DY) ti — ti) = tb — @), 


tel 
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for every partition o for which |\c|| < 6. Since € can be chosen so that 
e(b — a) is arbitrarily small, we may conclude that lim (L, — R,) = 0. 
The proof is now virtually finished. We write leo 


Le = Ro + (La — Re). 


Since R, is a Riemann sum, we know that 


b 
jlim Re = i Vx"? + yO)? dt. 
all+0 Ja 

Hence 


lim L, = lim R,+ lim (L, — R,) 


\lell+o0 lollo lle 


U1 


b 
i Vx'(02 + y'(P dt + 0, 


and Theorem (2.2) is proved. 


EXAMPLE |. Compute the arc length of the curve C defined parametrically by 
P(t) = (x(1), »(1)), where 


ee = a(t — sin n), 
y(t) = a(l—cost), a>0, 


between P(0) = (0,0) and P(27) = (27a,0). The curve C is the cycloid 
discussed at the end of Section | and illustrated in Figure 4. We have 


x’(1) = a(1 — cos /), 
y(O = asint. 


These are obviously continuous functions, and the arc length is therefore 
given by the integral formula. We obtain 


x + yO? 


a*[(1 — cos t)? + sin?] 
a*{l1 — 2cos t+ cos*t + sin?/] 
= a*{l — 2cost+ 1] = 2a*{l — cos ¢]. 


However, we have the trigonometric identities 


SCR COS enn es 
cost = cos2+5 = cos’ 5 sin’ > 


rte ek 
l= cos’ 5 + sin’ > 


from which it follows that 


1 — cost = 2sin? £. 


is) 


556 GEOMETRY IN THE PLANE [cnap. 10 


Hence 


x(t) + y(t)? = 4a’ sin? 


Rin 


¢ Peles . ; 5 
Since sin 3 is nonnegative for every ¢ in the interval [0, 27], we conclude that 
Vx? + yO)? = asin 5° for 0 <1< 2p. 


Thus the arc length L = Ly°" is given by 


L= [ Vx'(t? + (02 dt = [ 2a sin 5 dt 
Jo ‘ 


0 


Qn 


t 
—4a cos 5 
OS Bg 


= —4acos m+ 4acos0 = 8a. 


Suppose that a curve is given as the graph of a continuously differentiable 
function. In more detail: Let the derivative f’ of a function f be continuous at 
every x in some interval [a, 6]. The graph of the equation y = f(x) is a curve 
which can be parametrically defined by 


ite =, 
yO=fO, astsd. 
Then x’(#) = land y’(t) = f’(1). Since x’ is a constant function, it is certainly 


continuous. Since f’ is by assumption continuous on [a, b] and since y’ = f’, 
the function y’ is also continuous. Hence the arc length L,’ is given by 


b b 
Lr = [| ve@rv@a= | VIET a 


The variable of integration which appears in a definite integral is a dummy 
variable (see page 171), and we may therefore replace ¢ by x in the right 
integral. Thus, we have proved, as a corollary of Theorem (2.2), 


(2.3) If the derivative of a function f is continuous at every x in an interval 
[a, b], then the graph of y = f(x) is a rectifiable curve and its arc length L, 
is given by 
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EXAMPLE 2. Find the arc length L of the graph of the equation y = x? from 
the point (0, 0) to the point (2, 4). The curve is the familiar parabola shown 
in Figure 9, Using the result of the preceding theorem, we have 


wei fl dy\* 
z= [ 1+ (2) ax 


L= if V1 + 4x? dx. 


J0 


yeaxis 


(2,4) 


(0,0) x-axis 

Figure 9 

This integral can be evaluated by means of the trigonometric substitution 
x = $tan 8, or, equivalently, 2x = tan§. If x = 0, then @ = 0, and, 
similarly, if x = 2, then @ = arctan 4. For convenience we shall set 
arctan 4 = @. The substitution yields \/1 + 4x° = \/1 + tan? = sec 0, 


and dx = 4sec?@d0. Hence using the Change of Variable Theorem for 
Definite Integrals, we obtain 


2 09 
f V1 + 4x2 dx = if sec’ dé. 


Jo Jo 


The reduction formula on page 369 gives 


[sec do = eens + 1 [se 6 do, 


and also on page 369 we have 


ic 6 dé = In|sec 6 + tan 6| + ¢. 
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It follows that 


Bo 


80 
L= af sec'@ do = [seams + 4 In|sec 6 + tan a 
/0 


= }sec @ tan 4) + In|sec + tan 69\]. 


Since 6) = arctan 4, we have tan 0) = 4 and sec 0) = \/1 + tan’) = \/17. 
Hence the arc length L is equal to 
L = {V17-4 4+ In(v17 + 4)) 
VI17 + Fln(V'17 + 4) 
4.64 (approximately). 


i] 


PROBLEMS 


1, Find the arc lengths of the following parametrized curves. 
Pe Paka Ay at 
() [ =n, from (2, 1) to (5, 8). 
() es =f, 
y() = 3(2t + 1), from (0), »(0)) = (0, §) to (x(4), »(4)) = (16, 18). 
(c) P(t) = (#, 4°), from P(0) to P(2). 
) x(0) = acos*6, a> 0, 
y(@) = asin@, from (x(0),(0)) = (a, 0) to (x(r/2), »(r/2)) = (0,4). 
2. A particle in motion in the plane has position equal to 
P(t) = (2 + 1,$(4t + 3)**) 
at time ¢. How far does the particle travel along its path from time f = 0 to 
time ¢ = 1? 
3. Find the arc lengths of the graphs of each of the following functions / between 
the points (a, /(a)) and (b, /(4)). 


(a) f(x) = x*",a = Land b = 4. 

(b) f(x) = 302 + 199", a = Oand b = 2. 
(c) f(x) = x, a = Oand b = 4. 

(d) f(x) = ¥(e* + e*), a = —1Land bd = 1. 


4. Show that the circumference of an ellipse with the line segment joining (—a, 0) 
and (a, 0) as major axis and the line segment joining (0, —4) and (0, 6) as minor 
axis is given by an integral 


«| V1 + ksin26 dd. 
/0 


Evaluate the constants K and k in terms of a and 5. (Do not attempt to evaluate 
the integral.) 
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5. (a) Let g be a function which is continuously differentiable on the closed in- 
terval [c,d]. Prove, as a corollary of Theorem (2.2), that the arc length 
L# of the graph of the equation x = g(y) between the points (g(c), ¢) and 
(g(d), d) is given by the formula 


ad 
jer [ V1 + OF dy. 


(b) Find the arc length of the graph of the equation x = 3(y* + 2)%” between 
the point G2 5 0) and the point (2/6, 2). 

(c) Express as a definite integral the arc length of that part of the graph of the 
equation x = 2y — y* for which x > 0. 


6. The coordinates of a particle in motion in the plane are given by 


x= f 

y = §e 
at time ¢. What is the distance which the particle moves along its path of 
motion between the times ¢ = 0 and = 2? 


5 


7. The same curve can be defined by more than one parametrization: 


(a) Draw the curve defined parametrically by 


x(t) = 1, 
y() = t, Of 7 <1. 


(b) Draw the curve defined parametrically by 


x(t) = sin rt, 
y(t) = sin rt, Ores < ly 


(c) Compute the arc lengths from ¢ = 0 to ¢ = 1 for the parametrizations in 
(a) and (b). 


(d) Give a geometric interpretation which explains the difference between the 
are lengths obtained for the two parametrizations. 


8. Let P:[a, b] + R® and Q:[e, d] — R® be two parametrizations of the same curve 
C such that all four coordinate functions are continuously differentiable. (A 
function is continuously differentiable if its derivative exists and is continuous at 
every number in its domain.) Then P and Q are called equivalent parametriza- 
tions of C if there exists a continuously differentiable function f with domain 
[a, 6] and range [c, d] which has a continuously differentiable inverse function, 
and in addition satisfies 


(i) f(a) = cand f(b) = d, 
(ii) P(t) = O(f()), for every rin [a, 5]. 
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(a) Using the Chain Rule and the Change of Variable Theorem for Definite 
Integrals (for the latter, see page 215), prove that equivalent parametriza- 
tions assign the same arc length to C. 


(b) Show that 


P(t) = (cos f, sin 1), << 


is ae 
om = (S59 ee) alee 


are equivalent parametrizations of the same curve C, and identify the curve. 
(c) Show that 
P(t) = (cos t, sin 1), O<t 


IA 


2r, 
and 
Os) 


are nonequivalent parametrizations of the circle. 


i] 


(cos 5r, sin 5”), O<r 


lA 


2r, 


9. Prove directly from the least upper bound definition that arc length is additive, 
ie., that La? + Ly" = La’. 


3. Vectors in the Plane. A vector in the plane is an ordered pair (P, Q) of 
points in the plane. The point P is called the initial point of the vector and 
Q the terminal point. Geometrically, the vector (P, Q) will be represented as 
a directed line segment, or arrow, from P to Q, as illustrated in Figure 10. 
We shall use boldface lower-case letters to denote vectors. For example, if v 
is the vector with initial point P and terminal point Q, then v = (P, Q). 


Q 


Figure 10 


Having identified the plane with the set R® of all ordered pairs of real 
numbers, we see that a vector is determined by four real numbers: two 
coordinates of its initial point, and two of its terminal point. Let vy be a 
vector with initial point P = (a, 6) and terminal point Q = (c,d). Then the 
two numbers v; and vy given by the equations 


uy=c—a, 


1 
vs =d—b, () 
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are defined to be first and second coordinates, respectively, of the vector v in 
R?, Thus we have defined coordinates of a vector in R? as well as coordinates 
of a point in R*. The definitions are not the same, although the concepts are 
certainly related. 

If a vector y has initial point P = (a, b) and coordinates v; and v2, then 
equations (1) tell us that the terminal point Q = (c,d) is given by 


QO = (a+ 0, b + vy). 


It follows that a vector is completely determined by its initial point and its 
coordinates. Hence, another notation for a vector, which we shall use, is 


(2) 


[Although it would be consistent with this notation, we shall not write 
(vy, C2,» for the vector with initial point (a, 6) and coordinates v; and vs.) 
The length of a vector y = (P, Q) in R? is denoted by |y| and defined by 


\v| = distance(P, Q). 


If P = (a,b) and Q = (c,d), then the formula for the distance between two 
points implies that 


ly) = Ve — a? + d — by? 


From equations (1) it follows that the coordinates of the vector v are the two 
numbers v; = c — aand v, = d — b. Hence 


(3.1) The length of any vector y = (vi, v2)p is given by 


Thus the length of a vector depends only on its coordinates. 


EXAMPLE |. Find the terminal point of each of the following vectors. Draw 
each one as an arrow in the xy-plane, and compute its length. 


(a) v= (1, 2)p, where P = (1, 1), 

(b) u = (4, —1)p, where P = (1, 1), 
(c) w = (—2,5)g, where Q = (0, —1), 
(d) x = (3, —4)o, where O = (0, 0). 
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We have seen that, if P = (a,b), then the terminal point of the vector 
(vi, U2)p is the ordered pair (a + vi, b + ve). It follows that 


terminal point of y = (1 + 1,1 + 2) = (2, 3), 
terminal point of u = (1 + 4,1 + (—1)) = 6, 0), 
terminal point of w = (0 + (—2), -1 + 5) = (—2, 4), 
terminal point of x = (0 + 3,0 + (—4)) = (3, —4). 


yraxis 


X-axis 


Figure 11 


The vectors are drawn in Figure 11. Their respective lengths, computed from 
the formula in (3.1), are 


Wl = VIF + 2? = V5, 
ul = V4 + (—1)? = V17, 
lw] = V(—2 + 3 = V29, 


|x| = V3? + (—4p = V25 = 5. 


We shall denote the set of all vectors in R* by ©. For every point P in R*, 
the subset of 0 consisting of all vectors with initial point P will be denoted by 
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Up. We shall now define, in each set Up, an operation of addition of vectors 
and an operation of multiplication of vectors by real numbers. 

Addition in Up is defined as follows: If u = (ui, u2)p and v = (v1, v2)p 
are any two vectors in Up, then their sumu + v is the vector defined by 


ut v = (w+ 41, U2 + v2)p. C3) 


Note that the sum of two vectors in Up is again a vector in ‘Up. Furthermore, 
if uis in Up and vis in Va, then their sum is not defined unless P = Q. That 
is, the sum of two vectors is defined if and only if they have the same initial point. 
For every vector v = (v1, 2)p, we denote the vector (—v,, —v»2)p by —v. 
In this way, subtraction of vectors in Up is defined by the equation 


u-—v=u- (—Y), 


which implies the following companion formula to (3): 


The unique vector in Up with both coordinates equal to zero is called the zero 
vector and will be denoted by 0, Thus: 


0 = (0,0)p = (P, P). 


Obviously, the equations 
vyv+0=y, 


v—v=0 


are true for every vector v in Up. Geometrically the zero vector in Up is 
represented simply by the point P. Of course, there are as many different zero 
vectors as there are points in the plane, and one cannot tell from the notation 
0 to which set Up a given zero vector belongs. It is obvious that every zero 
vector has length zero. Conversely, the length of a nonzero vector must be 
positive, since at least one of its coordinates is not zero. Hence 


(3.2) A vector v is a zero vector if and only if |v| = 0. 


Geometrically, the sum u + y of two nonzero vectors u and vy in Up 
is the vector in Up which is a diagonal of the parallelogram which has u and v 
as sides. This is the famous Parallelogram Law and is illustrated in 
Figure 12(a). It can be verified in a straightforward way by computing the 
slopes of the various line segments, and we omit the details. Similarly, the 
vector —y is represented geometrically as a directed line segment lying in the 
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same straight line as v, but in the opposite direction, as shown in Figure 12(b). 
Moreover, the vectors y and —v have the same length, since 


ly] = Vor + vy? = V(—01)? + (—r) = |-vI). 


(atu,ty,,b+u,t+V3) 


(a+yv,,b+¥)) 


(atu,,b+uy) 


P = (a,b) 


(a) The Parallelogram Law (b) The negative of a vector 


Figure 12 


The second algebraic operation in Up is defined as follows: For every 
real number a and every vector y = (v1, Us)p in Up, we define a vector av, 
called the product of a and y, by the equation 


In traditional vector terminology, the real number a is called a scalar. Note 
that we have nor defined a product of two vectors. If we compute the length 
of the vector av, we find that 


y= Var(or + 
lal lvl, 


lav] = V (avr)? + (ae. 
lalVor + v. 


ll 


a result which we summarize in the statement 
(3.3) |av| = Jal |v], for every real number a and every vector v. 


If y is an arbitrary nonzero vector in Up and if a # 0, then the slope of 
the line segment joining P to the terminal point of v is the same as that joining 
P to the terminal point of avy. Hence P and the terminal points of v and av 
lie on the same straight line. In addition, it is easy to check that the arrows 
representing v and ay are in the same or opposite direction according as a is 
positive or negative. 
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EXAMPLE 2. Let P = (2, —1), and consider the two vectors u = (1, 5)p and 
y = (2, —1)p. Compute and draw each of the following vectors in the same 
plane with u and vy. 


(a) ut+y, 
(b) —2yv, 

(c) u — 2y, 
(d) 3(u + y). 


The computations are very simple: 


u+yv= (1,5)p + 2, —-De = GB, 4e, 
—2y = —2(2, —l)p = (—4,2)p, 


u — 2y = (1,5)p — 2(2, —l)p 
= (1,5)p + (—4, 2)p = (—3, Ip, 
4(u + v) = 4G3,4)p = (Dp. 
y-axis 


x-axis 


Figure 13 


The directed line segments representing these vectors, as well as u and y, 
are shown in Figure 13. The easiest way to draw them is to make a list of their 
terminal points. We recall that a vector with coordinates v; and uv. and 
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initial point P = (a,b) has a terminal point equal to (a + v,b + v). 
Hence 


terminal point of u = (2+1,-1+ 5) = G,4, 
terminal point of y = (2+ 2,-1—- 1) = (4, —-2), 
terminal point ofu-+v = (2+ 3,—1+ 4) = (5, 3), 
terminal point of —2v = (2 — 4, -1+ 2) = (-2,)), 
terminal point of u — 2v = (2 — 3,-1+7) = (—1, 6), 
terminal point of 4(u + v) = (2+ 3, —1 + 1) = (23,0). 


The next theorem summarizes the algebraic facts about the set Up of all 
vectors in the plane with initial point P. 


(3.4) THEOREM. For each point P in R®, vector addition and scalar multiplica- 
tion in Up have the following properties: 


(i) ASSOCIATIVITY 
u+(v+w)=(u+v)+w and (abv = a(by). 
(ii) COMMUTATIVITY 


ut+tvev+u. 


(iii) EXISTENCE OF ADDITIVE IDENTITY 


There exists a vector 0 in Up with the property that vy + 0 = vy, 
for every vector ¥ in Up. 


(iv) EXISTENCE OF SUBTRACTION 


For every vector y in Up, there exists a vector —v in Up such that 


v+ (—v) = 0. 
(v) DISTRIBUTIVITY 
a(u + vy) = au + av and (a + by = av + by. 
(vi) EXISTENCE OF SCALAR IDENTITY 
lv = y. 
The proof of this theorem follows easily from the definitions of vector 


addition and scalar multiplication, from the definitions of 0 and —y, and 
from the corresponding properties of addition and multiplication of real 
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numbers given on page 2. The importance of the theorem is that every 
algebraic fact about vectors can be derived from the six properties listed. In 
fact, in abstract algebra, these properties are taken as a set of axioms: An 
arbitrary set V is called a vector space and its elements are called vectors if, 
for every pair of elements u and y in V and for every real number a, an element 
u + vand an element ay in V are defined so that conditions (i) through (vi) 
are satisfied. This definition has proved to be of enormous value in mathe- 
matics and examples of vector spaces occur over and over again. In particular, 
Theorem (3.4) asserts that, for each point P in R®, the set Up is a vector space. 


EXAMPLE 3, Let v be a nonzero vector in R*. Then the set, which we shall 
denote by Ry, consisting of all products tv, where ¢ is a real number, is an 
example of a vector space. For, if P is the initial point of y, then y lies in 
Up, and it follows that every product ry also lies in Up. Hence the sum of any 
two vectors in Rv is defined, and, since ‘ 


w+ sv = (t+ 5), 
the sum is again in Rv. Similarly, if ¢v is in Ry and if s is any real number, then 
s(tv) = (st)v, 


and (s?)v is by definition in Rv. Thus vector addition and scalar multiplica- 
tion are defined in the set Rv. Conditions (i), (ii), (v), and (vi) are auto- 
matically satisfied because they hold in the larger set Up. Finally, conditions 
(iii) and (iv) are also satisfied, since 


0 = Ov and —v = (-—Dv. 


This completes the proof that Rv is a vector space. The terminal points of all 
the vectors in Rv form the straight line containing the initial and terminal 
points of the vector y. 


PROBLEMS 


1. Find the terminal point of each of the following vectors. Draw each one as a 
directed line segment in the xy-plane, and compute its length. 


(a) v = (—3,4)p, where P = (1,0), 
(b) u = (4, —3)p, where P = (1, 0), 
(3, 0)g, where Q = (—1, —1), 
(43, 34)o, where O = (0, 0). 


()' x 


(d) a 


" 
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2. Let P = (2,1). Compute the terminal point of each of the following vectors, 
and draw each one as an arrow in the xy-plane. The vectors u and y in parts 
(b), (c), (d), and (e) are as defined in part (a). 


(a) u = (3, —2)p and y = (1, 1)p (d) 3v 
(b) ut+y (e) u + 3y. 
(c) u-v 
3. Let P = (0, 1), and consider the vectors x = (2, 5)p and y = (1, )p. 
(a) Draw the vectors x, y, and x + y in the xy-plane. 
. ly|, and |x + y|. 


4. True or false: If P # Q, then Up and Ug are disjoint sets? 

5. Let v be a vector in the plane with initial point P, and let @ be the angle whose 
vertex is P, whose initial side is the vector (1, 0)p, and whose terminal side is y. 
Show that 


(b) Compute the lengths |x 


v = (|e| cos , |u| sin @)p. 


The angle @ is called the direction of the vector y. 

6. In physics, the force acting on a particle located at a point P in the plane is 
represented by a vector. The length of the vector is the magnitude of the force 
(e.g., the number of pounds), and the direction of the vector is the direction of the 
force (see Problem 5). 


(a) Draw the vector representing a force of 5 pounds acting on a particle at the 


point (3, 2) in a direction off radians. 


(b) What are the coordinates of the force vector in (a)? 


7. Ifa particle located at a point P is simultaneously acted on by two forces u and v, 
then the resultant force is the vector sum u + y. The fact that vectors are added 
geometrically by constructing a parallelogram implies a corresponding Parallelo- 
gram Law of Forces. 

Suppose that a particle at the point (1, 1) is simultaneously acted on by a 


force vy of 10 pounds in the direction off radians and a force u of 32 pounds 


in the direction of — ; radians. 


(a) Draw the parallelogram of forces, and show the resultant force. 
(b) What are the coordinates of the resultant force on the particle? 


8. Addition and scalar multiplication are defined in the set R? of all ordered pairs 
of real numbers by the equations 


(a, b) + (c,d) = (a + ¢,b 4d), 


c(a, b) = (ca, cb). 


sec. 4] THE DERIVED VECTOR OF A PARAMETRIZED CURVE 569 


Show that R? is a vector space with respect to these operations. This fact shows 
that the elements of a vector space need not necessarily be interpreted as arrows. 
The principal interpretation of R? is that of the set of points of the plane. 

9. True or false? 


(a) The set R of all real numbers is a vector space with respect to ordinary 
addition and multiplication. 


(b) The set C of all complex numbers is a vector space with respect to addition 
and multiplication by real numbers. 


(c) The set U of all vectors in the plane is a vector space with respect to vector 
addition and scalar multiplication as defined in this section. 


4. The Derived Vector of a Parametrized Curve. Consider a function whose 
domain is a subset of the set of all real numbers and whose range is a subset 
of all vectors in the plane. If we denote this function by v, then its value at 
each number f in the domain is the vector v(‘), Every such vector-valued 
function y of a real variable defines two real-valued coordinate functions 
v, and vy as follows: For every ¢ in the domain of y, the numbers v,(¢) and 
v.(f) are the first and second coordinates of the vector v(¢), respectively. 
Hence, if the initial point of v(v) is P(z), then v,(f) and v,(r) are defined by the 
equation 

VD) = (vi(1), 9) Pwo (1) 


Limits of vector-valued functions are defined in terms of limits of real- 
valued functions. Specifically, the limit of v(4), as t approaches f, will be 
denoted by lim y(t) and is defined by 

toto 
lim v(t) = (lim v,(1), lim v2() tim Pw. (2) 
tto toto toto tty 
[For the definition of lim P(t), see page 542.] There is the possibility that 
tot 
all the vectors v(t) have the same initial point Po, i.e., that they all lie in the 
vector space Up,. If this happens, (2) reduces to the simpler equation 
lim v(t) = (lim v,(1), lim v2(0)p,. 
toto toto toto 

Let C be a curve in the plane defined by a parametrization P: J — R°. 
If the coordinate functions of P are denoted by x and y, then C is the set of all 
points 


PO) = (x, 9) 


such that ¢ is in the interval J, A typical example is shown in Figure 14. 
Consider a number f in /. If ¢ is in / and distinct from %, then the vector 
(P(t), P(@)) represents the change in the value of P from the point P(to) to 
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the point P(t). Thus for a change in the value of the parameter from fy to f, 
the scalar product 
1 
t= h 


(P(t), P(t) C3y 


P(t) 


P(t) 
Figure 14 


is the ratio of the corresponding change in the value of P to the difference 
t — t. Hence the vector (3) represents an average rate of change in position 
with respect to a change in the parameter. In analogy with the definition of 
the derivative of a real-valued function, we define the derived vector of P at fy, 
denoted by dP(t.), by the equation 


dP(to) = tim 
to 


id 
pay, (Plto)s PO). 


Since P(t) = (x(to), y(to)) and P(t) = (x(0, »(), the coordinate form 
of the vector (P(t), P(t)) is given by 


(P(t), P(t)) = (x) — x(t), y(t) — V(to)) Pty)» 
By the definition of the scalar product, 


= i), =H) 
t— to t—t = / Pct) 


a, (Pte), POD) = (* 


and so 


aP(to) = (im BU) nUt0) fing 200) ' 
P(to) 


tt t—te tat) t— to 


Recall that the derivatives of the functions x and y at fo are by definition 


Hse je aC) 
x'(to) = Hin = 
y(to) = lim v1) = y(to) > 


ttn it — to 
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provided these limits exist. It follows that 


(4.1) The parametrization defined by P(t) = (x0), y(t)) is differentiable at 
ty if and only if the derived vector AP(to) exists. If it does exist, then 


dP(to) = (x(t), y'(ta)) Pro): 


EXAMPLE 1, Consider the curve parametrized by 
PO) = (x), xO) = (@-LA+), -2<t<o 


Compute the derived vectors of P at to = —1, at fo = 0, and at f% = I. 
Draw the curve and the three derived vectors in the xy-plane. As a result of 
(4.1), we have 


dP(to) = (x'(t0), V'(to)) Pu) = (20, 2) Pcp): 


Hence 
dP(—1) = (—2, 2)p(—» and P(—1) = (0, =1), 
dP(0) = (0, 2) po) and P(O) = (-1, 0), 
dP(1) = (2, 2)pay and P(1) = (0, 3). 


The terminal points of the three derived vectors are, respectively, 
(0 — 2,-1+ 2) = (-2,)), 
(-1+ 0,1 + 2) = (1,3), 
(0 + 2,3 + 2) = (2,5). 
The parametrized curve is a parabola, as can be seen by setting 
x=fr-1, 


2 it 


uy 


1 sree’ 5 
, and substituting this 


Solving the second equation for f, we get f = a 


2 
-_ 1 ‘4 
value in the first, we obtain x = o 7 ) 


4+ = - 1 
The latter is an equation of a parabola with vertex (—1, 1). If x = 0, then 
4 = (y — 1), or, equivalently, +2 = » — 1, which implies that y = —1 


or 3. The parametrized curve together with the three vectors is shown in 
Figure 15. Note that each of these vectors is tangent to the parabola. 


— 1, or, equivalently, 


If a parametrization P: J R? is differentiable at fo, then we define a 
tangent vector to the resulting parametrized curve at f) to be any scalar mul- 
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x-axis 


Figure 15 


tiple of the derived vector dP(t)). In particular, the derived vector itself is a 
tangent vector. The set of all tangent vectors at fo is a subset of Upii), since 
every scalar multiple of dP(¢:) has initial point P(t). Moreover, 


(4.2) The set of all tangent vectors to the parametrized curve P(t) at ty is a 
vector space. 


Proof. This result has nothing to do with any special properties of the derived 
vector, since the set of all scalar multiples of any vector u is a vector space. 
This result is proved, if u is nonzero, in Example 3 of Section 3. If u is a 
zero vector, the result is even simpler: The set of all scalar multiples of a zero 
vector 0 is the set having 0 as its only member, and the six conditions for a 
vector space are trivially satisfied. This completes the argument. 


Consider a parametrization defined by P(1) = (x(t), (1), which is 
differentiable at fo and for which the derived vector dP(fo) is nonzero. If we 
set x'(fo) = d, and y'(to) = do, then 


dP(to) = (di, da) Pciy)s 


where not both coordinates d, and dz are zero. The set of all tangent vectors 
at fo is the set of all scalar multiples 


sdP(to) = (Sd), Sd») pri), 
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where s is any real number. If P(to) = (a, 6), then the terminal point of 
sdP(to) is equal to 
(sd; + a, sd, + 5). 


Hence the set of all terminal points of tangent vectors at f is the set of all 
points (x, y) such that 
x = sdi+a, 


y = sd, + b, 


where s is any real number and d, and d; are not both zero. It is easy to verify 
that this set is a straight line (see Problem 4). We conclude that if the derived 
vector dP(t») exists and is nonzero, then the set of all terminal points of the 
tangent vectors at ty to the curve parametrized by P is a straight line. It is 
called the tangent line to the parametrized curve at fo. 


(4) 


EXAMPLE 2, Consider the ellipse defined parametrically by 
P(t) = (x(0), y(t) = (4 cos t, 2 sin 4), 


for every real number ¢. Compute the derived vector at fy = - and draw 
it and the ellipse in the xy-plane. In addition, write an equation for the 
tangent line at fo = : , and draw the tangent line in the figure. The derived 
vector is easily computed: 

AP(to) = (x'(to), ¥'(t0)) Pity = (—4 SiN to, 2 COS fo) P(19) 


= (-4 sin £ * 2.cos 2) en = (—2, V3) Pc)" 


where 


P(t) = (4 cos A >2sin 7) = (2273, 1). 


The terminal point of the derived vector is therefore equal to 
v3 — 2,1 + v3). 


The parametrization P can also be written in terms of the equations 


x = 4cos f, 
y = 2sint, —-ao <t<a, 


from which it follows that 


2 
PS cost Mein ie 
mt op cos? + sin’? i 
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Hence every point (x, y) on the parametrized curve satisfies the equation 


2 
x 


2 
eee 
artim (5) 


Conversely, it can be shown (as in Example 2, page 544) that any ordered 
pair (x, y) which satisfies (5) also lies on the parametrized curve. We recognize 
(5) as an equation of the ellipse shown in Figure 16. The derived vector 


dP(to) and the tangent line at 3 are also shown in the figure. 


tangent line 


P(t) = (4 cos ¢, 2 sin 1) 


Figure 16 


If s is an arbitrary real number, then the scalar product sdP(fo) in this 
example is the vector 


sdP(to) = 8(—2, V3) P19) = (—28, V3 5) Pcp): 
The terminal point of this vector, since P(t) = (2\/3, 1), is the point 
(—2s + 2V3, V3 s + 1). 
Hence the tangent line at : is parametrically defined by the equations 


x= —2s + 2V3, 


= (6) 
y=v3s+4+1, —n<s<cn. 
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= AS 
Solving the first of these for s, we obtain s = a . Substitution in 
the second then yields 
= 2V3 
eal (24) beat 
3 
iain oad (7) 


Thus any point on the tangent line satisfies (7), and it is easy to verify that, 
for any x and y which satisfy (7), there is a unique s such that equations (6) 
hold. We conclude that (7) is an equation of the tangent line. 


It is important to know that the ideas introduced in this section are 
consistent with related concepts developed earlier. For example, consider a 
differentiable parametrization defined by 


P(t) = (x(0, xO), for every ¢ in some interval /. 
Suppose that, for some ‘ in /, there exists a differentiable function f'such that 
v(t) = f(x), 


for every ¢ in some subinterval of / containing fp in its interior. This situation 
was described in Section 1 and was illustrated in Figure 3 (page 545). If 
such a function f exists, we say that y is a differentiable function of x on the 
parametrized curve P(1) in a neighborhood of P(t). Formulas (5) and (6), 
page 546, assert that, for every ¢ in the subinterval, 


t 
= £) = 3B. 
provided x’(t) # 0. Hence 0, is the slope of the line tangent to the graph 
of f at the point 7) 


(x), f)) = @(O,»O) = PO. 


Moreover, in the vicinity of P(/), the graph of f is the curve parametrized 
by P. At every 7 in the subinterval, the derived vector of P is equal to 


dP(t) = (x), YO) Po: 


This vector is, by definition, a tangent vector to the parametrized curve. Its 
initial point is P(t) = (x(0), y(1)) and its terminal point is 


Q(t) = (x(t) + x'(), XO + yO). 


The slope of the line segment joining these two points is given by 


OW +9) — 9 _ vO, 
(x@) + xD) — x) x") 


m(P(t), Q(t) = 
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provided x'(t) # 0. We conclude that the concept of tangency, as defined in 
terms of the derived vector to a parametrized curve, is consistent with the 
earlier notion, defined in terms of the derivative. 


PROBLEMS 


1. For each of the following parametrizations and values of 1, compute P(fo) and 
the derived vector dP(f). Draw the parametrized curve and each of the tangent 
vectors dP(fo) to the curve. 


(a) P(t) = (x), x()) = @ — 1,2), -~x <t<m; 
to = —1, to = 0, and f% = 2. 


(b) P(t) = (x(x) = (PF +1,1-1, -02 <t< 0; 


to = —1, % = 0, and % = 1. 

© PO=¢=1,A, -o <1< 0, 
to = 0, f = 1, and t = 2. 

(d) P(t) = (, y) = (e,9, = <tc; 
to = Oand f% = In2. 

(e) P(t) = Gcost,2sint), -2 <t<m; 

T us 

fe Ont =e en Fuse 

© PO), omy ey 
to = —1, t = 0, and f = 2. 

(g) Pi) =(t—1,2°+ 4), -2<1< 2; 
to = —1,% = 0, and m = 1 


2. For each of the following parametrizations P(t) = (x(z), »(1)), find the derived 
vector dP(?) for an arbitrary value of 7 in the domain. Draw the vectors dP(0), 
dP(1), and dP(2) in the xy-plane. 


x)=" -1, 

be, ee =f, -1<1<3. 
x() = $e! + e-4), 

ad ie =}e'-—e), -w <t<oa, 
x(t) = 

. bs =3Gr+ i, -b<r<s, 
eMQ=f+7441, 

o w= F+A=1, —-o <t<o, 
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3. The cycloid shown in Figure 4 is defined by a parametrization P(#) = (x, y) in 
which 


tl 


x = a(O — sin 6), 
y = a(l — cos 9), -~1 <0< 0, 


Compute the derived vector dP(6). Sketch the curve, and draw the tangent 


vectors dP(0), dP (5) , dP(r), and dP(2r). 
4. Prove that the curve defined parametrically by the equations 
i = sd +a, 
y = sd, + b, —-xax<s<ow, 
where not both d; and d» are zero, is a straight line. (Note: Check the definition 
of a straight line given on page 39.) 
5, Converse of Problem 4: Prove that, if L is a straight line in R’, then it can be 
defined by a parametrization P(s) = (x, y) for which 


x = sd + a, 
y = sd, + 6, —-m~ <scn, 


and not both d; and dy are zero. 

6. For each of the following parametrizations P() = (x(#), y(1)) and values of to, 
compute the derived vector dP(r). Draw the parametrized curve, the tangent 
line at /, and write an equation in x and y of the tangent line. 


(a) Pi) = (P+ 1,t+ 1, -—*% <1 < ~, and t = 2. 
(b) P(t) = (8 +1,¢+ 1), —2 <t < , and % = 0. 
(©) Pi) = (e',), —2 <1 < %, and t = In2. 
(d) PQ) = (\t|,),-—% <1 < %, and fo = 0. 
7. Let P be the parametrization defined by P(t) = (*, $¢°), for every real number 1. 
(a) Write an equation in x and y of the tangent line at ¢ = 2. 
(b) Describe the vector space of tangent vectors at f = 2 and att = 0, 
8. Let / be a real-valued function which is differentiable at a. 
(a) Write an equation of the line tangent to the graph of f at (a, f(a)). 
(b) Consider the parametrization 


P(t) = (t,f(0). 


Compute the derived vector dP(a), and write an equation of the tangent 
line to the parametrized curve at a. 
9. Let P:[a, b] > R® be a parametrization for which the derivatives x’ and y’ of the 
coordinate functions are continuous. Prove that the arc length of the curve 
parametrized by P is given by 


b 
L,’ = |dP(0)| dt. 
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5. Vector Velocity and Acceleration. In this section we shall consider the 
motion of a particle in the plane during an interval of time. We shall assume 
that the particle moves without jumping. As a result, if P is the function 
which associates to every instant of time in the interval the corresponding 
position of the particle in the plane, then P is continuous; i.e., it is a param- 
etrization. The points P(t) trace out the parametrized curve over which the 
particle moves. 

Velocity is a vector concept which combines two ingredients: the 
number which measures how fast the particle is moving, and the direction 
of the motion. If the position of a particle during an interval of time J is 
described by a differentiable parametrization P: J R?, then the velocity 
of the particle at any time ¢ during the interval will be denoted by v(/) 
and defined to be the derived vector of P at t. Thus 


(1) 


Since the derived vector is a tangent vector, the velocity is also one. Specifi- 
cally, v(r) is a tangent vector at ¢ to the parametrized curve defined by P. If 
we write P(t) = (x(t), y(1)), then it follows from the formula for the derived 
vector [see (4.1), page 571] that the velocity vector is given by 


Vd) = XO. ¥'O) Pw. (2) 


The speed of the particle at time / is defined to be the length |v(s)| of the 
velocity vector. The equation for the length of a vector in terms of its co- 
ordinates [see (3.1), page 561] implies that the speed is equal to 


lv(t)| = Vx’? + yO? (3) 


EXAMPLE |. A particle moves in the plane during the time interval [0, 2], 
and its position at any time ¢ in this interval is given by 


P(t) = (x(t), »(D)) = (cos rf, sin rf). 


Assume that time is measured in seconds and that the unit of distance in the 
plane is 1 foot. 


(a) Identify and draw the curve traced out by the particle, and describe 
its motion during the interval [0, 2]. 
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(b) Compute the position, velocity, and speed of the particle at t = 0, 
t = 4,4 = l,andt = §. Show these four positions, and draw the correspond- 
ing velocity vectors in the figure in (a). 


(c) How does the speed of the particle depend on time during the entire 
interval of motion? 


The parametrized curve over which the particle moves is the set of all 
points (x, y) such that 
oe 


Hence the coordinates of every point (x, y) on the curve satisfy 


M1 


cos rf, 


sin wf’, OSs 2, 


x? + y? = (cos mf’)? + (sin wf”)? = 1. 


The equation x? + y* = 1 is the familiar equation of the circle C with radius 
1 and center the origin, and the particle therefore moves on this circle. In 
accordance with the definition of the functions sine and cosine in Chapter 6, 
the quantity wf? is the are length along C in the counterclockwise direction 
from the point (1, 0) to the point P(t) = (x,y). As ¢ increases from 0 to 2, 
the values of wf? increase monotonically from 0 to 47, which is twice the 
circumference of the circle. We conclude that the particle starts from (1, 0) 
at time ¢ = 0, moves counterclockwise around the circle as time increases, 
and at f = 2 has gone completely around twice and has come back to its 
starting position at P(2) = (cos 47, sin 4r) = (1,0). The curve of motion, 
i.e., the circle C, is shown in Figure 17. 

Since P(t) = (cos rf?, sin 72), the position of the particle at each of the 
four values of 7 given in (b) is easily computed: 


P(O) = (cos 0, sin 0) = (1, 0), 
PQ) = (coed sine 4) = (2. y). 
P(1) = (cos x, sin r) = (—1, 0), 
PG)= (cose Zsing 4) = (3. vy. 
The velocity vector is 
Vi) = (x), YO) Pw 
= (—2rt sin rf’, 2nt cos rf*) py). 


v(t) = 2nt(—sin 22, cos rf) py. (4) 
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y-axis 


P(t) = P(4) 


+ 
P(0) x-axis 


P(t) = (cosmt?, sin m1?) 


v(0) = 0 = (0,0) pw, 


en ree, y wT 
v(4) = 2nd (-sin + cos ), 
mL 


A 4 i —1, par, 
v(1) = 2n(—sin 7, cos t)pay = 27(0, —1) pa, 

; ep iae! no 3nv2 
v(3) = 2n8 (sin a 698 2) am =m (F1, Dry) 


The speed is by definition the length of the velocity vector. If (b, c)p is any 


vector, and a any real number, then the length of the scalar product a(b, c)p 
is given by 


|a(b, c)p| = lal Vb? + c2. 
Thus the four speeds are 
|v(O)| = 0 feet per second, 


a 


lv@)| = mt V(-1) + BP = + feet per second, 
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2 = 2m feet per second, 


lv(1)| = 2nV02 + ( 


lv) = ca V(—1)? + I! = 3r feet per second. 


Since each of the velocity vectors is tangent to the curve at its initial point 
and since we know their lengths, they can be drawn without difficulty (see 
Figure 17). 

From the preceding computations it appears that the speed of the 
particle increases as time goes on. By computing the speed |v()| for an arbi- 
trary ¢ in the interval [0, 2], we can see that this inference is correct. Using 
equation (4) we get 


\v())| = 2nt/(—sin wf)? + (cos wf)? = 2x1, 


which shows that the speed increases linearly with time over the interval. At 
t = 0, the particle is at rest, and 2 seconds later, at ¢ = 2, its speed has 
increased to 4m feet per second. 


The motion of a particle along a straight line was studied in Section 3 
of Chapter 2 and again in Section 8 of Chapter 4. When the motion is 
restricted to a straight line, which for convenience we may take to be the 
x-axis, then the velocity vector has only one nonzero coordinate, x(t). In 
this case velocity may be identified with x’(r), and it is not necessary to 
consider it as a vector. In our earlier treatments x’(t) was defined to be the 
velocity and it was denoted by v(z). The distance on the line which the particle 
moves during the time interval [a, b] was defined by the formula 


b ab 
Bitence| = / \v(1)| dt (CE) 

a Ja 
(see page 232). We shall show that this definition is consistent with the more 
sophisticated notions of vector velocity and arc length of parametrized curves, 
which we are studying in this chapter. Consider a particle in the plane whose 
position is given by a parametrization P: [a,b] > R®. By the distance which 
the particle moves along the curve parametrized by P during the time interval 
from ¢ = ato t = 4 we shall mean the are length L,”. Let 


P(t) = (x(1), y)), for every f such thata <4 < b. 


We shall assume that the derivatives x’ and y’ exist and are continuous on 
(a, 6]. From Theorem (2.2), page 553, it follows that 


“b 


tad = | VRE YOR ae 
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The speed of the particle at any ¢ in [a, b] is given by 
lw] = Vx"? + yO. 


Hence the distance traveled by the particle along the parametrized curve from 
t= atot = bis equal to 


“b 


(5.1) Tiere [ |v(2)| dt. 


Formula (5.1) is the generalization of the distance formula (5) from 
rectilinear to curvilinear motion. 


EXAMPLE 2. A steel ball is rolling on a plane during an interval from ¢ = 0 
to t = 4 seconds. It has an x-coordinate of velocity which is constant and 
equal to 2 feet per second. Its y-coordinate of velocity is $¢ feet per second, 
for every ¢ in the interval. (a) Write a definite integral equal to the distance 
(in feet) which the ball rolls during the interval from ¢ = 0 to t = 4 seconds. 
(b) Identify and draw the curve on which the ball rolls. 

The coordinates of the velocity vector v(/) are x’(f) and y’(1), Hence 


x(t) = 2, 
(6) 


yYMO=4, OS<tS4. 


It follows at once from (5.1) that the distance which the ball rolls is equal to 


a4 
| V4 + f0 dt 


Jo 


Lo 


4 [ V16 + dt. 
Jo 


This answers part (a). Using a table of integrals or integration by trigono- 
metric substitution, one can obtain 
of 
[ Vie# ear = 8v2 + Bint + V2) 
Jo 
= 18.3 (approximately). 


Hence the distance the ball rolls is half this quantity, approximately 9.2 feet. 
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A parametrization which defines the position of the ball may be found 
by integrating the functions x’ and y’. From equations (6), we get 


x(t) = 2t+ a, 
2 
wWh= tte, O<ts4, 


Nothing in the statement of the problem specifies the position of the ball at 
t = 0, so, for simplicity, we shall choose it to be the origin. This choice is 
equivalent to setting c, = c, = 0, It follows that the parametrized curve in 
which the ball rolls is the set of all points (x, y) such that 


From the first equation, we get ¢ = Hence the two equations together 


with the inequality are equivalent to 


eS 
dae ig OS 8: 


The graph of this equation is the parabola shown in Figure 18, and the curve 
over which the ball rolls is that portion of the parabola indicated by the 
heavy line. 


y-axis 


Figure 18 


We next consider what is meant by the acceleration of a moving particle, 
The intuitive idea is that acceleration is the rate of change of the velocity 
vector. To be more precise: Let the position of the particle during an interval 
of time / be given by a differentiable parametrization P: J R?, and let t 
be in /. If ¢ is a number in J distinct from fo, then the velocity vectors v(to) 
and v(f) are tangent vectors with initial points P(to) and P(/), respectively, as 
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illustrated in Figure 19. In defining the acceleration at fo, we should like to 


form the scalar product of ; and the difference v(t) — v(t), and to 


— ip 

take the limit of this product as ¢ approaches /). The difficulty is that, since 
the points P(t) and P(f)) are usually distinct, the difference v(t) — v(t) is 
generally not defined, (Recall that two vectors can be added or subtracted 
if and only if they have the same initial point.) It is for this reason that, 
before defining acceleration, we introduce the notion of parallel translation 
of vectors in R®. 


P(t) 


Figure 19 


Let Py be an arbitrary point in R*. We shall define a function Tp, 
whose domain is the set U of all vectors in R* and whose range is the vector 
space Up, of all vectors with initial point Po. The definition is as follows: 
For every vector u in ‘0, the value Tp,(u) is the vector with the same co- 
ordinates as u, but with initial point Py. Thus 


then Tp,(u) = (Wy, U2) po. 


Geometrically, the vector Tp,(u) is obtained from u by moving the arrow 
representing the vector u parallel to itself until its initial point coincides with 
Py. The process is illustrated in Figure 20, and we call the function Tp, the 
operation of parallel translation of vectors to the point Po. 


Tp, (u) 
x 


Figure 20 
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We can now define the acceleration of a moving particle. As before, let 
the position be defined by the differentiable parametrization P: J R®. We 
consider fy in J, and set P(ty) = Py. Then the acceleration of the particle at 
ty is the vector a(fo) defined by 


a(t) = lim 75 [Tr(v(1)) — v(t) (1) 


Thus, acceleration, like velocity, is a vector. 


We can derive a simple formula for acceleration in terms of the co- 
ordinate functions of P. Let P(t) = (x(1), (4), as usual. Then 


V(t0) = (x(t), YC) Pct» 
V1) = (0, YO) Pos 
and, if Py = P(t), then 
Tp, (v(t) = (x), »'O) Pu 
It follows that 
Tp(v(t)) — v(to) = (X'() = x(t), OD = vo) Pans 


and thence that 


x(t) = x"(o) 9") = xs) : 
Pito) 


al = [Tro(v()) — vito)] = ( 7=55 t— to 


a(to) 


lim 
t—rto 


pa gg Test) = woo) 
(Jim x) = xh) | YO =a) . 
P(to) 


trtp fb — to toto t— to 


If the two limits which are the coordinates of the preceding vector exist, they 
are by definition equal to the second derivatives x/’(to) and y’(to), respectively, 
It follows that 


(5.2) If P(t) = (x(2), y(t)), then the acceleration vector a(to) exists if and only 
if the second derivatives x''(to) and y'"(to) exist. If they do exist, then 


ato) = (x(t), ¥(to)) Pag) 


EXAMPLE 3. A particle is moving with constant speed k in a fixed circle of 
radius a. Show that, at any time / during the interval of motion, the accelera- 
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ke 7 F 
tion vector a(t) has constant length equal to — and always points directly 
a 


toward the center of the circle (see Figure 21). 


y-axis 


P(t) 


v(t) 
| 


(a, 0) x-axis 


Iv@= 
{a(n|= 


k 

Ke 
a 
Figure 21 


We shall take the center of the circle to be the origin in the xy-plane. 
The position of the particle can then be defined by a parametrization 
P(t) = (x(), X()) = (x, y) for which 

xX = acosu, 


(8) 


asin u, 


y 


and w is some function of ¢ having as domain the interval of time of the mo- 
tion. To be specific, we shall assume that 0 is in the domain, and that, when 
t = 0, the particle is at the point (a, 0) on the circle. Hence uv = 0 when 
t = 0. We shall make the analytic assumption that the second derivative 
u'(0) exists, for every ¢in the interval, and it follows that x’’(4) and y’’(t) also 
exist. Differentiating with respect to / in equations (8), we obtain 


x’ 


i 


—au' sin u, 


(9) 


i] 


y= au’ cosu. 
Thus the speed of the particle is 


|v] = Vx? + y® = vVatu'e(sintw + costa) = alu'|, 


eee in ee : 
which is assumed to be the constant k. Hence |w'| = —. Since wu’ is con- 
a 


tinuous and has constant positive absolute value, it is either always positive 
or always negative (depending on whether the particle is moving counter- 
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clockwise or clockwise). We shall assume the former and conclude that 


res ? F 
ie Integrating, we obtain 


k 
u=-— es 
ait 


Since uv = 0, when ¢ = 0, it follows that 


Substituting this value back into equations (9), we have 


ine te ce 
x’ = —a-sin—t = —ksin~-t, 
aa a 
Ketek k 
y' = a-cos—t = kcos—t. 
a a a 
Hence 
2 2 
ee = SCgs — f= —! cos Wy 
a a a 
wks ke 
y’ = ——sin-ft = — —sinu, 
=i a a a 
or, equivalently, 
A 
x” = —-acosu= — 
ae 
y’ = — —asinu= — 
) a 


We know from (5.2) that the acceleration vector is given by 


a(t) = Oy) pw. 


Hence 


a(t) 


Since P(t) = (x, y), the terminal point of the vector (—x, —y)py) is the 
point (0, 0). Thus the acceleration vector a(/) is a positive scalar multiple of 
the vector with initial point P(r) and terminal point the origin. This proves 
that a(/) is always pointing directly toward the center of the circle. The length 
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of the acceleration vector is easily computed from the preceding equation. 
We get 


a(n 


This completes the problem. The acceleration in this example is called centrip- 
etal acceleration, and the force acting on the particle necessary to provide 
this acceleration is the centripetal force. In the case of a planet moving in 
orbit, the force is the force of gravity. 


PROBLEMS 
1. (a) Draw each of the following vectors. 


(i) ©, 5)p,, where Py) = (—1, 1). 
(ii) (4, —1)p,, where Pi = (1, —1). 
(iii) (1, 3)p,, where Py = (1, 1). 
(iv) (—2, —3)p,, where P; = (0, 0). 
(b) Let Py) = (—1, 1), and compute and draw the translated vectors Tp,(u), 
where u is taken to be each of the four vectors in (a). 


2. A particle moves in the plane during the time interval from ¢ = 0 to ¢ = 2 
seconds. Its position at any time during this interval is given by the parametriza- 
tion 

P(t) = (t,F — D, 


where it will be assumed that the unit of distance in the plane is 1 foot. 


(a) Identify and draw the curve which the particle traces out during its interval 
of motion. 


(b) Compute the velocity vector v(/). Find the position, velocity, and speed at 
t= 0, ¢=1, and ¢ = 2. Show these positions and draw the velocity 
vectors in the figure in part (a). 


(c) Compute the acceleration a(/). Find the times and corresponding positions 
(if any) when the acceleration and velocity vectors are perpendicular to each 
other. 


(d) Write a definite integral equal to the distance (in feet) which the particle 
moves during the interval from t = 0 to ¢ = 2 seconds. 


(e) Evaluate the integral in (d). 


sec. 5] VECTOR VELOCITY AND ACCELERATION 589 


3. An object is dropped from an airplane which is flying in a straight line over level 
ground at a constant speed of 800 feet per second and at an altitude of 10,000 feet. 
The horizontal coordinate of the velocity of the object is constant and equal in 
magnitude to the speed of the plane. The vertical coordinate of velocity is ini- 
tially zero. However, the vertical component of acceleration (due to gravity) 
is —32 feet per second per second. (These data are realistic only if we neglect air 
resistance, the curvature of the earth, etc.) 


(a) Define a parametrization P(?) = (x(1), »(2)) which gives the position of the 
particle at time ¢. Assume that the object was dropped when ¢ = 0 and 
that P(0) = (0,0). Compute the velocity and acceleration vectors v(t) and 
a(r). 


(b) How long does it take the object to fall to the ground? 
(c) Identify and draw the curve in which the object falls. 
(d) Express the distance traveled along the curve as a definite integral. 


4, Consider a particle in motion in the plane from ¢ = 0 to ¢ = 4 seconds, Its 
position at any time during this interval is given by 


P(t) = (x,y) = ((¢ — 2%,¢ — 2)"), 
where it is assumed that the unit of distance in the plane is 1 foot. 
(a) Draw the curve in which the particle moves during the interval. 


(b) Compute the velocity v(r) and the speed |v(/)|. What are the minimum and 
maximum speeds, and at what times are they attained? 


(c) Describe the vector space of tangent vectors to the parametrized curve at 
t = 1, and also at ¢ = 2. 


(d) Compute the distance traveled by the particle during the motion, 
5. The position of a particle in motion in the plane is defined by the parametrization 
Pth=( y= (@,P), —-2<1<2. 
(a) Draw the curve traced out by the particle during the interval [—2, 2]. 


(b) Compute the velocity vector v(7). Find the position, velocity, and speed at 
1 = —2,1=0,t = 1, and t = 2. Indicate these positions and draw the 
velocity vectors in the figure in (a). 


(c) Compute the acceleration vector a(t). Determine the four specific vectors 
a(—2), a(0), a(1), and a(2), and draw them in the figure in (a). 


6. The position of a particle in the plane is defined by the parametrization 


= acos kt, 
y = bsinkt, -x <f<o, 
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where a, b, and k are positive constants and a > b. 
(a) Identify and draw the curve in which the particle moves. 
(b) Prove that the particle is never at rest. 
(c) Show that the acceleration vector a(r) always points directly toward the 
origin. 
7. Prove that parallel translation has the following properties: 


(a) |Tp,(u)| = |u| for every vector u. 
(b) Ifu is any vector in Up,, then Tpy(u) = u. 
(c) IfO is any zero vector, then 7p,(0) is also a zero vector. 


8. Starting at ¢ = 0, a stone at the end of a string is whirled around in a fixed 
circle of radius a at an ever-increasing speed equal to k¢ for some positive constant 
k. The tension in the string is equal to mla(s)|, where m is the mass of the stone 
and |a(a)| is the length of the acceleration vector. Suppose the string breaks when 
the tension exceeds some value 7, Compute, in terms of the constants a, k, m, 
and 7, the moment when the string breaks. 


6. Polar Coordinates. Since the set R® of all ordered pairs of real numbers 
has been identified with the set of all points in the plane, every point is 
uniquely determined by its x- and y-coordinates. An alternative way of 
specifying points in the plane is the following: To every ordered pair (r, 6) 
of real numbers, we assign the point P = (x, y) in R? defined by 


(1) 


The pair (r, 6) is called a pair of polar coordinates of the point P = (x, y). 
In giving the geometric interpretation of polar coordinates of a point, 
we distinguish three separate possibilities: 


Case 1. r > 0. Then ris the distance between P = (x, y) and the origin, 
since 


distance(P, (0,0)) = Vx? + y? = Vr? cos?é + r? sin’a 
V/r(cos?d + sin?) = \/r? 


=r 


ll 


The number @ is the radian measure of the angle which has its vertex at the 
origin, its initial side the positive x-axis, and its terminal side the line segment 
joining the origin to P. An example is shown in Figure 22. 
Case 2. r = 0. Then P is the origin regardless of the value of 8, since 
P = (x,y) = (Ocos 0, O sin 6) = (0, 0). 
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y-axis 


x-axis 


Figure 22 


Case 3. 7 <0. In this case the point P = (x,y) is symmetric with 
respect to the origin to the point with polar coordinates (|r|, 8). This fact is 
illustrated in Figure 23, To prove it, we first observe that 


—rcos(@ + 7) = —rcosécos7 + rsin @ sin = rcos 8, 
—rsin(@ + 7) = —rsin@cos 7 — rcos @sina = rsin@. 
praxis 


({r|cos 4, |r|sin @) 


x-axis 
P= (x,y) 
=(r cos @, r sin @), ifr<0 
Figure 23 
In the present situation r is negative. Hence —r is positive, and |r| = —r. 


The preceding equations therefore imply 
rcos 6 = |r| cos(@ + 7), 
rsin @ = |r| sin(@ + 7). 
Thus 
P = (x,y) = (rcos 6, rsin @) 
(|r| cos(@ + 7), |r| sin(@+7)), ifr < 0, 


and this is precisely what is asserted above. 
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The major difference between polar coordinates and the familiar x- and 
y-coordinates is that if a given point P = (x, y) has one pair of polar co- 
ordinates (r, 6), then it has infinitely many: If n is any integer, then 


rcos @ = rcos(@ + 27), 


rsin @ = rsin (6 + 27n), 


and it therefore follows that, for every integer ”, the ordered pair (7, 6 + 2mn) 
is a pair of polar coordinates for the one point P = (x, ) = (rcos 4, r'sin 8). 
In addition, as shown in Case 3, we have 


—rcos(@ + 7) = rcos 6, 
—rsin(@ + 7) = rsin @. 


Hence (—r, 6 + 7) is also a pair of polar coordinates of P. We conclude 
that there is no such thing as the polar coordinates of a point. 


y-axis 


. : : ; x-axis 
Q = (cos @, sin @) 
P= (x,y) 
= (r cos @, r sin @). eo 
Figure 24 


Of course, it is also important to realize that every point P = (x, ») has 
at least one pair of polar coordinates (and thence infinitely many). This is 
not hard to show. We set r = \/x? + y*?. If r = 0, then x = y = O and 
P is the origin. In this case, (r, 6) = (0, 6) is a pair of polar coordinates of P 
for any choice of 6. If r > 0, then P is not the origin, and we let Q be the 
point on the unit circle (defined by x? + y? = 1) which lies on the half-line 
emanating from the origin and passing through P (see Figure 24), From our 
definition of the functions sine and cosine, we know that Q = (cos 8, sin @) 
for some number 6. It follows that 


P = (rcos 6, rsin 6), 


and so (r, @) is a pair of polar coordinates of P. 
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EXAMPLE 1. Determine the x- and y-coordinates of the points with the 
following polar coordinates, and plot the points in the plane. 


Px: (r, 0) = G z). 


Ps: (r, 6) = 


( 
Py! (¢;,.0) = @ aie 


Tv 
6 
Py (r, 0) = Q ") , 
Ps: (r, 0) = (3, ise) : 


Po: (r, 0) = (0, 7). 


If (r, 8) is a pair of polar coordinates of a point P, then the x- and y-co- 
ordinates of P are given by 


(x, ¥) = (rcos 6, r sin 6). 
Hence. for each of the above, we get 


wv fy! r 
Py = (x,y) = (2¢0s7 2 sin ‘) = (V3; 1); 


Pz = (x,y) = 


SF coR ea Gite ee = 
2 cos ¢ 2sinZ) (-—v3, -—1), 


Po= (xy) = 


( 
( 
( 
P= ay = (20057 25) 
( 
( 
( 


P, = (x, y) = (Ocos x, 0'sin r) = (0,0). 
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The points are plotted in Figure 25. Note that P; = P, even though the polar 
coordinates defining them are different. Although we have found the rec- 
tangular coordinates of each point, these are not necessary for plotting. For 


example, the point P; with polar coordinates (2, :) is most easily plotted by 
drawing from the origin the line segment of length 2, which makes an angle 


v . . age . 
of é radians with the positive x-axis. 


praxis 


3 X-axis 


Figure 25 


We next study curves in the plane defined by equations in polar co- 
ordinates, Let F be a real-valued function of two real variables. The set of 
all points in the plane whose polar coordinates satisfy the equation 


will be called the graph in polar coordinates, or simply, the polar graph of the 
equation. More formally: The polar graph of equation (2) is the set of all 
points P = (x,y) for which there exists a pair (r, @) such that F(r, 0) = 0 
and 
{x = rcos 6, 
y 


y=rsin @. 
Frequently, r is explicitly defined as a function of @. This means that 
there is a real-valued function f of one real variable, and we consider the 
equation 


sec. 6] POLAR COORDINATES 595 


The polar graph of this equation is that of the equation  — f(@) = 0, which 
is a special case of equation (2) in the preceding paragraph. It follows that 
the polar graph of r = (4) is the set of all points (x, y) such that 


x = {(8) cos 8, 
y = f(8) sin 9, 


for every @ in the domain of f. If fis a continuous function with domain an 
interval of real numbers, then equations (4) constitute a parametrization, 
and so the polar graph of = (6) is a parametrized curve. 


(4) 


EXAMPLE 2. Identify and draw the curve defined by the equation 
r= 4cos0 (5) 


in polar coordinates. By the curve defined by an equation r = /(@) in 
polar coordinates we mean, of course, the polar graph of r = f(@). A partial 
list of values of @ and r which satisfy equation (5) is given in Figure 26, 
and the points which have these pairs as polar coordinates are plotted. 
Since the cosine is an even function, i.e., since cos(— 6) = cos 0, it follows that 
the resulting curve is symmetric about the x-axis. The periodicity of the 
cosine implies that we may limit values of @ to an interval of length 27. 
However, we can do considerably better than that. The fact that 


cos(@ + 7) = —cosé@ 


implies that if r = 4 cos @, then —r = 4cos(@ + 7). But we have already 
observed that (r, 6) and (—r, 6 + 7) are polar coordinates of the same point. 
It follows that all the points of the curve will be included even if the values of 


Pa . wv a . + 
@ are limited to the interval [- ye sl. Finally, in view of the symmetry 


about the x-axis, it is sufficient in plotting points to consider only values in 


It appears from Figure 26 that the polar graph of r = 4 cos @ is the circle 
of radius 2 with center at the point P = (2, 0), This can be verified as follows: 
An equation with the same polar graph is 


r? = 4rcos @. (6) 


Since x = rcos 6, y = rsin@, and x* + y? = r*, the polar graph of (6) 
is the same as the graph of the equation 


x? + y? = 4x 
in rectangular coordinates, This equation is equivalent to 


xe —4x+4+ y= 4, 
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lo 


x-axis 


nia ea Sia aa of es 


Figure 26 


which is the same as 
G= 2) = 28 


The latter is the standard form of the equation of the circle of radius 2 with 
center at (2, 0). 


EXAMPLE 3. A parabola is by definition the set of all points in the plane which 
are equidistant from a fixed line and a fixed point not on the line (see page 136). 
The line is called the directrix, and the point the focus. Find an equation in 
polar coordinates of the parabola whose focus is the origin and whose direc- 
trix is the vertical line cutting the x-axis in the point (—1, 0). The parabola is 
drawn in Figure 27. 

An equation of a curve in polar coordinates means an equation 
F(r, 0) = 0 whose polar graph is the given curve. In the present example, 
let (r, 6), with r > 0, be a pair of polar coordinates of an arbitrary point 
on the parabola. Then r is the distance from the point to the focus, and, as 
can be seen from the figure, the distance from the point to the directrix is 
1+ rcos @. Hence the geometric condition which defines the parabola is 
expressed in polar coordinates by the equation 


r=1+> rcosé 
which is equivalent to 


r(l — cos @) = 1, 


and thence to 


(GI) 
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directrix 


x-axis 


Figure 27 


Conversely, if x and @ satisfy equation (7), it is clear that they are the polar 
coordinates of a point which satisfies the conditions for lying on the parabola. 


EXAMPLE 4. Draw the curve defined by the equation 
r= aoe, Seles (Oh Gy, 


in polar coordinates, where a is some positive constant. The polar graph of 
this equation is called an Archimedean spiral. If @ = 0, then = a: 0 = 0, 
and we conclude that the origin is a point on the curve. As @ increases from 
zero, so does r, and it follows that a spiral is traced out in the counter- 
clockwise direction. This part of the curve is drawn with a solid line in 
Figure 28. Thus the curve drawn with the solid line is the polar graph of the 
equation 
r= ae, OPS TA <) es 


For negative @, the polar graph of r = aé is obtained by reflecting the graph 
for positive @ about the y-axis. This part of the curve, indicated by a dashed 
line in the figure, is a spiral in the clockwise direction. One way to verify this 
assertion of symmetry about the y-axis is to write the equations which define 
the curve parametrically. They are 


xX = rcos @ = aécos 6, 


y = rsin@ = aésin 6, nae 0 <r te, 
That is, we have a parametrization 


P(0) = (x(8), »(9)) = (ad cos 6, a8 sin 8), 


598 GEOMETRY IN THE PLANE [cnar. 10 


ae x-axis 


Archimedean spiral 
polar graph of 
r=ao a>0 


Figure 28 


for every real number 4. Since the functions cosine and sine are, respectively, 
even and odd, we obtain 


x(—0) = a(—6) cos(—0) = —a6cos 6 = —x(8), 
y(—8) = a(—8) sin(—0) = —aé (—sin 6) = (8). 
It follows that the point P(—6) = (—x(@), »(8)) is situated symmetrically 


across the y-axis from the point P(@) = (x(8), »(8)), and thus the curve is 
symmetric about the y-axis. 


EXAMPLE 5, Draw the curve, called a lemniscate, defined by the equation 


r* = 2a’cos 20, aie: 
in polar coordinates. 
We first observe that the polar graph of this equation is symmetric about 
the origin; i.e., if the pair (7, 0) satisfies the equation, then so does (—r, @). 
This fact is a consequence of the equations 


r? = 2a’cos 20 = (—1r)?. 


In addition, if (7, @) satisfies the equation, then so does (r, —6), since the 
cosine is an even function. Thus the polar graph is also symmetric about the 
x-axis. It follows from these observations of symmetry that the entire curve 
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is obtained from that part which lies in the first quadrant of the xy-plane 

(those points for which x > 0 and y > 0) by reflecting about both the 

x-axis and the y-axis. Moreover, any point on the curve in the first quadrant 

has polar coordinates for which r > 0 and 0 < 6 < = Finally, if (7, 6) 
satisfies the equation, then 

rss 
Peles 
cos 26 eS 0. 


However, for values of @ in the interval fo | , cos 20 is nonnegative only if 
o<e< . We conclude that the entire curve is obtained by symmetry 
from those points which have polar coordinates (r, 6) with r > 0 and 
Oo<@< ie A partial list of such pairs is given in Table 2, and the cor- 


responding points are shown on the curve in Figure 29. 


praxis 


2Ial x-axis 


lemniscate 


Figure 29 
TABLE 2 

D r= V/2aicos 28 age ia 
0 V2 al 1.4Ja| 
T mA OY : 
DD V2 lal ( a) = V3 |al 1.3]a| 

/a\ 1/2 : 
e V2 |al (3) = V2 |al 1.2|a| 
% | v2lal@)? = lal la| 
7 
ae : 
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PROBLEMS 


1. (a) For each of the following values of 9, find the value of r such that 
r= 4sin 6: 


(b) Plot the seven points with the polar coordinates (r, 9) found in part (a). 


(c) Draw and identify the curve defined by the equation r = 4 sin @ in polar 
coordinates, 


2. (a) For each of the following values of 6, find the value of r such that 
r= 2(1 + cos @): 


(b) Plot the seven points with the polar coordinates (r, #), found in part (a). 


(c) What symmetry property is possessed by the curve defined by the equation 
r = 2(1 + cos 8) in polar coordinates? 


(d) Draw the curve in part (c). 
3. Using a figure and the geometric interpretation of polar coordinates, show that 
r= arr] is an equation in polar coordinates of the vertical line cutting the 
cos 


x-axis in the point (5, 0). 

4, Using a figure and the geometric interpretation of polar coordinates, find an 
equation in polar coordinates of the horizontal line cutting the y-axis in the 
point (0, 5). 

5. Assume the well-known fact that, if one side of a triangle inscribed in a circle 
is a diameter, then the triangle is a right triangle. Using this fact and the geo- 
metric interpretation of polar coordinates, show that cos 6 = = is an equation 
of the circle which passes through the origin and has radius a > 0 and center 
on the x-axis. 

6. Identify and draw the polar graphs of the two equations 


(a) r=7 (b) 9=7- 


7. Consider the curves defined by each of the following equations in polar co- 
ordinates, Write each curve as the graph of an equation in x- and y-coordinates. 
Identify and draw the curve in the xy-plane. 


(a) rcos@# = —2 (d) r 


cos 6 


(b) rsin@ = 4 (e) r 


1 
iT eeea (see Example 3) 


(c) r= —4cos6 (f) or 


il 
wn 
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(g) @ = arcsin Se CC ny oi pauline 7, 
v10 2-—V3cos0 


8. Let / be a real-valued function of a real variable. Prove that: 


(a) Iffis an even function, then the polar graph of the equation r = /(@) is 
symmetric about the x-axis. 


(b) If fis an odd function, then the polar graph of the equation r = /(9) is 
symmetric about the y-axis. 


9. Let F be a real-valued function of two real variables. Prove that the polar 
graph of the equation F(r?, @) = 0 is symmetric about the origin. 

10. Draw the curve defined by each of the following equations in polar coordinates 
(the number a is an arbitrary positive constant). 


(a) r = a(l + cos @) (a cardioid). 
(b) r = a(2 + cos @) (a limagon). 
(c) r = a(¥ + cos 4) (a limagon). 
(d) r* = 2a*sin 26 (a lemniscate). 
(e) 10 = 2 (a hyperbolic spiral). 


11. Consider the Archimedean spiral defined by the equation r = a@ and discussed 
in Example 4. Describe the space of tangent vectors to this curve at 8 = 0, 


and also at 6 = : : 
12. (a) Show that the equations »y = 4cos x and y* = 4) cos x are not equivalent, 


(b) In spite of part (a), the polar graphs of r = 4 cos @ and of r? = 4r cos 0 
are the same. Explain, 


13. (a) If/fis a real-valued function of a real variable, prove that the polar graph 
of the equation r = /(sin 6) is symmetric about the y-axis. 
(b) Draw the curve (a cardioid) defined by the equation r = 2(1 + sin @) in 
polar coordinates. 
(c) Draw the curve (a limagon) defined by the equation r = 1 + 2sin@ in 
polar coordinates. 


7. Area and Arc Length in Polar Coordinates. This section is divided into 
two parts. In the first, which is the longer of the two, we shall study the prob- 
lem of finding the areas of regions bounded by curves defined by equations in 
polar coordinates. To solve this problem, an integral formula for area in 
polar coordinates will be derived, The second part is concerned with the 
computation of the arc lengths of polar curves by applying the methods 
developed in Section 2. 
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Let f be a continuous function which contains the closed interval [a, b] 
in its domain. We have already observed that the polar graph of the equation 


r= f(0), (1) 
where @ takes on all values in the interval [a,b], is the parametrized curve 
defined by the equations 

x(0) = rcos 0 = f(@) cos 0, 
y(8) = rsin 6 = f(@) sin 6, a<6<b. 
For the area problem, we shall assume to begin with that the interval 
[a, 6] has length no greater than 2r, i.e., that 
b-—a<2z, (3) 
and also that f is nonnegative on [a, 6]: 
S(0) => 0, for every number @ in [a, ]. (4) 
Let R be the subset of the plane consisting of all points which have polar 
coordinates (r, #) such thata < @ < bandO <r < f(@). Anexample is the 
shaded region R shown in Figure 30. The problem is to compute the area of 
R. The effect of the two assumptions (3) and (4) is that every point of R has 


precisely one pair of polar coordinates (r, 6) with a < @ < b (except, if 
b — a = 2n, for those points of R along the line defined by @ = a). 


y-axis 


Figure 30 
To derive a formula for the area of R, we consider an arbitrary partition 
o = {0,...5 6,} of [a, 6] with the property that 
a=%<SAS'*+ Sh =b. 


POrceacheiy ==" lavas, n, let m; and M; be, respectively, the minimum and 
maximum values of the function f in the subinterval [6;_;, 4;]. In addition, 


sec. 7] AREA AND ARC LENGTH IN POLAR COORDINATES 603 


let R; be the subset of R consisting of all points with polar coordinates 
(r, 8) such that 6,_. < 6< @;andO<re< J(8), as illustrated in Figure 31. 
It follows from the preceding paragraph that except for their boundaries the 


sets R,..., R, are pairwise disjoint. Hence 
area(R) = area(R,) + +++ + area(R,). CS) 
y-axis 


r=f(0) 


X-axis 


Figure 31 


Each set R; is contained in a sector of the circle of radius M; and center the 
origin with angle equal to 6; — 6), radians, and it contains a sector of the 
circle of radius m; with the same center and the same angle. Since any sector 
of a circle of radius p and angle @ radians has area equal to $p*a, we conclude 


that A 2 
4m;'(0; — 0:1) < area(Ri) < 4M; (i — Oi), 


foreach i = 1,...,”. Adding inequalities and using equation (5), we get 
n 2 


n Me 
ae (0; — O;1) < area(R) < DD Te (0; — 0:1). 


i=l 


2 n 


i M? ; 
However, >» me (0; — 6;~1) and Dy ar (0; — 0;_1) are, respectively, the 


i=1 * i=1 * 


is relative to the partition o (see page 


lower and upper sums for the function 


165). Denoting them by L, ¢ 


5) and U, (f) , respectively, we have proved 
that = 


nGsmansulf 
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for every partition o of [a, b]. Since f is continuous, so is a and every 


function which is continuous on a closed bounded interval is integrable over 


2 


that interval [see Theorem (5.1), page 199]. Hence the function Ls is inte- 


grable over [a, 5], and it therefore follows immediately from the inequalities 
(6) and the definition of integrability on page 168 that 


rb oo 
area(R) = | £. 


Summarizing, we have proved: 


(7.1) If the function f is continuous and nonnegative at every point of the closed 
interval [a, b] and if b — a < 2m, then the area of the region R bounded by the 
polar graphs of the equations r = f(0), 0 = a, and 8 = b is given by 

rb “b 


area(R) = | S(0)'do = | rdé. 


EXAMPLE |, The curve defined by the equation r = | + cos @ in polar co- 
ordinates, and drawn in Figure 32, is a cardioid. Compute the area of the 


yraxis 


r=1+cos@ 


x-axis 


cardioid 


Figure 32 


region R which it bounds. Since this curve is symmetric about the x-axis, it is 
sufficient (but in this example no easier) to find the area of that part of R 
lying on or above the x-axis and to multiply the result by 2. The function f 
defined by 

f(@)=1+ cos, O0<6<7, 
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is both continuous and nonnegative. It follows from (7.1) that 


i] 


area(R) ala / (I + cos nvas| 


(1 + 2cos @ + cos’) dé 


[I + 2cos 9 + 4(1 + cos 26)] do 


(§ + 2cos @ + 3 cos 26) do 


[ 
| 


(30 + 2sin@ + 4sin 20), 


T. 


I 
take 


If fis negative on the interval [a, 6], the integral 4f" £00)" dé is also equal 
to an area. Specifically, let us assume that f is continuous on [a, 6], that 
b — a < 2r, and that f(6) < 0 for every @ in [a,b]. Let R be the set of 
all points which have polar coordinates (r, 6) such that a < 0 < b and 
(0) <r < 0 (see Figure 33). Then the following formula is still valid: 

“b 


(7.2) area(R) = | S(8)'d0. 


r= 80) 


r= f(0) <0 for 
a<@<b 


Figure 33 


Proof. Let g be the function defined by g(@) = —/(4), and let S be the set of all 
points with polar coordinates (r, @) such that a < 6 <b and 0 <r < g(@). 
The set S is symmetric about the origin to the set R, and we therefore con- 
clude that 


area(R) = area(S). 
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But, by (7.1), 


-b 
area(S) | g(0) dd = | (— (aldo 


3 | {(0)'d0, 


which completes the proof. 


If the function f can take on both positive and negative values i in the 
interval [a, 6] or if b — a > 2n (or both), then the integral a (8)? dé will 
in general give the sum of the areas of nondisjoint (i.e., overlapping) regions. 
It is frequently necessary to subdivide the interval [a, b] into subintervals 
and to compute the integrals of over these subintervals separately to find 
a desired area. 


y-axis 


limagon 
r=1+2sin@ 


X-axis 


Figure 34 


EXAMPLE 2. The polar graph of the equation r = 1 + 2 sin @ is the limagon 
shown in Figure 34. The function f defined by f(@) = 1 + 2 sin @ satisfies 
the inequalities 


fOH2Z0 if —FsSosats> 
FOS0 if 7 ste 
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Let R and S be, respectively, the regions bounded by the outer and inner 
loops of the curve, as shown in the figure. Then 


Tr /6 

area(R) = sf (1 + 2 sin 6)"do, (7) 
J—r/6 
p—7/6 

area(S) = | (1 + 2 sin 6)'do. (8) 
—jr/6 


If we integrate £/(6)? from 0 to 27, the result will be equal to the area of R 
plus the area of S. That is, we will pick up the area of S twice and get 


area(R) + area(S) = sf (1 + 2 sin 6)°d0. (9) 


The consistency of equations (7), (8), and (9) can be checked as follows: 
From (7), (8), and the additivity of the definite integral, we get 


p—m/6 pT /6 
area(S) + area(R) = Alf (1 + 2sin 6)°do + | (i + 2sin ovao] 
J —ir/6 16 


Jan 


Tr |b 
= | (1 + 2sin @)°d0. 
J—in/6 
Since the function (1 + 2 sin 6)? has period 2z, its definite integral over every 
interval of length 2x will be the same. In particular, 
tr [6 


Ps (1 + 2sin 0)°do 
6 


J —5r/ 


area(S) + area(R) 


| (1 + 2 sin 6)"do, 
Jo 


in agreement with (9). Evaluation of the integrals is left to the reader, The 
results are 


Tr /6 
area(R) = | (1 + 2sin 0)'do = 2m + 3V3, 
—1/6 


p—r/6 


area(S) = | (1 + 2sin 6)'de = 7 — $V3. 
6 


J sr] 


It follows that the area of the region between the two loops of the limagon 
is equal to the difference, + + 3\/3. 
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EXAMPLE 3. Find the area A of the region bounded by the positive y-axis 
: : 5 7 
and the Archimedean spiral r = a0 (a > 0), whereO0 < 6 < ae The region, 


shown in Figure 35, is the union of two subsets Ry and Ry. The set R, consists 
of all points with polar coordinates (r,@) which satisfy the inequalities 
0<6@< 2rand0 <r < ad; ie., it is the region bounded by the positive 
x-axis and that part of the spiral for which 0 < @ < 27. We find 


pin 7 
area(R,) = 4 | r'do = 4 | a6'do 
0 0 


y-axis 


Archimedean spiral 
r=ao G.a>0 


x-axis 


Figure 35 


The set R, consists of all points with polar coordinates (7, @) which satisfy 
the inequalities 2r < 9 < = and a(@ — 27) <r < ad (see Figure 35). 
This region can be equivalently described as that bounded by the lines @ = 0 


and @ = ; and the two polar curves: 


r= ad, 


a(@ + 27), Oss ares 


i 


Ue) 


NIA 
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Since 0 < r4(@) < r2(6) for every @ on the interval [ z|. the area of Rp» is 
obviously given by the formula 


area(R:) = if (r - ri )d0 
0 


mr | 2 
=4 i [a°(@ + 2n)’ — a’6*\do 
0 


2(8° a(n ee 
= 20a (§ Ze 7), = 2na ¢ = =) 


We conclude that 


An alternative way of finding the answer is to realize that the integral 


pin /2 pin | 2 
3 | r'do = 4 | a’0'do 
‘ Jo 


Jo 


is equal to the area A except for the fact that it counts twice the area bounded 
by the lines @ = 0 and @ = * and the curve r = adforO0 < A< z. Hence 


we also obtain 


The second topic of this section is the computation of the arc length of a 
curve defined by an equation in polar coordinates. No new methods are 
needed, since the problem is simply a special case of the more general one of 
finding the arc length of a parametrized curve. As noted in the second 
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paragraph of this section, if fis a continuous function containing the interval 
[a, 6] in its domain, then the polar graph of the equation 
P= f(8); witha <6< |, 
is a parametrized curve [see equations (2)]. Specifically, the curve is the range 
of the parametrization P, [a, b] + R? defined by 
P(8) = (x(8), »(8)) = (f(8) cos 8, (8) sin 8), 


for every @ in [a,b]. We shall make the assumption that the derivative f’ 
is a continuous function on [a, 6], and this implies that the derivatives x’ 
and y’ are also continuous. It then follows directly from Theorem (2.2), 
page 553, that the arc length of the curve from P(a) to P(b) is given by 


b 
L,’ = | Vx'(0)2 + (0)? dd. 


Since si 
x’(0) = f'(0) cos 6 — f(#) sin 8, 


y(0) = f"(8) sin 8 + f(8) cos 6, 
we find that 
x'(0)? + y'(0)? = f"(0)2cos?0 — 2f'(8) (8) sin 8 cos 6 + f(6)?sin20 
+ f’(6)’sin’6 + 2f7(6)f(8) sin @ cos 6 + f(8)?cos*d 
= f'(6y + f(a). 


Thus we obtain the following integral formula for the are length L,” of the 
polar graph of the equation r = f(6), in which a < 6 < b: 


CTS) 


(7.3/) 


EXAMPLE 4. Find the are length of the cardioid defined in polar coordinates 
by the equation r = 1 + cos @. This curve is shown in Figure 32, and the 
area of the region which it bounds is computed in Example 1. We have 


> = —sin 6, 


r’ = (1 + cos 6)" = 1 + 2cos 6 + cos’#, 
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() 


The trigonometric identity 


Hence 


1 + 2cos @ + cos’ + sin’a 


2(1 + cos @). 


implies that 


and it follows from the integral formula (7.3’) that the arc length L of the 
cardioid is given by 


pln —— Pd 
= 28 ay — [ 
= i a{teos 340 = 2 ft 


However, because the cardioid is symmetric about the x-axis, we conclude 


that = 
- 22 9 = 4] [cos 
L= 2 a {40s fa 340 = af jeo5s do. 


6) t) 
eos 5} = 00s 5. Hence the are length 


cos § do. 


6 
ro<e< m, then cos 5 > Oand so 
L is equal to | 


7 . 
| 


L=4f cos 5 8 ag = 8sin 4 = 8, 
0 2I0 


PROBLEMS 
1. In each of the following, draw the curve defined by the equation r = /(@) in 
polar coordinates. Show the region R bounded by the curve and the lines 
6 = aand @ = b, and compute its area, 
wv 
(a) r = 4cos6,a = Oand b = me 
(b) r = 3(1 + cos 0), a = Oand b = zr. 


() r= 3(1 +sin8),a = Oand b = 5 


(ay r= 
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2. For each of the following equations r = /(@) and pairs of numbers a and b, 
draw the region R consisting of all points with polar coordinates (r, #) such that 
a<0< band0 <r </(6). Compute area(R). 


(a) r= 4sin@,a = Oandb =r. 


es fee Savile 2 


ara Smee 4 


(c) r= 20,a = rand b = 2r. 


1 T 
@ = Feo + sane 7 ~ Oandd => 
(e) r= /2cos 20,a = Oandb = ae (See Example 5, Section 6.) 


3. Identify and draw the curve defined by the equation r = 4sin@ in polar 
coordinates, and show the region R bounded by the curve. Is it true in this case 
that 


on 
area(R) = rf do? 
0 


Explain your answer. 


4. Each of the following curves, defined by an equation r = /(@) in polar co- 
ordinates, bounds a region R in the plane. Draw the curve and find the area 
of R. 


(a) r= a(l + cos@),a>0 (d) r= 2+ cosé 
(b) r= a(1 + sin@),a>0 (e) r= 4sin0 
() r=5 (f) r= —4cos 6. 
5. The curve defined by the equation r = —— 2 in polar coordinates is a 
1 + cos @ 


parabola similar to the one discussed in Example 3, Section 6. 

(a) Draw the parabola, and show the region R bounded by this curve and the 
. wv 
line @ = =- 

2 

(b) Express area(R) as a definite integral using the integral formula for area in 
polar coordinates. 

(c) Evaluate the integral in part (b) using the trigonometric substitution 
z = tan ; (see page 397) and the Change of Variable Theorem for Definite 
Integrals. 


(d) Write this curve as the graph of an equation in x- and y-coordinates, and 
thence compute area(R). 
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. Find the area of the region which lies between the two loops of the limacon 


r=1-+2cos8. 


. Find the area of the region bounded by the lemniscate r? = 2a cos 26. 
. Find the area A of the region which lies inside the cardioid r = 2(1 + cos 0) 


and outside the circle r = 3. 


. The region R bounded by the cardioid r = 4(1 + sin @) is cut into two regions 


Ry and R» by the polar graph of the equation r = Sis . Compute the areas of 
R, Ry, and Ro. sin 6 


. Find the arc length of the cardioid defined by the equation r = a(1 + cos 8), 


where a is an arbitrary positive constant. 


. Consider the spiral defined in polar coordinates by the equation r = e”, 


Compute the arc length of this curve from @ = 0 to @ = In 10. 


. (a) Using the integral formula for arc length in polar coordinates, compute the 


arc length of the polar graph of the equation r = 2 sec @ from 6 = — 4 
a : 

tod=—-. 
4 


(b) Identify and draw the curve in part (a), and verify from the geometry the 
value obtained for the arc length. 


F ; m0 : 
. Consider the curve defined by the equation r = 2 cos* 3 in polar coordinates. 


1 


(a) Find the are length of this curve from @ 0to@ 


( 
a 


i] 


(b) Find the arc length of this curve from 9 = 0 to 0 = 2m. 


i] 


CHAPTER 11 


Differential Equations 


1. Review. This section is primarily a review of the differential equations 
studied in Section 5 of Chapter 5 and also in Section 8 of Chapter 6. We 
begin by recalling the definition of a first-order differential equation (see 
page 272): Consider an equation F(x, y, z) = 0 in which not all the variables 
need occur, but at least z does, The equation 


F(x y, a) = 0, (1) 


, Bee eed ; ; . F 
obtained by substituting “a for z, is a first-order differential equation. By a 
solution of (1) is meant any differentiable function f for which the equation 

F(x,fQ),f'Q@)) = 0 
is true for every x in the domain of f. If fis a solution, we write 
y =f). 
The general problem, given a differential equation, is to find all its solutions. 
A more specialized problem is to find a particular solution y = f(x) which 
has a specified value b at some specified number a, i.e., a solution for which 
b = f(a). 

The simplest first-order differential equations are those of the type 
dy 
- = f(x), where f is some given function (not to be confused with the 
solutions f discussed in the preceding paragraph). Every solution of this 
differential equation can be written 


y= / SQ) dx + ¢, 


for some real number c. Hence if c is left as an arbitrary undetermined con- 
stant of integration, we call f(x) dx + c¢ the general solution. 
. 4 ; dy {3 
We next considered differential equations of the form — = LQ), 
dx gy) 


in which f and g are given functions. Equations of this type are called sepa- 
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rable, since, if we use the fact that the derivative is equal to the ratio of two 
differentials, we can ‘‘separate”’ the expression containing x from that con- 
taining y by writing the equivalent differential equation 


g(y) dy = f(x) dx. 


Integrating both sides, we get the equation 


[eorar = ore +c, 


which defines the general solution y implicitly as a function of x, Note that 
: Pe: : ‘ ‘ 5 
the differential equation = = f(x) discussed in the preceding paragraph is a 
separable equation in which g(y) = 1. 
Of special interest among separable equations is the first-order linear 


differential equation 3 + ky = 0, in which k is a constant. This is the type 


of differential equation which describes the rate of decay of a radioactive 
substance and also the rate of growth of bacteria in a culture. It can be solved 
without difficulty as a separable differential equation (see pages 276 and 277). 
However, this equation occurs sufficiently often and has such an obvious 
general solution that most people recognize it at sight. The general solution 
Is 

y= ce™, 


EXAMPLE |. Find the general solution of each of the following differential 
equations: 


(a) dy — tan'x sectx, 
dx 
(b) ay = et tt 


() B+ iy =0. 
In (b) find the particular solution y = f(x) such that f(0) = —In 2, and in 
(c) find the particular solution which has value 5 when x = 0. 
The general solution of (a) can be obtained directly by integrating: 


y= fran'x sec’x dx + ¢ 


= 4 tan?x toe 
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: : ae : 
Equation (b) is separable, since = = e*tY = e*e’”, Hence we may write 
x 
e “dy = e*dx. 
Integrating both sides, we obtain the equation 
-eY=e+0, 


which defines y implicitly as a function of x. In this case, it is not difficult 


1 5 
to solve for y explicitly. We first get e” = ————_. Replacing the arbitrary 
—c-e 
constant —c by simply c, and taking logarithms, we then obtain 
1 
= ae (2) 


as the general solution. To find the particular solution y = f(x) for which 
f(@) = —In2, we substitute these values in equation (2) and solve the 
resulting equation for c. Thus 


=a Te 


—In2 = In 
c 


Since —In 2 = In 4, it follows that 2 = c — 1, and so c = 3. Hence the 
particular solution required is 


1 
ine pat 


The general solution of (c) can be written down on inspection. It is 


i= cent 
The particular solution which has value 5 when x equals 0 is obtained by 
writing 


14-0 


5 = ce =c¢. 


Hence the particular solution is 


y = Se“, 


The definition of an nth-order differential equation, n > 1, is entirely 
analogous to that of a first-order equation. Let F(x, Yo, Yi,» ++ ¥n) = 0 be 
an equation in n + 2 variables in which not all the variables occur, but at 
least y,, does. Then the equation 


F(x» Bove B2) = 0, (3) 


dx? dx? dx, 
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Ae é Pers es 
obtained by substituting the ith derivative a for y; (where it is understood 
ia F a 4 5 
that oe = y), is an nth-order differential equation. A solution is any n-times- 
x 
differentiable function f such that the equation 


F(x SO), F"00, - f'()) = 0 


is true for every x in the domain of f. 
Our study of higher-order differential equations has thus far been limited 
to those of the type 


Bat Fea byi=0, (4) 


where a and b are constants. Such an equation is a second-order, linear, 
homogeneous differential equation with constant coefficients (see page 334). 
It is called “‘linear” because y and its derivatives occur to no power higher 
than the first, “homogeneous,” because the right side is zero, and “with 
constant coefficients,” because a and 6 are constants. 

You will recall that the form of the general solution of the differential 
equation (4) is determined by the nature of the roots of its characteristic 
equation /° + at + b = 0. The roots of this equation are given by the qua- 
dratic formula 


and there are three cases depending on the discriminant a? — 4b, 


Case 1. If a? — 4b is positive, then there are two distinct real roots 7; 
and rs. In this case the general solution of (4) is 
y= ce” + cre", 
where c; and c. are arbitrary constants. 
Case 2. If a? — 4b = 0, then r; = r; = r and the general solution of 
the differential equation (4) is 
Y= (cx + ere, 
where c, and c, are arbitrary constants. 
Case 3. If a* — 4b is negative, then r; and r, ere distinct conjugate 


complex numbers, i.e., “1 = a + iB, r2 = a — iB, and B #¥ 0. In this case 
the general solution of (4) is 


y = e*"(c, cos Bx + cy sin Bx), 


where ¢, and c. are arbitrary constants. 
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The above statements imply that, if y is any solution of the differential 
equation (4), then there exist real numbers c, and cz such that 


y = ce"™ + cre72* if a? — 4b > 0, 
(cix + coe" if a? — 4b = 0, 
e*"(c, cos Bx + cy sin Bx) ifa* — 46 < 0. 


y 


he 


This fact, first stated in Section 8 of Chapter 6, has not yet been proved, 
but will be in Section 4. 

Although we have thus far not used the letter D to denote the derivative, 
this notation is quite useful in the study of differential equations. We write 


d d* 
Dy for = and D*y for = We then combine these symbols and the con- 


ventions of algebra to write (D? + aD + b)y for D*¢y + aDy + by. In so 
doing we have defined a function, denoted by D* + aD + b, which has the 
set of twice-differentiable functions as its domain and a set of functions as its 
range. This function assigns to each function y in its domain the function 


(Baap ae Cig Y + by 


as value. Such a funetion : an en of a differential operator. Using it, 


the differential equation —— + af m+ by = 0 can be written 


ie 

(D? + aD + b)y = 0. (4’) 
Note the similarity between the operator and the characteristic equation of 
the differential equation. The latter is the equation obtained by replacing D 


in the operator by ¢ and setting the resulting quadratic polynomial equal to 
zero, 


EXAMPLE 2. Find the general solution of each of the following differential 
equations: 


ny a. re a 
@) Fam pecan 
(b) (D’ + 6D + 9)y = 0, 


(c) (D* — 6D + 10)y = 0. 


For the first, the characteristic equation is 2 — 5¢ + 6 = 0, which is 
equivalent to (¢ — 2)(¢ — 3) = 0. Hence the two roots are 2 and 3, and the 
general solution is given by 


y = ce™ + coe™, 
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In (b), the characteristic equation is + 6¢ + 9 = 0, which is equiv- 
alent to (t + 3)? = 0. Thus there is only one root, —3. The solutions of the 
differential equation are therefore all functions 


y = (cx + ese, 


where c; and c, are arbitrary constants. 

The characteristic equation for (c) is f — 6f + 10 = 0 and, since its 
discriminant is equal to —4, the roots are not real. Solving the quadratic 
equation, we find that the roots are 3 + / and 3 — i. Hence the general 
solution is 

y = e™(c, cos x + cy sin x), 


EXAMPLE 3. Find the particular solution of the differential equation 
D(D — 5)y = 0 which has value equal to 2 and derivative equal to —15 
when x = 0. The characteristic equation is (¢ — 5) = 0, whose roots are 
obviously 0 and 5. The general solution is therefore 
y = ce™ + ce” = ce, + cxe™, 
The derivative is 
y = Sere. 


When x = 0, we are told that y = 2 and py’ = —15. Substituting these 
values in the preceding equations, we obtain 


2= a4 ce = e+ Cr, 


—15 = Se,e*° =" 5¢5. 
It follows that c, = —3 and thence that c, = 5. Hence the required solution 
is 
y=5—3e™. 


It is extremely useful to recognize alternative forms of the general solu- 
tion of the differential equation (D? + aD + b)y = 0 in the case where the 
roots of the characteristic equation are the complex numbers a + i§ and 
a — i8. In particular, it is easy to verify that the functions 


= ce“*sin(Bx + k), CaN 
= ce“cos(8x + k), (6) 
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where c and k are arbitrary real numbers, are both solutions. To see that this 
is so, we expand (5) using the trigonometric identity for the sine of the sum of 
two numbers. The result is 


ce**(sin Bx cos k + cos Bx sin k) 
= e™[(c sin k) cos Bx + (c cos k) sin Bx]. 


Re 


Setting c, = c sin k and c, = c cos k, we obtain y = e*“(c,cos Bx + cosin Bx), 
which we know to be a solution. The proof for (6) is analogous. 

Conversely, any solution y = e"(c,cos Bx + cysin Bx) can be written 
in the forms (5) and (6). For if both c: = cz = 0, then y = 0, and we need 
only set c = 0 in (5) and (6). If c; and cs are not both zero, then 
Vc + cx? # 0, and we can write 


= ‘ c 
y= Vert + ec? “ls —— cos Bx + — 
Vie + c2* 


To put this equation in the form of (5), we set c = \/c,2 + c2 and observe 


that, since 
Cy 2 c 
(rata) “(oat 
Ver + ec: Ve + ¢ 


it follows from our definition of the functions sine and cosine that there 
C2 


Ver + 


exists a real number k such that cos k = 


Hence we get 
= ce*"(sin k cos Bx + cos k sin Bx) 
= ce*sin(Bx + k). 


Again, by an analogous argument, the solution can also be written in the 
form of equation (6). 

An advantage in using the forms (5) and (6) for the general solution is 
that it is easy to see what the graphs of such functions look like. As the next 
example illustrates, they are all sinusoidal curves lying between the graphs of 
y = ce and y = —ce*. 


EXAMPLE 4, Find and draw the graph of the particular solution of the differ- 
ential equation (D? + 2D + x2 + 1)y = 0 which has value \/2 and deriv- 
ative equal to (r — 1)\/2 when x = 0. The characteristic equation is 
C+ 2t+7°+ 1 = 0, which has roots —1 + ir and —1 — ir. Hence 
one form of the general solution is 


y = ce~*sin(wx + k). 
Its derivative is 
dy _ 


ee ce sin(ax + k) + exe“ cos(rx + k). 
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d) 
Substituting the given values of y and = when x = 0 into the preceding two 


equations, we get 
V2 = csink, 
(nm — 1)V2 = —csink + ercosk. 


Hence, (r — 1)\/2 = —\/2 + ercosk, from which we obtain 


V/2 = ecosk. 


y-axis 


Figure 1 


Since ¢ cos k does not equal zero, it follows that 


X-axis 


and so k = "i . This implies that c = 2, and we conclude that the particular 


solution is 


y = 2e“*sin (rx + 4) z 


The graph of this equation is drawn in Figure 1, Such a curve is frequently 


called an “exponentially damped sine wave.” 
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PROBLEMS 


1, Find the general solution of each of the following differential equations. 


dy 3 2 dy ae aay 
@) A= ¥ +26 (n) gat ay = 245 
(b) ro = 6x" + 5x +1 (0) (D'+4D + 29)y = 0 
aimee mn ee 
©) & =O + Nex +3) ©) O+5)2=1%-e 
dx dx 
Or eyehes dy _ x 
ae @ Bn) 
(tet ee ast a0 
dx 
ay = in dy 2% 
qf) y Api In x (s) see 
digi 
(g) In x (t) jan” 
(h) o per (u) Gx + 4)dr + (41 + 3)dx = 0 
: dy _ ; 
10) (v) de 7 oOt? 
j oy 1 dy _ w+ 
G) Fa = 18 any 
(k) »” —19y’ — 20» = 0 (x) oe 3 sin*y cos*x 
. ke dx 
() (D° + 10D + 16)y = 0 (y) a = Sisinteicosy 
(my 24% — 14 = 204 @ Om 6x" — av $2. 


2. Find the particular solution of each of the following differential equations which 
satisfies the given conditions. 


(a) = 3, y= Swhenx = 0. 
(b) = 12x” + 1, graph passes through the point (1, —1) with a slope of 3. 
() » is = —x, graph passes through the point (—3, —4). 
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(d) 


(c) 


a: ds 
oa = —g (constant), whent = he = v, and s = 5. 


(D?— 2D-3)y=0, y= 7 and & = 1 when x = 0. 
(D® — 4D + 13)y = 0, _ graph passes through (0, 5) with a slope of 2. 


(ee) = 1, y = In9 when x = 1. 
dx 


(D* — 12D + 36)y = 0, y = 3and ® = 7 when x = 0. 


Sketch the graph of » = e”’cos (« + *) : 

Find a second-order, linear, homogeneous differential equation with 
constant coefficients of which the function in (a) is a solution. 

Find the general solution of the differential equation (4D? + 8D + 5)y = 0. 
Find the particular solution of the differential equation in (a) whose graph 
passes through the point (0. a with a slope of — it : 

Sketch the graph of the function in (b). 

Find the general solution of the differential equation (4D? — 8D + 5)y = 0. 
Find the particular solution of the differential equation in (a) whose graph 
passes through the point ( =) with a slope of a . 

Sketch the graph of the function in (b). 

Find the general solution of the differential equation (D? +- ))y = 0. 
Find the particular solution of the differential equation in (a) whose graph 
passes through the point (0. 2) with a slope of — a . 
Sketch the graph of the function in (b). 


7. Find the general solution of the differential equation (D? — 2aD + a? + l)y = 0, 
and sketch the graph for 


(a) 


a>0 (b) a=0 (c) a <0. 


[See equations (5) and (6).] 


2. First-Order Linear Differential Equations. A differential equation which 
can be written in the form 


a(x) # + ao(x)y = B(x), 


where aj, do, and are given functions of x and where a, is not the zero func- 
tion, is a first-order linear differential equation. In this section we shall show 
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how to obtain the general solution of equations of this type. Since a, is by 
assumption not the zero function, we can divide both sides of the above equa- 
b 
aol) = P(x) and Bo) = Q(x), we therefore obtain 
a(x) a(x) 
the differential equation 


tion by a,(x). Setting 


& + Poy = Ox, a) 


which is the form we shall use in deriving the solution. We shall assume that 
the functions P and Q are continuous, thus assuring ourselves that they have 
antiderivatives. 

Let us suppose that the function y = f(x) is a solution to the differential 
equation (1). We shall derive a formula which expresses y in terms of P and 
Q and a constant c of integration. Conversely, it will be a simple matter to 
verify that any function y defined by this formula is a solution to (1). Hence 
the formula gives the general solution to the differential equation. 

The derivative of the product of y and a function ¢ is given by 


é (e@y) = 0) aw + exp. (2) 


‘ d 
Note that the first term on the right has = as a factor and the second has y 


as a factor, and that the same is true of the two terms on the left side of equa- 
tion (1). This fact suggests seeking a function yg which has the property that, 
if both sides of (1) are multiplied by ¢(x), then the left side of the resulting 
equation is the derivative of the product g(x)y. If both sides of (1) are multi- 
plied by an arbitrary g(x), the result is 


1, 
0) & + e@)PODY = (8) 00). (3) 
Comparison of this equation with (2) shows that its left side is equal to 
a (¢(x)y) provided ¢(x)P(x)y = ¢'(x)y, which will in turn be true provided 
dx 
e(x)P(x) = ¢'(x). (4) 
However, it is easy to find a function ¢ which satisfies (4), since, as a 


differential equation with ¢ the unknown function, it is separable. Solving it, 
we obtain 


sec. 2] FIRST-ORDER LINEAR DIFFERENTIAL EQUATIONS 625 


Whence 
[ eG) an = i P(x) dx, 


¢(x) 


which implies 
Inje(x)| = [poo ax + ¢ 


and so 

ly(x)| = el Pindete. 
Since we are only seeking a solution to (4), and not the most general form of 
the solution, we may assume that ¢(.) is positive and also ignore the constant 
of integration. We conclude that if 


(5) 


then the left side of equation (3) is equal to 4 (vy). 


With (5), equation (3) therefore becomes 


JL (lor) = e009 209. 


Integration yields 
e(xyy = [ero dx +c, 


and so 


y= aby] [ecooeo dx + e| ’ 


f Pode 


for some real number c. Replacing ¢(x) by e , we obtain the promised 


formula: 


(2.1) ae g_faom| fefPegGs he el: 


Suppose next that c is an arbitrary constant and that the function y is 
defined by (2.1). Then 


el Mannie = [erm oc as een 
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The derivative of the right side of this equation is eS P@trQ¢x) and that of the 
left side is 
dy SP(xyde sP(x\od Pon vde 
aK e + yP(x)e 
Hence 


ef Pinide (2 Zi reoy| e efPedzay), 


ner dy ; F . 
which implies at once that = + P(x)\y = Q(x); ie., y is a solution to (1). 
We conclude that formula (2.1) gives the general solution to the differential 
equation (1). 

We strongly recommend that no one memorize (2.1). The important 
fact to remember is that, if the first-order linear differential equation 
dy é ae > 
= + P(x)y = Q(x) is multiplied through by g(x) = e/?“"", then the left 

x 
side of the resulting equation is equal to the derivative of the product ¢(x)p. 
Consequently, the new equation can be integrated to give 


o(x)y = | ¢(x)O(x) dx + ¢, 


which can then be solved for y. This function g(x) = e/”"*, which enables 
us to change a seemingly nonintegrable sum into the derivative of a product 


by multiplication, is called an integrating factor. 


EXAMPLE |. Solve the differential equation 


4 


xD _ 3xy — 2x? = 4x4 


To put this in the form of (1), we add 2x? to both sides and then divide by x*. 
The result is 


dy 3 2 
Le ioe iit 
7 Fert 4x" + 2, C6) 
3h 
where P(x) = — — and Q(x) = 4x? + 2. An antiderivative of P(x) is given 
x 


by 
: ay : 
[pc as = / = dx = —31n|x| = In|x7"l, 
and it follows that the function 


er elPande — gine _ Ix-| 
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is an integrating factor. Equation (4) shows that if g(x) is an integrating 
factor, then so also is —¢(x). Hence we may drop the absolute values and 
write simply 


Multiplying both sides of (6) by x~*, we obtain 


4 


x dy 3x—ty = 4x7 + 2x, 


dx 
- j ; ae d 
It is easy to see that the left side of this equation is equal to ae (x—*y). Hence 


d —3,) — 4gy- al 
a y) = 4x7 + 2x, 


and so 


x) | (4x7" + 2x“) dx + ¢ 


where c is an arbitrary constant. It follows that 
y = 4x* In|x| — x + cx! 


is the general solution. 


EXAMPLE 2, Find the general solution of the differential equation 


dy x 
—— + 3y = 2sin x. 
ae + 3y sin x 


Note that this is a first-order linear differential equation with constant co- 
efficients, but that it is not homogeneous, because the right side is not the 
zero function. In this example we have P(x) = 3 and Q(x) = 2 sin x, Hence 


[Pc a= [ras = 3X; 


and an integrating factor is 
“oS el P@de — oie, 
It follows that 


ili an ee 
a 'y) = 2esin x, 
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and so 
ey = foesin xdx +e. iy 


To evaluate {2c sin xdx = 2fe% sin xdx, we use integration by parts 
twice: 


fos sinxdx = — few dcos x 
= —e™ cos x + [cos x de*” 
= -e""cosx +3 fe= cos x dx, 
few cos x dx = few dsin x 
= e* sing — [sv x de™ 
=e sinx — 3 fe sin x dx. 
Combining these results, we get 
fe sin x dx = —e™ cos x + 3e sinx — 9 few sin x dx, 
whence 
10 fe sin x dx = e™(3 sin x — cos x), 
and so 


Ba 


2 fee sin x dx = > (3 sin. x — cos x). 


Returning to (7), we have 


br 
Sar 


ey = = (3 sin.x — cos x) + ¢, 
and consequently the general solution of the differential equation is given by 
y = $3 sin x — cos x) + ce, (8) 


where c is an arbitrary constant. 


Note that the above solution (8) of the differential equation of Example 
2 is the sum of two terms. The second, which is ce", is the general solution 
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fe eee 
of the homogeneous differential equation = + 3y = 0. The first term, 
De 
4(3 sin x — cos x), is one particular solution of the nonhomogeneous 
5 4 Oe 3 Den Taian 
differential equation 7 + 3y = 2sinx. As we shall see, this situation is 
[ix 


typical of the solutions of linear differential equations. 


PROBLEMS 


1. Find the general solution of each of the following differential equations. 


dy 2 2 ly 
(a) —-—-y=3rx4+4 (h) — + (2x + 3)y = 8x + 12 
ae x dx 
(b) (i) ws + 2y = 3cosx 
dx 
pret ae 
(c) (j) ae = 2e 


(k) ily + xh =ax' + bx+e 


GD =O) ya oa: 


(m) ae 
dx 


2. (a) Find the general solution yy, of the homogeneous differential equation 
a + axy = 0, 
dx 


(b) Show that the general solution of the nonhomogeneous equation 
o + 2xy = 3xe~” is equal to the solution ), in part (a) plus a particular 
solution to the nonhomogeneous equation. 
3. This problem is the general version of the preceding one. Let P and Q be 
continuous functions of x. 


(a) Find the general solution y,, of the homogeneous differential equation 


dy 
oY + Py =0. 
dx 
(b) Show that the general solution of the nonhomogeneous equation 
dy 


1 + Py = Qis equal to the solution yy, in part (a) plus a particular solu- 
ax 


tion to the nonhomogeneous equation. 
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3. Linear Differential Operators. This section is divided into three parts. 
In the first, we shall systematically develop and extend the differential 
operators D? + aD + b which were introduced in Section 1. In the second 
part we shall use these operators to obtain directly the general solutions of 
certain linear differential equations with constant coefficients. Finally, we 
shall show how these methods can be used to solve any linear differential 
equation with constant coefficients (whether homogeneous or not) provided 
we extend our range of functions to include those whose values may be com- 
plex numbers. 

By a linear operator we shall mean any function L whose domain and 
range are sets of numerical-valued functions and which satisfies the equations 


LO. + yx) = LO) + LO»), (1) 
L(ky) = kL(y), (2) 


for every real number k and every y, y1, and yy in the domain of L. [The 

function L(y) is frequently written simply Ly.] An important example is the 

function D, which, to every differentiable function y, assigns its derivative 

Dy = a Another example is the operation of multiplication by a real 
Bs 

number, That is, for any real number a, the function L defined by 


Ly = ay 


obviously satisfies (1) and (2) and hence is a linear operator, 
If ZL, and Ly are linear operators, then their sum is the function L, + Ls 
defined by 
(L; + Lay = Liy + Loy, (3) 


for every y which is in the domains of both L; and Ly», It is easy to show that 


(3.1) If L; and Ly are linear operators, then the sum L, + Lz» is also a linear 
operator, 


Proof. We shall show that L, + Ly satisfies equation (1) by using successively the 
definition of L; + Ls, the linearity of L; and Ly separately, the commutative 
law of addition for functions, and finally the definition again, Thus 


(Li + L2)(v1 + 2) = LiQs + ye) + Lon + 9) 
= Livi + Liye + Lay + Lay 
= (Liys + Layr) + (Liys + 
= (Li + Lay + (Li + La) J. 
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The proof that L; + L» satisfies (2) is similar: 

(Li + Lo)(ky) = Lilky) + Lolky) 
kLiy + kLoy 
kK(Liy + Loy) 
= k(Li + Le)y, 


and this completes the proof. 
If L, and Ly are linear operators, then the composition of L, followed by 
L, is the function denoted by Z,L, and defined by 
(Lila)y = Li(Lsy), (4) 


for every » for which the right side is defined. The proof of the following 
proposition is entirely analogous to that of (3.1) and is left to the reader as an 
exercise. 


(3.2) If Ly and Ly are linear operators, then the composition LL is also a 
linear operator. 


The composition L,L) is also called the product of L; and Ly. There is no 
reason to suppose from the definition that the commutative law of multiplica- 
tion holds, and, for linear operators in general, LiL, # LoL). However, the 
distributive laws hold: 


Ly(Lz + Ls) 
(Ly + Laks 


LyLy + LiL, 
LL; + LoL. 


(3.3) 


Proof. The first of these is proved as follows: 
(Li(Lz + Ls))y = Li((L2 + Lady) 
= Ly(Ley + Lsy) 
= Ly(Lay) + Li(Lsy) 
= (LiLy)y + (Lils)y 
= (Lily + Lils)y. 
The proof of the second is similar and is left as an exercise. 


An important example of the product of linear operators is the composi- 
tion of a linear operator L followed by the operation of multiplication by a 
real number a. This product, denoted aL, assigns to every y in the domain of 
L the value (aL)y which is equal to the product of a with the function Ly. 
That is, 


(3.4) (aL)y = a(Ly). 
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The composition in the other order is the product La. Here we have 
(La)y = L(ay), and the latter quantity, by the linearity of L, is equal to a(Ly). 
Combining this with (3.4), we obtain the equation (La)y = (aL)y. Thus the 
operators La and aL are equal, and we have proved the following special case 
of the commutative law: 


(35) aL = La, 


Another example of the product, already encountered, is the operator 
D*, which is the composition D? = DD of D with itself. More generally, 
for every integer n > 1, we define the operator D" inductively by 


D" = Dp"", 


The domain of D” is the set of all n-times differentiable functions, and, for 
each such function y, we have 


By repeated applications of (3.1) and (3.2), we may conclude that any 
function formed in a finite number of steps by taking sums and products of 
linear operators is itself a linear operator, As an example, consider a poly- 
nomial p(t) of degree n; i.e., 


P(t) = Gyt” + Gait? + ++ + ait + ay, 
where a, ... , d, are real numbers and a, # 0. Then the function 
P(D) = a,D" + ay_1D" + +++ + aD + a 


is a linear operator. To every n-times differentiable function y, it assigns as 
value the function 


p(D)y = a,D"y + ay_D"'y + +++ + a Dy + ay 
n m—1 F 
a’y aya i fois ana ae + doy. 
We call p(D) a linear differential operator of order n. It is the natural general- 
ization of the differential operators of order 2, of the form D? + aD + b, 
which were discussed in Section 1. [Linear differential operators of types 
more general than p(D) certainly exist; e.g., see Problem 9. They are of 
importance in more advanced treatments of differential equations, but we 
shall not study them here.] 

The polynomial differential operators p(D) can be added and multiplied 
just like ordinary polynomials. In particular, the following theorem follows 
from the distributive laws (3.3) and the commutative law (3.5): 
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(3.6) If p(t) and q(t) are polynomials and if p(t)q(t) = r(t), then 
p(D)q(D) = r(D). 


As an illustration, observe how (3.3) and (3.5) are used to prove the 
special case of this theorem in which p(t) = at + b and g(t) = ct +d. 
First of all, we have 

rt) = p(t) = (at + bet + d) 

= act? + bet + adt + bd. 

Then 

p(D)q(D) = (aD + b)y(cD + d) 
(aD + b)cD + (aD + b)d 
aDcD + beD + aDd + bd 
acD? + beD + adD + bd 
= 7D): 


The proof is the same in principle for arbitrary polynomials p(/) and q(0). 
It is a corollary of (3.6) that polynomial differential operators satisfy 
the commutative law of multiplication. Thus 


(3:7) p(D)q(D) = q(D)p(D). 


For, since p(Nq(t) = q()p() = (a), both sides of (3.7) are equal to r(D). 


We begin the second part of the section by considering the differential 
equation 


dy 7 —3y=e% 


dx* dx 
which, with the notation of differential operators, can be written 
(D?— 2D — 3)yp= e™. (5) 


We have thus far defined the characteristic equation only for homogeneous, 
second-order, linear differential equations with constant coefficients. The 
generalization to nonhomogeneous and higher-order equations is: For any 
polynomial p(t) and function F(x), the characteristic equation of the differ- 
ential equation 

p(D)y = F(x) 


is the equation p(s) = 0, and the polynomial p(/) is its characteristic poly- 
nomial. 
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Returning to (5), we see that the characteristic polynomial, which is 
© — 2t — 3, factors into the product (¢ — 3)(t + 1). It follows from (3.6) 
that D? — 2D — 3 = (D — 3)(D + 1), and (5) can therefore be written 
(D — 3(.D + ly = e™. 


Let us define the function w by setting (D + l)y = u. Then (5) becomes 
equivalent to the pair of first-order linear equations 


(D — 3)u = e™*, (6) 
(D+ ly =u. Cr) 


To solve (6), we use the technique developed in Section 2. For this equation, 
P(x) = —3and Q(x) = e~*, Hence an integrating factor is ef?" = e—*, 
and therefore 


d,s taney = 
a (eu) = ee? = ie 


d: 


Integrating, we obtain 


ey = [eas +o = —fe"+ a, 
whence 


u = e*(—Je™" + cy) = — fe" + cxe™. 


We now substitute this value for w in equation (7) to obtain the first-order 
linear equation 
(D + ly = —}e™* + cre, 


Here, P(x) = 1 and the integrating factor is e”. Accordingly, we have 


d = a 
fe (e“y) = e"(—4e™ + cre") 
= -t4+ cae" 
Integration yields 
ety = —4x+ oe + cy 


Replacing : by c:, and multiplying both sides by e~*, we get finally 

y= —4fxe™ + cre™ + ce. 
This, where c, and cy, are arbitrary real constants, is the general solution to 
the differential equation 


aie 2 dy _ oe 


dx? dx 
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This example illustrates the fact that we can in principle solve any second- 
order, linear differential equation with constant coefficients provided the 
characteristic polynomial is the product of linear factors. Thus, if we are 
given 

(D2 + aD + b)y = F(x), 


and if @ + at + b = (t — r)(t — rz), then the differential equation can be 
written 
(D — nD — ry = F(a). 


If w is defined by setting (D — r:)y = u, then the original second-order 
equation is equivalent to the two first-order linear differential equations 


(D — ni)u 
(D — ry 


i] 


F(x), 


uy 


i) 


and these can be solved successively to find first v and then y. 
The same technique can be applied to higher-order equations. Consider 
an arbitrary polynomial 


pr) = 2 + apt" + ++ + ait + ao, 


where n > 1 and ap, ..., @,—1 are real constants. In addition, we assume 
that p(r) is the product of linear factors; i.c., 


P(t) = (tf — mt — re) 0+ (t — Pa). 


Let F(x) be given and consider the differential equation 


p(D)y = F(x), (8) 
which is the same as 
d"y d"—y dy . 
ax + Gy dxn—i sig a ATELY oP + ay = F(x). 


Since the factorization of p(#) is assumed, the differential equation can also 
be written 
(D — n)(D = m)-++(D — ny = FO). 


The functions m4,..., U,—1 are defined by 
my = (D— m)***(D— ny, 
Wy = (D — ry)-+* (D — r)y, 


Mpa = (D — r,)y. 
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Then (8) is equivalent to the following set of first-order linear differential 
equations 
(D — nm) = FX), 


(D = ry) = 1, 


(D = my = Uns 


which can be solved successively to finally obtain y. 


In Section 4 of Chapter 7 use was made of the fact that any polynomial 
with real coefficients and degree at least 1 can be written as the product of 
linear and irreducible quadratic factors (see page 386). Suppose cf? + dt + e 
is irreducible. This is equivalent to the assertion that the discriminant 
d? — 4ce is negative. According to the quadratic formula, the two roots of 
the equation cf + dt + e = O are equal to 7; = a + iB and ry, = a — ip, 


d ‘ace — d? ne he 
where a = — and 6 = : ee —. By multiplying and substituting 
i 7" 


these values, one can then easily verify the equation 
ct — nt — nn) = c+ dtt+e. 


Thus any irreducible quadratic polynomial with real coefficients is the product 
of two linear factors with complex coefficients. It follows that, for any 
polynomial 

P(t) = yl” + anit"! +++ + ait + a, 


with real coefficients a; and withn > \ and a, # 0, we have 
P(t) = an(t — rit — r2)+** (t= Pa), 


where roots which are complex occur in conjugate pairs. 

It is this fact which introduces the third part of this section. It is very 
natural to ask the following: If the class of possible solutions is enlarged to 
include complex-valued functions of a real variable, can we proceed to solve 
linear differential equations with constant coefficients just as before, but with 
the added knowledge that now the characteristic polynomial can always be 
factored into linear factors? The answer is yes! 

To justify this answer, we must of course know the definition of the 
derivative. Let be a function whose domain Q is a subset of the real numbers 
and whose range is a subset of the complex numbers. Then two real-valued 
functions f; and f, with domain Q are defined by 


Afi(x) = real part of f(x), 
Sx) = imaginary part of f(x). 
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That is, we have f(x) = fi(x) + ifo(x), for every x in Q. The derivative f” is 
defined simply by the equation 


Se) = Ai@) + iffQ), 


for every x for which both f/(x) and f(x) exist. Alternatively, if we write 
y = f(x), u = fibd, and v = fx(x), then y = u + iv, and we also use the 
notations 


= Dy = Du+i Dv. 


Logically, we must now go back and check that all the formal rules for 
differentiation and finding antiderivatives are still true for complex-valued 
functions, and the same applies to several theorems (see, for example, 
Problems 10 and 11). Much of this work is purely routine, and, to avoid an 
interruption of our study of differential equations, we shall omit it. 

It now follows, by factoring the operator p(D) into linear factors, that 
any linear differential equation 


p(D)y = F(x) 


with constant coefficients can be solved. That is, it can first be replaced by an 
equivalent set of first-order linear differential equations. For each of these 
an explicit integrating factor e/ ? “ exists, and by solving them successively, 
we can eventually obtain the general solution y. 


EXAMPLE 1. Solve the differential equation (D? + ly = 2x. Since 
e +1 = (+ it — 1), we have 


(D + i)(D — i)y = 2x. 
Let (D — i)y = u, and consider the first-order equation 
(D + iu = 2x, 


Since P(x) = i, an integrating factor is e'”, and we obtain 
1 ae ee 
FF (eu) = e 2x, 
from which it follows by integrating that 
eu = 2 | xeax +c. 
By integration by parts it can be verified that 


[ sera pe AEs (9) 
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, 1 
In this case, a = i and we know that ey = —iand that ?? = —1. Hence 


ey = —2ixe™ + 2e + 1, 
and so 
u = —2ix + 2'+ ce, 


It therefore remains to solve the differential equation 
(D — dy = —2ix + 24+ ce. 


This time, an integrating factor is e~*. Hence 


Betty) ms 2ine 49 2 pig et, 


A by simply c;, and multiplying both sides by e™*, 


Replacing the constant — 
we obtain 

y = 2x + ce * + cre”, 
If the function y is real-valued, then it is easy to prove that c, and cs are 
complex conjugates [see (4.3), page 644]. In this case ce” + cze"* may be 
replaced by c, cos x + c, sin x, where now the constants c, and cy denote 
arbitrary real numbers. We conclude that 


y = 2x + ec, cos x + cysin x 
is the general real-valued solution to the original differential equation 
dy 
dx 


+ y = 2x. 


The computations in this section were long and involved. The important 
fact we have shown is that the equations can be solved by an iteration of 
routine steps. As a practical matter, however, it is clear that some general 
computationally simple techniques are badly needed. These will be developed 
in the next two sections by breaking the problem into a homogeneous part 
and a nonhomogeneous part and attacking each one separately. 


PROBLEMS 
1. Find the general solution of each of the following differential equations. 
dy | dy a aero dy Sey 
yeh ae ee @) oat y =e 


(b) (D+ 2)(D-1y=6e™% =) (D+ y= x? +1. 
(c) (D’ - 3D+2)y = 4x +3 
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2. Using equations (1) and (2), prove that, if L is a linear operator, then 
L011 — y2) = LO) — LQ»). 


3. Show that equations (1) and (2) can be replaced by a single equation. That is, 
prove that a function L is a linear operator if and only if 


L(ay + by2) = aly, + bLy». 


4. Prove (3.2); i.e., if Li and Le are linear operators, then the composition LL» is 
also a linear operator. 

5. Prove the second equation in (3.3), i.e., the distributive law (L; + L2)L; = 
LiL; + LoL;. 

6. It might at first seem more natural to define the product of two linear operators 
L, and Ly» by the equation 


(LiLa)y = (Liy)(L2y). 


(This is the way the product of two real-valued functions is defined.) Using this 
definition, show that, if D is the derivative, then D® is not a linear operator. 

7. Let f(x) be a given function and L a linear operator. Define /(x)L by the 
equation 


(FOOL)y = FOOLY). 


Show that /(x)L satisfies equations (1) and (2) and hence is a linear operator. 
8. (a) Show that the operation of multiplication by a given function f(x) is a 
linear operator, That is, prove that, if M is defined by 


My = f(xy, 
then M is a linear operator. 


(b) Show that the composition of a linear operator L followed by the operation 
of multiplication by f(x) is just the operator /(x)L defined in Problem 7, 


9. (See Problems 7 and 8.) If f(x) is a differentiable function and if D is the 
derivative, then both linear operators f(x)D and Df(x) are examples of linear 
differential operators more general than the type discussed in the text. Show 
that 

xD # Dx, 
by applying both sides to the function y = x. Thus the commutative law of 
multiplication fails. 
10. Let f'and g be differentiable complex-valued functions of a real variable. Show 
that the ordinary product rule for differentiation is still valid; i.e., prove that 


d (raspca) =i 2 easel 

ae L@N809) = (¢ i) a(x) + £0) ( ze ws) 
[Hint: Let f(x) = fi@x) + ifa(x) and g(x) = gi(x) + igo(x), and apply the 
definitions of the derivative and of multiplication of complex numbers.] 


11. (a) Let be a complex-valued function of a real variable which is differentiable 
at every point x of an interval 7. Show that if f’(x) = 0, for every x in J, 
then f(x) is a constant on J. 
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(b) Let f and g be two complex-valued functions of a real variable with 
S'(x) = g'(x) at every x of some interval J. Show that there exists a com- 
plex number c such that f(x) = g(x) + c, for every x in J. 


12. Find the general solution of each of the following differential equations. 


(a) (D-1)(D + 2)y = 0 (b) = - 


4. Homogeneous Differential Equations. For a given function F(x) and a 
given polynomial 


P(t) = t" + ant” + +++ + ait + ao, 
let us consider the differential equation 
P(D)y = F(x). (1) 


The simplification of the theory gained by enlarging the set of possible solu- 
tions to include complex-valued functions of a real variable was demonstrated 
in Section 3, and we shall continue to use this technique. Nevertheless, our 
primary concern is still that of finding real-valued solutions to real differential 
equations. For this reason, we shall assume throughout that the coefficients 
Ao,» . + 5 A,—1 Of the polynomial p(/) are real numbers and that F(x) is a real- 
valued function. Associated with the differential equation (1) is the homo- 
geneous differential equation 


P(D)y = 0, (2) 


called the associated homogeneous equation of p(D)y = F(x). A theorem of 
basic importance is the following: 


(4.1) THEOREM. Jf yo is any particular solution of (1) and if y is the general 
solution of (2), then y + yo is the general solution of (1). 


Proof, Once the statement of this theorem is understood, its proof becomes almost 
a triviality. First, one should realize that, strictly speaking, the general solu- 
tion of a differential equation is the set of all its solutions. Referring to a 
function y as the general solution is actually a common and very convenient 
misuse of language. What it really means is that y depends not only on x, but 
also on one or more other variables which are arbitrary constants of integra- 
tion and can take on any real, or complex, values. That is, we have a function 
¢(x, W1,..., Un), and, for every set of real (or complex) numbers ¢1,... , Cn, 
the function y» defined by 


y = o(%, C1... 5 Cn) 


is a solution of the differential equation. Conversely, corresponding to every 
solution f(x), there exist numbers ¢;, ... , cn such that f(x) = ox, ¢1,...5€n). 
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Thus y, as expressed in the above equation, does exhibit the set of all solu- 
tions. 

With this understanding, it follows that (4.1) is equivalent to the follow- 
ing proposition. Let yo be an arbitrary solution of equation (1). Then: 

(i) If yy is any solution of (1), then there exists a solution yo of (2) such 
that y: = yo + Yo. 

(ii) If y2 is any solution of (2), then yx + yo is a solution of (1). 


The proofs use only the fact that p(D) is a linear operator, To prove 
(i), we set yx = 1 — yo and check that yz is a solution of (2). We get 
P(D)y2 = p(D)(1 — yo) = p(D)y1 — p(D)yo 
F(x) — F(x) = 0. 


iT 


For (ii), we need only verify that y2 + yo is a solution of (1). We have 


P(D)(92 + Yo) = P(D)y2 + p(D)yo 
0 + F(x) = F(x), 


i 


and the proof of (4.1) is complete. 


As a result of this theorem, our approach to the problem of solving the 
differential equation p(D)y = F(x) will be divided into two parts. We shall 
first concentrate on finding the general solution of the associated homo- 
geneous equation p(D)y = 0, and then consider methods of finding a par- 
ticular solution to the original nonhomogencous equation, The remainder 
of this section will be devoted to the first part. 

We begin with the second-order linear homogeneous differential equa- 
tion with constant coefficients: 


(D? + aD + b)y = 0. (3) 


The general solution of this equation has been presented earlier (see page 617), 

but without proof. We shall supply the proof now by factoring the linear 

operator D? + aD + b and solving the equation by the iterative technique 

of Section 3. The characteristic polynomial can be written as the product 
P+ at+ b= (t— nt — mm), 


where the roots r; and ry are either both real or distinct conjugate complex 
numbers. Equation (3) can therefore be written 


(D — nD — ry = 0. (4) 

(4.2) THEOREM. The general solution of the differential equation (3) [or 
equivalently, of (4)] is: 

@ » 

(i) y 


where c; and cz are arbitrary complex numbers. 


c1e"!® + ce”, ifr A 2, or 


(aix + exe", ifr = r=", 
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Note that these solutions include all the real-valued ones, since the set of 
all real numbers is a subset of the set of all complex numbers. 


Proof. Let y be an arbitrary solution of (4). We define the function u by setting 
u = (D — rs)y, Then (4) is equivalent to the two first-order linear equations: 


(D — niu = 0, 

(D— n)y =u. 
An integrating factor for the first of these is e~":, because, in the notation of 
first-order linear equations, we have P(x) = —ry. It follows that 


tere 
oe (e"u) = 0. 


Integration yields e~"1*u = c,, whence 
u= ce", for some complex number ¢}. 


Substituting the expression for u into the second differential equation above, 
we obtain 
(D — r)y = ce". 


This time an integrating factor is e~"2*, and so 

ors = 

(e-"?¥y) = eye), (5) 
We now distinguish two cases. 


Case 1. r; # ro. Integration of (5) yields 


Tot, (ry—rg)e 
ey iam ce" + Ca, 


Lo Ula} 


for some complex number c. Multiplying both sides by e’2* and replacing 
C1 


by simply ci, we get 
n— tr 


y = ces + cyer2", 


Case 2. ry = r2 = r, Then e'1~"2)* = e° = 1, and (5) reduces to 


d | ra 
Ee (ey) = cy 
Integrating, we obtain ey = cx + ce, for some complex number c2, and 
it follows that 
y= eons. 


We have now proved that, if » is an arbitrary solution of the original 
differential equation (4), then there exist complex numbers c; and cy (either 
or both of which may perfectly well be real—every real number is a special 
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case of a complex number) such that y is of form (i) if r: # r2 and of form (ii) 
ifr; = re = r. Conversely, it is a simple matter to check by substitution that, 
for any complex numbers c; and cs, the function cye"1* + cye"2* is a solution 
if r, ro and the function (cyx + cz)e™ is a solution ifr, = r2 = r. This 
completes the proof of the theorem. 


How can we use Theorem (4.2) to obtain the general real-valued solution 
of the differential equation (D? + aD + b)y = (D — n)(D — ry = 0? 
Suppose, to begin with, that 7; and r, are both real and that) ¥ rs. It follows 
from part (i) of Theorem (4.2) that the function defined by 


y = cye"* + c2e"2", for any two real numbers c; and cs, (6) 


is a solution, and it is certainly real-valued. There is only one obstacle in the 
way of the conclusion that (6) is the general real-valued solution. This is the 
a priori possibility that there might exist complex numbers c; and ¢2, which 
are not both real, but are such that ce" + c2,e”!” is a real-valued function. 
This, in fact, cannot happen, as the following argument shows: Let 
ey = ¥1 + 15; and c, = Y2 + iby. Since 


(11 + Gbi)e™ + (2 + 152)e"2* 
is by assumption real-valued, then so is 
(11 + i6:)e"* + (12 + ida)e"2” — Vie” — Y2e"2* = i(5\e"” + 5ye"2"). 
Hence 
6,e"* + de" = 0, 
and so 


ge = — fh, 


This equation holds for all real values of x. But, since r; — rz # 0, the left 
side has constant value only if 6, = 0, which in turn immediately implies 
that 6. = 0. Hence 6; = 6 = 0, and the argument is complete. With this 
problem disposed of, it now follows from (4.2)(i) that, if r, and rz are real 
and unequal, then the general real-valued solution of the differential equation 
is given by (6). 

A similar situation arises if 7: = r2 = r. In this case r must be a real 
number, and it is a corollary of part (ii) of Theorem (4.2) that the function 
defined by 


y = (ax + oe”, for any two real numbers c; and co, (Om) 


is a solution, and, of course, it is real-valued. Again, we must show that it is 
not possible to have complex numbers ¢; and c2, not both real, such that 
(c1x + ce” is a real-valued function. The proof of this fact is similar to that 
of the analogous result in the preceding paragraph, and we leave it as an 
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exercise. It then follows from (4.2)(ii) that the general real-valued solution is 
given by (7). 

The third and final possibility is that the roots 7; and rz of the character- 
istic polynomial are distinct conjugate complex numbers. In this case, we 
need the lemma: 


(4.3) If: = a + iB, r2 = a — iB, and B # 0, then the function defined by 


y= ce + ce", for arbitrary complex numbers c, and c., 


is real-valued if and only if c, and cz are complex conjugates. Moreover, if 
cc: = ¥ + ib and c, = Y — i6, then 


y = e%*(27 cos Bx — 26 sin Bx). 


A proof in the “if” direction is given in detail in (8.3) on page 347. In 
addition, the above equation giving y in terms of a, 8, Y, and 6 is also derived 
there. The “only if” direction can be proved in the same direct manner as 
the analogous results for the other two cases: Let c: = ¥,; + 78, and c: = 
2 + i62, substitute these values into c,e"!* + c,e"2*, and impose the condition 
that y is real-valued. It will then follow that ¥,; = Y. and that 6; = — 6». 
Again, we leave this task as an exercise. 

Let us replace the real constants 2yY and —26 which appear in the 
equation in the last line of (4.3) by c, and cs, respectively. It is then a 
corollary of (4.3) and (4.2)(i) that the general real-valued solution of the 
differential equation (D? + aD + b)y = (D — m)(D — my = 0 is 


y = e%*(c, cos Bx + c2 sin Bx), for any two real numbers c; and cx, (8) 


provided r; = a + iB, re = a — iB, and B ¥ 0. 

This completes the proof that second-order, homogeneous, linear differ- 
ential equations with real constant coefficients have the general solutions 
first described in Section 8 of Chapter 6 and again in Section | of this chapter. 

The higher-order homogeneous equations can be solved in the same way. 
If 


P(t) = t™ + anit?! + +++ + at + ao, 


then the general solution of the differential equation p(D)y = 0 can be ob- 
tained by first factoring p(D) to obtain an equivalent set of n first-order 
linear differential equations which are then solved successively to find y. 
As an illustration, we shall solve a third-order equation by this method. 
Following this example, we shall give (without proof) the form of the general 
real-valued solution for arbitrary order n. 
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EXAMPLE 1. Find the general solution of the differential equation 


dy _ dy 
dx dx? 


+ 4y = 0. 


The characteristic polynomial is p(t) = ° — 312 + 4. Substituting —1 for 
t, we obtain p(—1) = 0, from which it follows that (t + 1) is a factor of 
p(t). Dividing, we find that 


e-—32+4+4= (4+ 1(e — 4t4+ 4 = 4+ Dt — 2) 
Hence the differential equation can be written 
(D + 1)(D — 2)*y = 0. 


We set uw; = (D — 2)*y and uw = (D — 2)y and, by so doing, obtain the 
equivalent set of three first-order equations 


(D + Iu = 0, 
(D — 2)u. = wy, 
(D — 2y = us 


The general solution of the first of these is wu; = cie~*, and the second equa- 
tion is therefore 
(D — 2) = ce. 


An integrating factor is e~**, and so 


Chee ae) = 
ae (e7"u2) = oe cye* = cre”. 


Hence 


—2: C1 3 
ee ie — ae 74 Co, 


from which it follows by multiplying both sides by e” and replacing — = 
by simply c; that 
uu, = cye* + cre", 


The third equation is now seen to be 
(D — 2)yp = ce + cre**, 


Again, e~*” is an integrating factor, and we have 
Z (ey) = e**(cxe* + exe) = cre” + Co. 


Integration yields 


—2 C1 3, 
e"y= =e = + Ox + C3. 
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Multiplying both sides by e** and replacing — a by simply c, again, we have 


y = ce + (cox + c3)e**, 


where ¢), C2, and c; are arbitrary real constants, This is the general real- 
valued solution and completes the example. 


We now give the general solution for arbitrary order n. Let 
P(t) = t+ agit” + + + at + ap, 


and suppose that factorization into real-valued irreducible factors yields the 
product 


p(t) = (t= n= (t= re? $ crt + di)" (P+ ct + di)", 


where m,...,m, and m,...,m, are positive integers, the factors t — r; 
are all distinct, and the factors ¢2 + ct + dj are all distinct. For each factor 
(t — r)""’, define the function 


Fi) = (Car + Cx? $$ Cine, 


(9) 


Sor arbitrary real numbers Ci, .. +5 Cimjs 


For each factor (f? + cjt + dj)", let a; + i8; and a; — i8; be the roots of 
t+ cjt + dj, and define the function 


R(X) = (Apx + Ajox™ + +++ + AjnJe“*cos Bix 


AE(Byxtt Bj pee Bin, Je™*sin Bjx, an 


for arbitrary real numbers Aj... , Ajn; 


and B31, ... 5 Bin;. 


Then it can be proved that 


(4.4) The general real-valued solution of the homogeneous differential equation 
P(D)y = 0 is the sum 


Y =fi@) + + FO) + BO) + + + ard). 


Note that, since my + +++ + my + 2m, + +++ + 2n, = n, the number 
of arbitrary constants in the general solution is equal to n, the order of the 
differential equation. 
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EXAMPLE 2. Find the general solution of the differential equation 
(D + 2)(D — 5)(D? + D + 1)*y = 0. 

This is an equation of order 8. The polynomial ¢? + ¢ + 1 is irreducible with 
i eae si 1 M3 


roots equal to gti 5) and 3 


that the general real-valued solution is 


y= Cre + (Cix® + Cx + Cye™ 


. It follows directly from (4.4) 


+(C yx + Cee"! cos = x (Cx + Ce" sin ae x, 
for any set of real numbers C, Co,..., Cy. 
PROBLEMS 


1. Find the general real-valued solution of each of the following differential equa- 
tions, 


dy dy a dy dy _ 
@ %- 6% -=0 © 2r6% =o 
ry d) 
) 46% +9 =0 (@) (D'+2D + 6yy = 0 
dx* dx 
2 ” a ra 
©) (+ 6D+5)y =0 @) 42442 4y=0 
, - cn 
() (D' = 2D + 10 =0 @ B+a2asya0 
(©) (4D' + 4D —3)y = 0 ee een 
x a Ren CaGaa Se 


2. Show by substitution that the function defined by »y = (cix + c2)e"” is a solution 
of the differential equation (D — r)*y = 0. 

3. Let r be a real number, and c; and c. complex numbers. Prove that, if 
(eye + ce is a real-valued function, then c; and c2 must both be real. 

4. Letr; = a + 8 and rs = w — iB, where a and @ are real numbers and 6B # 0. 
Prove that, for any two complex numbers c; and ce, if the function 


cye"i® + cye"2* 


is real-valued, then c; and cy are complex conjugates of each other. 

5. For each of the following differential equations, find the general real-valued 
solution by first finding an equivalent set of first-order linear differential equa- 
tions and then solving these successively to find y. 

(a) (D + 1)(D — 2)(D — 3)y = 0. 
(b) (D — 2)(D? — 6D + 9)y = 0. 
(c) (D— a)(D — b)(D — c)y = 0, where a, b, and c are distinct real numbers. 
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6. Find the general real-valued solution of the differential equation 
(D’ + 4)(D — 3)y = 0 
by solving an equivalent pair of equations. Use the fact that we have already 


derived the general real-valued solution of the second-order, homogeneous, 
linear differential equation with constant coefficients. 


7. Using Theorem (4.4), which gives the general real-valued solution of the 
nth-order differential equation p(D)y = 0, solve each of the following. 


(a) (D-2(D+1)y =0 @ 3+2-2% 9 
dy dy st r A 
©) FaW 1a hey = 0 (h) (bi + 2D'+ dy = 0 
(€) (D-3)(D+1(D-5)y=0 (i) (D+ 1D? 42D + 2*y = 0 
(d) D(D’+3D—-4)y =0 G) D(p? + D+ 2) =0 
A, 
() (D+ 2)(D = )y = 0 (@) 22 Seip =o 
dx* 
© (D+ 3D + 3)y = 0 Gy oe oe 
i dx * dt T dy TY z 


5. Nonhomogeneous Equations. We continue to consider a given real-valued 
function F(x), a given polynomial 


PQ) = 0 + ayiat™™ Fo + at + ay, 
with real coefficients, and the resulting differential equation 
p(D)y = F(x). (1) 


In this section our objective is to develop techniques for solving many 
examples of (1) quickly. This is in contrast to Section 3, where it is demon- 
strated that (1) can always be solved by successively solving first-order linear 
equations. The task of solving all these first-order equations can be extremely 
tedious, and we therefore look for a simpler method. 

The technique to be discussed is based on two premises. The first is the 
fact, demonstrated in Section 4, that one can write down the general solution 
of the associated homogeneous equation 


p(D)y = 0 (2) 


immediately, once p(t) has been factored into irreducible polynomials. The 
second is Theorem (4.1), page 640, which asserts that the general solution 
of (1) is equal to the general solution of (2) plus any particular solution of (1). 
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Hence the problem of solving (1) reduces to that of finding any one solution. 
As an introductory example, consider the differential equation 


(D? + 4D + 3)y = 3x? + 2x — 6. (G33) 


The characteristic polynomial is 72 + 4 + 3, which factors into the product 
(¢ + 1)(¢ + 3). The associated homogeneous equation is therefore 


(D + I/D + dy = 0, 


and its general solution, which we shall denote by y,, is given by 


Yn = cre + cre, 

for arbitrary real numbers c, and c,. To obtain the general solution of (3), 
it remains to find a particular solution y,, and any one is as good as any 
other. If we can find one, it follows by Theorem (4.1) that y, + yp is the 
general solution of (3). if 

Since the derivatives of polynomials are polynomials and since the right 
side of (3) is the polynomial 3x? + 2x — 6, it is natural to seek a polynomial 
solution. Let us set 


Vp = Anx™ + Anoux" | +:+++ A, with A, # 0, 


and try to find n and coefficients A, ..., Ao so that (D? + 4D + 3)yp = 
3x¢ + 2x — 6. Since Dy, is a polynomial of degree n — 1, and D*y, is a 
polynomial of degree n — 2, it follows that (D? + 4D + 3)y, isa polynomial 
of degree n. If this polynomial is to equal 3x? + 2x — 6, for every x, then it 
must be the case that n = 2. Hence we let 


Vp = Ax? + Bx + C. 
Then 


2Ax + B, 
2A, 


Dyy 
D*y, 


and so 
(D? + 4D + 3)yy 


2A + 4(2Ax + B) + 3(Ax? + Bx + C) 
= 3Ax? + (8A + 3B)x + 2A + 4B + 3C. 


The right side of the preceding equation is equal to 3x* + 2x — 6, for all real 
numbers x, if and only if 
J—34, 


2 = 8A + 3B, 
—6 = 2A + 4B + 3C. 
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Solving these equations, we get A = 1, B = —2, and C = 0. The function 
Vp = X° — 2x 
is therefore a particular solution of (3). It follows from Theorem (4.1) that 
Y= In + Vp = ce fb coe xt — Oe 


is the general solution, where c; and cz are arbitrary real numbers. 
A second example is the differential equation 


(Dt + Ay = 30%, (4) 


The characteristic polynomial ¢? + 4 is irreducible with roots 2/ and —2i, 
and the general solution y, of the associated homogeneous equation 
(D? + 4)y = 0 is therefore given by 


Ya = €1 00S 2x + cy sin 2x, 


for arbitrary real numbers c; and c.. A particular solution y, of (4) will be 
any function with the property that its second derivative plus four times itself 
is equal to 3e*". Since the derivative of an exponential function is again an 
exponential function, an intelligent guess is that a particular solution might 
be a function of the form 
Yp = Ae. 

Trying this, we obtain 

Dy, = 5Ae™, 

D*y, = 25Ae™, 
and so 

(D? + 4)yp = 25Ae™ + 44e* = 29Ae%, 


Obviously, 294e*" = 3e*” if and only if A = #5. Hence a particular solution 
of the differential equation (D? + 4)y = 3e™* is 


Yr = Bee, 


and it is a consequence of Theorem (4.1) that the general solution is 
Y = Yat Yp = c1. 008 2x + cz sin 2x + gye™, 


where ¢; and ¢, are arbitrary real constants. 

The method of finding particular solutions used in the above two 
examples is sometimes called the method of undetermined coefficients. For a 
third example, consider the differential equation 


(D? + 4)y = 7 sin 2x. (5) 
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The associated homogeneous equation (D* + 4)y = 0 is the same as for 
equation (4), and its general solution is 


Vr = €1 C08 2x + cy sin 2x. 


In attempting to find a particular solution of (5), one might reason from the 
experience of the preceding examples as follows: The right side is the function 
7 sin 2x. Since the derivatives of any function which is a linear combination 
of sines and cosines are functions of the same type, a reasonable candidate 
for a particular solution is some function y, of the form 


Yp = Asin 2x + Bcos 2x. 


However, when we try to determine values of the coefficients A and B which 
will make y, a solution, we find that (D? + 4)y, = 0. This is actually not 
surprising, since any function of this type has already been shown to be a 
solution of the associated homogeneous equation. Hence we must try some 
other form for yp. 

With some ingenuity and willingness to experiment, it is not at all im- 
possible to discover a particular solution to (5), Nevertheless, this example 
serves to illustrate the desirability of analyzing our technique to reduce the 
amount of inspiration necessary. For this purpose, we again consider the 
differential equation (1); i.e., 


p(D)y = F(x) (1) 


with given function F(x) and polynomial p(t) of degree n. To apply the 
method of undetermined coefficients, it is necessary that the right side of (1) 
is itself a solution of a homogeneous linear differential equation with constant 
coefficients. Hence in the discussion which follows, we make the assumption 
that there exists a polynomial q(t) of degree m such that q(D)F(x) = 0. 

Such a linear differential operator q(D) is sometimes called an annihilator 
of the right side of (1). For the differential equation (3), a suitable annihilator 
is the operator D*, since 


D4(3x? + 2x — 6) = 0. 


For equation (5), whose right side is the function 7 sin 2x, we have 
D(7 sin 2x) = 14cos 2x and D*(7 sin 2x) = D(14 cos 2x) = —4(7 sin 2x). 
Hence 

(D? + 4)7 sin 2x = 0, 


and thus D? + 4 is an annihilator of the right side. Similarly, it is easy to 
see that 
(D — 5)3e" = 0, 


from which it follows that D — 5 is an annihilator of the right side of 
equation (4), 
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Returning to the general case, we first observe that, if y is an arbitrary 
solution of the differential equation (1), then 


q(D)p(D)y = q(D)F(x) = 0. 
That is, every solution of (1) is also a solution of the equation 
q(D)p(D)y = 0, (6) 


which is homogeneous and of order m + n. Let us denote by y, the general 
solution of (6), and by y;, the general solution of the associated homogeneous 
equation of (1), i.e., of the equation p(D)y = 0. It is clear that y, is also a 
solution of (6), We know that y, contains m + n arbitrary constants and 
that y, contains n. It follows from the form of the general solution of a 
homogeneous linear differential equation with constant coefficients, as pre- 
sented in Theorem (4.4), page 646, that we can write 


Ya = Yat us (7) 
where wu contains m arbitrary constants. It will follow that these are the 
“undetermined coefficients” of the particular solution we are seeking. 

Let y; be a solution of (1); i.e., v1 is some function with the property that 
p(D)y, = F(x). Then y; is also a solution of (6), and so there exists a set of 
values for the 7 constants in yy, and for the m constants in wu such that, with 
these values substituted, we have 


Vi = Ya + u. 

Hence 
F(x) = p(D)yi = p(D)\vn + v) 

P(D)y, + p(D)u 
0+ p(D)u 
p(D)u. 
Thus we have proved that there exists a set of values for the m constants in u 
such that, with these values substituted, the resulting function u is a solution 
of the differential equation (1). Moreover, it can be proved that there is only 
one such set of values. Hence, as the following examples will illustrate, these 
“undetermined coefficients” are uniquely determined by the equation 

p(Du = FC). (8) 


We take for the particular solution », the function u specified by equations 
(7) and (8). 


EXAMPLE 1, Find the general solution of the differential equation (5), i.e., of 


(D? + 4)y = 7sin 2x. 
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As indicated earlier, the general solution of the associated homogeneous equa- 
tion (D? + 4)y = Ois 
Ya = C1008 2x + co sin 2x. 


Moreover, we have observed that (D? + 4)7 sin 2x = 0, and therefore the 
operator D® + 4 is an annihilator of the right side. Hence we consider the 
homogeneous fourth-order equation 


(D? + 4)(D* + 4)y = (D? + 4)¥y = 0. 
The general solution of this equation is given by 
Vy = (Ax + B) cos 2x + (Cx + D) sin 2x 
= Bcos2x + Dsin 2x + Ax cos 2x + Cx sin 2x, 
for arbitrary real numbers, A, B, C, and D. It is clear that 
Yr = Boos 2x + Dsin 2x, 


and we therefore set 
u = Axcos 2x + Cx sin 2x, 


It follows that 
Du = Acos 2x — 2Ax sin 2x + Csin 2x + 2Cx cos 2x, 


and 
D*u = —2A sin 2x — 2A sin 2x — 4Ax cos 2x 
+2C cos 2x + 2C cos 2x — 4Cx sin 2x 
= (4C — 4Ax) cos 2x + (—4A — 4Cx) sin 2x. 
Hence 
(D? + 4)u = (4C — 4Ax + 4Ax) cos 2x + (—4A — 4Cx + 4Cx) sin 2x 


= 4C cos 2x — 4A sin 2x. 
Setting (D* + 4)u = 7 sin 2x, we obtain 
4C cos 2x — 4A sin 2x = 7 sin 2x. 


Since this equation is to be true for all real values of x, we conclude that 
4C = Oand —4A4 = 7. Thus C = Oand A = —. It follows that the func- 
tion u, with these values substituted for the constants, is a solution of the 
given differential equation. We therefore set 


Vp = —fx cos 2x, 
and obtain 


Y= Yn + Yp = c1. C08 2x + cy sin 2x — Fx cos 2x 


as the general solution. 
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EXAMPLE 2. Find the general solution of the differential equation 
dy 
dx* 


+ @ — 2y = Se, 
The characteristic polynomial is f+ ¢ — 2 = (t+ 2)(t — 1), and the 
differential equation can therefore be written 
(D? + D — 2)y = (D + 2D — Ip = Se". 
The general solution of the associated homogeneous equation 
(D + 2(D — Dy = 0 


is given by 
Yn = cre ** + cre”. 


The right side of the nonhomogeneous equation is the function 5e~**, 
Since D(Se~*) = —2(5e~**), it follows that 


(D + 2)5e* = 0, 


and so D + 2 is an annihilator. We therefore consider the third-order 
homogeneous equation 


(D + 2D + 2)(D — Dy = (D + 2)(D — Dy = 0, 
whose general solution is 
Yu = (Ax + B)e~* + Ce?, 


for any real numbers 4, B, and C. Recognizing that Be~** + Ce* = yy, we 
set 
“= Axe =, 


The constant A is evaluated by setting (D? + D — 2)u = Se~*”. Differ- 
entiating to obtain the left side, we get 
Du = Ae~** — 2Axe™*, 
D*y = —2Ae~* — 2A4e~* + 4Axe~™* 
= —44e™* + 4Axe™™, 

Hence 
(D? + D — 2)u = —4Ae~** + 4Axe~™* 4+ Ae — 2Axe™* — 2Axe~** 

= —34e™*, 


We therefore obtain the equation —34e~** = 5e~**, which implies that 
A = —§. Hence the function u obtained by substituting this value for A 
is a particular solution. Thus we take 
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and it follows that the general solution is given by 
V=Ia+ Vp = cre + cre* — Sxe™*, 


for arbitrary real numbers c, and cs. 


EXAMPLE 3. Solve the differential equation 
DD + 2)y = 8x + 1. 


The characteristic polynomial is 1°(¢ + 2), whose roots 0 and —2 occur with 
multiplicities three and one, respectively. It follows that the general solution 
of the associated homogeneous equation is 


Vn = (ex? + cox + ese™ + ce 
= Ox? + ex + cy + Ce. 


The right side of the given nonhomogeneous equation is 8x + 1, and the 
operator D? is an annihilator, since D*(8x + 1) = 0. Hence we consider the 
sixth-order homogeneous equation 


D*D(D + 2)y = D*(D + 2)y = 0, 
the general solution of which is 
Ve = Axt + Bx'+ Cx + Dx + E+ Fe. 
It is obvious that y, = Cx? + Dx + E+ Fe~**, and we set 
u= Ax' + Bx’, 


It follows that 
Du = 4Ax® + 3Bx*, 


D*u = 12Ax* + 6Bx, 
D®u = 24Ax + 6B, 
D'u = 24A, 
and so 
DD + 2u = D'u + 2D u 
244 + 48Ax + 12B 
48Ax + 24A + 12B. 


Setting D*(D + 2)u = 8x + 1, we obtain the equation 
48Ax + 244 + 12B = 8x4 1, 
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which is true for all real values of x if and only if A = } and B = —4. It 
follows that a particular solution of the differential equation 


DD + 2)y = 8x + 1 
is defined by 


and the general solution is, therefore, 
Y= n+ Vp = C1x® + cox + 3 + Ce-™* + §x' — 4x4, 


for arbitrary real numbers ¢, c2, and cs, and c,. 

The method of undetermined coefficients which we have studied in this 
section is not applicable to all linear differential equations with constant 
coefficients. For example, it will not work for the equation (D* + 2)y = tan x, 
because there is no polynomial g(t) with the property that g(D)tan x = 0. 
Of course, this equation can be solved by replacing it by two first-order 
linear equations and solving these successively as in Section 3. It can also be 
solved by another well-known technique, called the method of variation of 
parameters, which we shall not discuss in this book. Finally, it is important 
to realize that there exist tables in which particular solutions of the equation 
p(D)y = F(x) are tabulated for a variety of functions F(x). In particular, 
see pages 112 to 114 of the book by E. J. Cogan and R. Z. Norman, Handbook 
of Calculus, Difference and Differential Equations, Prentice-Hall, 2nd ed., 
1963. 


PROBLEMS 


1. For each of the following differential equations, a particular solution can be 
found by inspection. Obtain such a solution y,, and also find the general solution. 


(a) (D’ + 3D —10)y = 5 
(b) (D* + 1)y = 2x 


dy - 
(c) a ly = 12x — 20 
dy , dy 3 
(d) ae Co ria 2y = —2x° + 6x — 4 


(e) (D)-2D-3)yy =e 


dy dy pan 
(Ol eta ree 


(g) D(D* = 9)y = 2e* 
(h) (D? + 4)y = 3sinx 
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(i) (D+ 4)y = 3sinx + 4x +8 


Q) 


dy _ ane 
ee rg COS 5sinx 


(k) (D’ + 3)y = Scos 3x 
(@) (D’ + 2D — 2)y = 13.cos 2x. 


2. Find the particular solution f(x) of the differential equation (D? + 1)y = 2x 
which has the property that /(0) = 3 and f’(0) = 2. (Hint: Find the general 
solution first and then apply the given boundary conditions to find the values of 
the constants.) 

3. Find the particular solution y(x) of the differential equation 


dy | dy dg BO 
qa teat = Se 
with the property that »(0) = 4 and y’(0) = 4. 
4. The current / in a given alternating-current circuit is a function of time ¢ and is 
governed by the differential equation 
indian. 3 et 
gotta 2 = 12e™. 


Find / as a function of #, if i = 0 and 4 = 6 when ¢ = 0. 


5. Find the general solution of each of the following differential equations, 


(@) (D- dy = 4° - 5 (h) D(D+3)y = 5x—-2 
2 
(b) (D’— 3D + 2)y = 4x +3 @ 4) 4 ay = Seos3x 
| eee 
LO) a al ald (i) Fea + Oy = 2sin 3x 
(a) D(D — dy = 6x" + 2x — 6 (k) (D+ ty = 10sinx +30 
(yntD | D — 2)y = be NUE DUE IN eee ain ee 8 cost 


(f) (D> + D— 2)y = Ge + 2x — 4 (m) (D? — 2D + 1)y = 3e’sin x 


(g) (D’+ D—2y 


be + 15e*  (n)_ (D’ + 2D + 2)y = 3e“cos x. 


6. Hyperbolic Functions. In solving linear differential equations, we have 
encountered many combinations of e”!” and e’2*. Among these, two particular 
linear combinations occur sufficiently often that they have been given special 
names. These are the two functions $e” + 4e~* and $e” — $e". 
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Let us look at some of the properties of these two functions, which 
motivate their names. First, we observe that each is the derivative of the 
other: 


—=- (ke + 4e7*) = $e” — te, 


d = = 
—- (he — fe") = fe* + 4e7”. 


This fact implies, of course, that each function is its own second derivative. 
There is a clear analogy here with the trigonometric functions cosine and 
sine, each of which is, up to sign, the derivative of the other and each of 
which is the negative of its own second derivative. 

The result of squaring these two functions is 


(he® + 4e77)? = Fe” + 4+ je™, 
(he — ge = fe — 4+ de, 
from which it follows that 
(de* + fe)? — Ge? + 465)" = 1. (1) 


Thus the difference of their squares is equal to 1, and this fact is analogous to 
the trigonometric identity cos?x + sin?x = 1. It is a consequence of equa- 
tion (1) that, for every real number ¢, the ordered pair 


(x,y) = Ge’ + $e, Be’ — Be‘) 


satisfies the equation x? — y? = 1 of an equilateral hyperbola. Similarly, we 
know that, for every real number ¢, the ordered pair 


(x, y) = (cos #, sin 1) 


is a point on the unit circle x? + y? = 1. With this motivation, we define the 
hyperbolic cosine, abbreviated cosh, and the hyperbolic sine, abbreviated 
sinh, by setting 


(2) 


for every real number x. 


It is trivial to verify that 


cosh(—x) = cosh x, 
(6.1) 


sinh(—x) = —sinhx, for every real number x. 
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Thus, like their respective trigonometric counterparts, the hyperbolic cosine 
is an even function, and the hyperbolic sine is an odd function. 
Equation (1) now becomes the identity 


(6.2) 


and we have also already established the two derivative formulas 


d ‘ 
(6.3) ay cosh x = sinh x, 
and 

dae: 
(6.4) — sinh x = cosh x. 


dx 


Since each of the two functions, cosh and sinh, is equal to its own second 
derivative, each is a solution of the differential equation (D* — 1)y = 0. 
More generally, the functions cosh kx and sinh kx, where k is an arbitrary 
real constant, are both solutions of the differential equation 


(D? — k’)y = 0. (3) 


From the linearity of the differential operator D? — k? it follows that the 


function defined by 
y = ec, cosh kx + cy sinh kx, (4) 


for any two real numbers c; and cg, is also a solution. In fact, (4) is an 
alternative form of the general solution of the differential equation (3). 

To prove this fact, let yy be an arbitrary solution of (3). The character- 
istic polynomial is t? — k*, which equals the product (¢ — k)(t + k). Hence 
there exist real numbers A and B such that 


yo = Ae’ + Be—*, 


However, we have 


ke 
cosh kx + sinh kx - 


et 


cosh kx — sinh kx = ae 
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It follows that 


yo = A(cosh kx + sinh kx) + B(cosh kx — sinh kx) 
= (A + B)coshkx + (A — B) sinh kx, 


which is of the form of (4). This completes the proof. 

In drawing the graphs of the hyperbolic functions, we make use of the 
fact that cosh is an even function, and sinh is an odd function. In addition, 
each of the following simple results follows quickly from the definition of the 
relevant function: 


(i) coshO = 1, 
(ii) sinh O = 0, 
(6.5) (iii) cosh x > 0, for every real number x, 


(iv) sinh x = 0 ifand only if x = 0, 
(v) sinh x > 0, for every x > 0. 


Applying these facts to the first and second derivatives, we conclude that the 
graph of sinh x has positive slope everywhere, has therefore no local maximum 
or minimum points, and passes through the origin with slope 1. Moreover, it 
is concave upward if x is positive, is concave downward if x is negative, and 
as a result has one point of inflection at the origin. Similarly, the graph of 
cosh x has positive slope if x is positive, negative slope if x is negative, and 
one critical point at (0, 1). It is concave upward everywhere, from which it 
follows that there are no points of inflection and the critical point at (0, 1) is 
a local minimum. The graphs of the two functions are drawn in the same 
xy-plane in Figure 2. 

The curve which is the graph of the equation y = cosh x is called a 
catenary. More generally, a catenary is the graph of an equation of the form 


x A 
y = acosh () , where a is a nonzero constant. The word comes from the 


latin word meaning “chain,” and it can be shown that, if a chain or cable 
with a uniform weight per unit length is suspended between two points, then 
it hangs in the shape of a catenary. 

In a manner completely analogous to that for defining the other four 
trigonometric functions from the sine and cosine, we define four other 
hyperbolic functions. They are the hyperbolic tangent, denoted by tanh; the 
hyperbolic secant, denoted by sech; the hyperbolic cosecant, denoted by esch; 
and the hyperbolic cotangent, denoted by coth. The definitions are 


(5) 
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y-axis 


y=(cosh x) 


x-axis 


Figure 2 


In the problems at the end of the section you are asked to find the derivatives 
of these functions. These derivative formulas, and also the many identities 
among the hyperbolic functions, are all closely akin to those for the trigo- 
nometric functions. 

The inverse hyperbolic functions are also defined. For example, y is the 
inverse hyperbolic cosine of x if and only if x is the hyperbolic cosine of y. 
That is, 


The domain of the inverse hyperbolic cosine arccosh is the set of all real num- 
bers greater than or equal to 1, and the range is chosen to be the set of all 
nonnegative real numbers. The definitions of the other inverse hyperbolic 
functions follow the same pattern. 
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PROBLEMS 


1. Find the following derivatives. 


d d 
(a) ae cosh 5x (f) ae sech x 

d 2 ar d 
(b) ae (cosh’3x + sinh’3x) (g) ae esch x 

d 2 d 
(c) re In cosh(x” + 1) (h) FP coth x 

dine ae rene: 1 

— 2 a 
(d) ae sinhy/x? + 1 (i) a tanh TST: 

d ae eal me 
(e) gy tanh x (j) a! cosh 2) 

2. Find the following integrals. 
(a) } sinh 7x dix (f) f 2x sinh(2x" + 1) dx 
(b) | cosh 5 dt (g) / tanh’2x sech?2.x dx 
(c) | sinh 3x cosh’3x dx (h) | coth x In sinh x dx 
(d) fran xdx (i) [eoss's dx 
sech x . sop 
(e) eee Pa (j) [son ‘x dx, 
3. Prove the following identities. 

(a) cosh 2x = cosh®x + sinh®x (c) 1 — tanh®x = sech?x 
(b) sinh 2x = 2 sinh x cosh x (d) coth?x — 1 = csch*x. 


4. Prove that cosh x is an even function and that sinh x is an odd function. 
5. Find the general solution of each of the following differential equations in 
terms of the hyperbolic functions. 


(a) a = 4y (d) (D’ — ky = x + sinx 
(b) (D?— Ty =0 (e) (D* — 16)y = Ssinh 8x 
Hs dy ree (f) (D> — 16)y = 5 cosh 4x. 


dx? 
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10. 


11. 


12. 


. Prove that sinh x = 0 if and only if x = 0. 
. Find lim SHB 
zo» Cosh x 
. Identify and draw the curve defined parametrically by 


x(‘) = cosht, 
y(t) =sinht, -2 <t<o. 


. (a) Draw the region R bounded by the x-axis, the hyperbola x? — y* = 1, 


and the straight line joining the origin to the point (x, y) on the hyperbola 
defined by x = cosh ¢ and y = sinhs, for an arbitrary ¢ > 0. 


(b) Compute the area of the region R. 


Find the arc length of the graph of the equation y = 3 cosh () from the 
point (0, 3) to the point (6, 3 cosh 2). 3 


Compute the following derivatives. 


d d F 
(a) re arctanh x (b) Pr: arcsinh x. 


Sketch the graph of the following equations. 


(a) y = tanhx (b) y = arccosh x. 


APPENDIX A 


Properties of Limits 


In this appendix we shall establish the fundamental properties of limits 
stated without proof in Theorem (4.1), page 32. Before restating the theorem 
and giving the proof, we recall one of the basic facts about inequalities and 
absolute values, which we shall use. Called the triangle inequality, it asserts 
that, for any two real numbers a and 6b, 


la + | < [al + [4]. 


This result is stated and proved for a + 6 in (1.4), page 7. It holds equally 
well for a — b, since 


|a — b| = la + (—d)| < Jal + |—8] = |al + [0]. 


The theorem, which we shall prove, is the following: 
THEOREM. /f lim f(x) = 6; and lim g(x) = be, then 
za a 


(i) Tim [/(%) + g(x] = b+ be. 
(ii) lim ef(x) = chy. 


(GA) Waa Heqea= Git. 
(is) i 2 js provided b, #0. 


According to the definition of limit, the hypotheses tell us that, for any 
positive number ¢, there exist positive numbers 6; and 62 such that if x is in the 
domains of both f and g and if 0 < |x — a| < 6; and 0 < |x —a| < &, 
then | f(x) — bi] < € and |g(x) — b.| < €. Where it is relevant in the proofs 
which follow, we shall assume without explicitly stating it the condition that 
x lies in the appropriate domain of f or g (or both). 


Proof of (i). Let € be an arbitrary positive number. Then there exist positive 
numbers 6; and 6 such that | f(x) — bhi| < = , whenever 0 < |x — al < &, 


> 
and |g(x) — bo| < a whenever 0 < |x — a| < 4.. (It is legitimate to write 
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> in these inequalities, since the definition specifies the existence of 6’s for any 


= r ; € 
positive number e. Given a choice of e, we can then take 2 to be the number 
which implies the existence of 6, and 63.) We set 


6 = minimum {6, 62}. 
Let us now suppose that 0 < |x — a| < 5. It follows that 0 < |x — al < & 


andO < |x — al < 62, and thence that | f(x) — bi| < Sand |g(x) — b.| < - 
Clearly, 


ILFG) + g(x)] — [1 + b:]| = L6G) — b1] + [g@) — 4]. 
Hence, using the triangle inequality, we obtain 
IL) + a6] — [bs + ball < [f) — bil + [8@) — bo] < +5 = € 
Thus we have shown that, for any € > 0, there exists a 6 > O such that, 


whenever 0 < |x — al < 6, then |[f(x) + g(x)] — [b1 + b:]| < €. By the 
definition of limit we have therefore proved that 


lim [f(x) + g@)] = b1 + by, 
which is the result (i). 


Proof of (ii). Suppose first that c = 0. Then cf is the constant function with 
value 0, and ch, = 0, Hence 


|eof(x) — cb] = |0 — 0| = 0, 


for every x in the domain of f. Thus, for any two positive numbers € and 6, 
it is trivially true that 


lcf(x) — cbi| <€, — whenever 0 < |x — al < 4, 


and (ii) is therefore proved in this special case. We next assume that c # 0, 
and choose an arbitrary positive number €. There then exists a positive 
number 6 such that 

€ 


|f(x) — bil < Ter > whenever 0 < |x — al < 6. 


It follows immediately that 
lef(x) — eb] = lel f(x) — bill = lel If) — bil < lel ep = 6 


whenever 0 < |x — al < 6. This completes the proof of (ii). 
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Proof of (iii). Let € be an arbitrary positive number. Select a positive number 
M such that |b,| < M and |b.| < M. Then there exist positive numbers 
61, 62, and 6; such that 


|f(x) — bil < sar’ provided 0 < |x —a| < 61, 
|g(x) — bil < aa’ provided 0 < |x —a| < 6, 


|g(x) — bs| < M — |bo|, provided 0 < |x — al < 63. 


We set 
5 = minimum {6), 52, 63}, 
and in the remainder of the argument we assume that 0 < |x — al < 5. It 


then follows that all three of the above inequalities hold. Using the last one 
together with the triangle inequality, we first observe that 


|1g(x)| = (g(x) — be) + bal < |g(x) — be] + |b2| < (M — |bal) + |bs| = M 
Next we obtain 
\fQdg(x) — bibs| = |fCOgx) — big(x) + big(x) — bids!| 
= |g(x)Lf(x) — b:] + bilg(x) — 62) 
< Ig@OL@) — bi] + |bilg) — 6:]| 


= |a(~)| [£0 — bil + |bil [g(x) — b]. 
Finally, therefore, 


ee rs 
[f(a)g(x) — bibs] < Ma, + M FV dex wane 6 
and the proof of (iii) is finished. 
Proof of (iv). We shall prove the simpler statement: 
1 1 e 
lim AGS > Uy > provided hb, ¥ 0. ui). 
This fact, together with (iii), then implies 
fx) (pti 


Ley lim OT a = bie 


which is the result (iv). Since it is assumed that b» # 0, there exists a number 
msuch that 0 < m < |b2|. Hence there exists a positive number 6, such that 


|g(x) — b2| < |bs| — m, 
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whenever 0 < |x — a] < 6. But 
|bs| = |—bs| = [(g(x) — 52) — gQ)] 
S lax) — | + |g). 
Hence, if 0 < |x — al < 61, we have 
|g(x)| = |bs| — |g(x) — b2| > |b2| — (|bs| — m) = m. 
Taking reciprocals, we therefore obtain 
1 1 
lear < 


Now let € be an arbitrary positive number. There exists a positive number 62 
such that 


whenever 0 < |x — al < 1. 


|g(x) — b:| < mlbile, whenever 0 < |x — al < &. 
We set 
6 = minimum {61, 62}. 


It follows that, if 0 < |x — a| < 6, then 


LA, — A) = Pee 
a(x) de bog(x) 
af co pa lee ~ 
< a wi le(x) — by 
mame = « 


Thus (1) is proved, and, as we have seen, (1) and (iii) imply (iv). This com- 
pletes the proof of the theorem. 


APPENDIX B 


Properties of the Definite 
Integral 


Five basic properties of the definite integral are listed at the beginning of 
Section 4 of Chapter 4. Of these, two are proved in the text and one is left 
as an exercise. The remaining two will be proved here. 

Let f be a function which is bounded on a closed interval (a, 6]. This 
implies that [a, 6] is contained in the domain of f and that there exists a 
positive number B such that | /(x)| < B for all xin [a, 5). We recall that, for 
every partition o of [a, b], there are defined the upper and lower sums for f 
relative to 7, which are denoted by U, and L,, respectively. Moreover, it has 
been shown (see page 168) that 


L, S Lyur S Ugur < U;, (1) 


for any two partitions o and 7 of [a, b]. The function f is defined to be inte- 
grable over [a, b] if there-exists one and only one number, denoted ifs f, with 
the property that 


b 
u<f <u, 
a 


for any two partitions o and 7 of [a, 5]. It is an immediate consequence of 
this definition and the inequalities (1) that f is integrable over [a, b] if and 
only if, for any positive number e, there exists a partition ¢ of (a, b] such that 
U, — L, < ¢. Asimilar corollary, which we shall also use in the subsequent 
proofs, is the statement that fis integrable over [a, b] and Neg = Jif and only 
if, for every positive number €, there exists a partition o of [a, b] such that 
|U, — J| < eand |J — L,| <.. 

The first property of the definite integral, which we shall establish in this 
section, is presented in the following theorem: 


THEOREM 1. The function f is integrable over the intervals [a, b] and [b, cif 
and only if it is integrable over their union [a, c]. Furthermore, 


eek, |: 
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Proof. We first assume that f is integrable over [a, b] and over [b,c]. Let 
€ be an arbitrary positive number. Then there exists a partition a, of [a, 5], 
and a partition ¢, of [b, c] such that the following inequalities hold: 


ae, | oa, 


= ee 


It follows from these that 


|v, Gey cee | oe 
Kf r+ [)- ent e0 


Let us set ¢, Uo» = o. This union is a partition of [a, c], and it is obvious 
that 


€ € 
me <5 


€ 
<a 


SiGe 


Uz, + Us, = Us, 
Ly, + Log = Le. 


u(r [i] <« 
(fee [= 


These inequalities imply that fis integrable over [a, c] and also that 


eee 


It remains to prove that, if fis integrable over [a, c], then it is integrable 
over [a, b] and over [b, c]. We choose an arbitrary positive number €. Since 
f is integrable over [a,c], there exists a partition o of [a,c] such that 
U, — L, < . Let us form a refinement of the partition o by adjoining the 
number 6, That is, we set 


Hence 


<6 


o =cU {b}. 


(It is, of course, possible that o already contains b, in which case o’ = @.) 
Then 
L, < Lg S Us S Us, 
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from which it follows that U,, — Lj, < €. But, since 6 belongs to o’, we 
can write 0’ = 01 U a2, where oj is a partition of [a, b] and a» is a partition 
of [b, c]. Moreover, 

Ug: = Ug, + Voss 


Ly = Ly, + Les: 
Hence 


(U,, — Le,) + (Us, — Log) = Uy — Ly <, 
Since U,, — L,, and U,, — L,, are both nonnegative, it follows that 
U,, — Le, <6 
Usa = Lee Se 


The first of these inequalities implies that f is integrable over [a, 6], and the 
second that f is integrable over [b, c]. This completes the proof of Theorem 1. 
The second result to be proved is the following: 


THEOREM 2. If f and g are integrable over [a, b], then so is their sum and 


| vewnferete 


Proof. Let € be an arbitrary positive number. By taking, if necessary, the 
common refinement o; U a» of two partitions of [a,b], we may select a 
partition o of [a, b] such that 


b “b 
airs ce zs | ee 
lw face |[s-wl<g 
b b 
a) ei ey A) =F 
|us aes [« ES <3 


where U\ and L\ are, respectively, the upper and lower sums for /f relative 
to o, and U\? and L™ are the same for g. We conclude from the above in- 
equalities that 


b ee 
lu + Ui) = ei Pe) 2) <6 (2) 


b b F 
Cf r+ f s)-aP +) <e (3) 


Let [x;_1, x;] be the ith subinterval of the partition ¢. We denote by M‘” 
and M{” the least upper bounds of the values of f and of g, respectively, on 
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[x1 x], and by m! and m{” the analogous greatest lower bounds. Then 
mi? + mi? < f(x) + at) < MiP + MI, 
for every x in [x;_1, x;]. It follows that 
mP + mi < mIt? < MYt9 < MYM4 Mi, 


where m{/*” and M{/*+” are, respectively, the greatest lower bound and the 
least upper bound of the values of f + g on [x;-1, x;]. By multiplying each 
term in the preceding chain of inequalities by (x; — x;~1) and then summing 
on i, we obtain 


wy + Lo i Lito < ust < uP + UM, (4) 


where UY*” and LY+ are the upper and lower sums, respectively, for 
f + grelative to 7, The inequalities (2), (3), and (4) imply that 


ere (Le [a] 
(Lr fa) 


It follows from these two inequalities that the function f + g is integrable 


over [a, b] and that 
b b b 
i g+o=f r+ f &. 


This completes the proof of Theorem 2. 


<eé 


APPENDIX C 


Equivalent Definitions of the 
Integral 


The purpose of this section is to prove that the definite integral (ee 
defined on page 169 in terms of upper and lower sums, can be equivalently 
defined as the limit of Riemann sums. The fact that these two approaches to 
the integral are the same is stated without proof in Theorem (2.1), page 414, 
and we shall now supply the details of the argument. The “if” and the “only 
if” directions of the proof will be treated separately. 

Let f be a real-valued function which is bounded on the closed interval 
[a, b]. This implies, according to our definition of boundedness, that [a, 6] 
is contained in the domain of f. Leto = {x,...,X,} be a partition of [a, 5] 


such that Oe ee ee 


If an arbitrary number x** is chosen in the ith subinterval [x;—1, x;], then the 
sum 


Re = Do fete; — x10) 
i=l 


is a Riemann sum for f relative too. The fineness of a partition o is measured 
by its mesh, which is denoted by |||) and defined by 


||o|| = maximum {(x; — x;-1)}. 
1sgisn 


The first of the two theorems is: 


THEOREM 1. If fis bounded on [a, b] and if lim R, = L, then f is integrable 
over [a, b] and if fas \lo|0 


Proof. We assume that a < b, since otherwise L = 0 = Ieee and the result 
is trivial. It is a consequence of the definition of integrability that the con- 
clusion of Theorem 1 is implied by the following proposition: For any 
positive number e, there exists a partition o of [a,b] such that, where U, 
and L, are, respectively, the upper and lower sums for frelative to o, then 
|U, — L| < eand |L — L,| < . It is this that we shall prove. 
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We first prove that, if U, is the upper sum for f relative to any partition 
¢ of [a, 5], then there exists a Riemann sum R\ for f relative to o such that 
|U, — R®| is arbitrarily small. Let o = {xo,..., X,} be the partition with 
the usual proviso that 


a=xSum<sxu =), 


and let € be an arbitrary positive number. For each i = 1,...,”, set M; 
equal to the least upper bound of the values of fin the subinterval [x;—1, x;]. 
Then there exists a number x* in [x;_,, x;] such that 


0< M-Sat) < x 


=a) 
Hence 

0 < Max; — x14) — fOr — x1) $ AGE rae = 1-1); 
and so 


o< a Mi(xi — Xi-1) — % SOP) — 4) < eS Be (Corey 


i=l t=1 


However, 
), Mi(xi — Xin) = Us, 
i=l 
6 eer € Bete o. 
6 = am (i — Xi) = GI HO-9= 35 
Moreover, 7, f(x*)(x; — x:-;) is a Riemann sum for f relative to o, 


which we denote by R°. Thus the preceding inequalities become 


0<U,— RO <5: (1) 


which proves the assertion at the beginning of the paragraph. 

In an entirely analogous manner, we can prove that, if L, is the lower sum 
relative to an arbitrary partition o of [a, b] and if € is any positive number, 
then there exists a Riemann sum R® such that 

O< RP -L,<5- (2) 

We are now ready to use the premise of Theorem 1—the fact that 

lim R, = L. Let € be an arbitrary positive number, Then there exists a 


elo 
positive number 6 such that, if o is any partition of [a, b] with mesh less than 
6, then 


€ 
[Rp — L| <5” 
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for every Riemann sum R,. Accordingly, let o be a partition of [a, b] with 
\|o|| < 6, and let U, and L, be, respectively, the upper and lower sums for f 
relative to this partition. It follows from the preceding two paragraphs that 
there exist Riemann sums R® and R®? for f relative to o such that 


€ 
|U, = RY S 3" 


[rR — L,| < £; 


is) 


[see inequalities (1) and (2)]. Since the mesh of a is less than 6, we have 


[RO —L| < 


Nim Nin 


|L — RYP| = |RP —L| < 
Hence 
[Uz — L| = |(Ue — RE) + (RP — L)| 
S [Us = Re| + |Re? — L| 
Gard 
< 2 ir oh ds 
and, similarly, 
|L — L,| = | 
<| 
€ 
6 
Thus both |U, — L| and |Z — L,| are less than e, and the proof of Theorem 1 


is complete. 
The converse proposition is the following: 


(L — RY) + (RP — L,)| 
L— RP| + |RP — L,| 

€ 
oe z= 6 


THEOREM 2. If f is integrable over [a, b], then lim R, = ifs ah 


leo 


Proof. We assume from the outset that a < 6. Let € be an arbitrary positive 
number. Since f is integrable, there exist partitions of [a, 6] with upper and 
lower sums arbitrarily close to (ee By taking, if necessary, the common 
refinement o U 7 of two partitions o and 7 (see the inequalities L, < L,y,; < 
U,zur < U, on page 168), we may choose a partition a) = {xo,..., Xn} of 


[a, b] such that 
b 
€ 
eam 


b 
C3 
Crrte ee 
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The assumption of integrability implies that the function f is bounded on 
[a, b]. Thus there exists a positive number B such that | f(x)| < B for every 


xin [a, b]. We define ie 


°= GB 


Next, let o be any partition of [a, b] with mesh less than 6. Consider the 
common refinement o U go. Since 


b 
Lay S Leven S [ FS Ugu0, S Vaos 
a 
we have 


b 
Clete tia’ (3) 


b 
1 on <t = ae 


The partition ¢ U oo may be regarded as having been obtained from o by the 
addition of at most n — 1 new points of a. Hence at most n — 1 of the 
subintervals of o have been further partitioned by the inclusion of points of 
yin their interiors. Each of these further partitioned subintervals has length 
less than 6. It follows that, on each of them, the contribution to the difference 
U, — Usuoo is less than the product 6(2B). On those subintervals of o which 
have not been hit by points of o» in their interiors, the corresponding terms 
of U, and of U,ys, are the same. We conclude that 


U, — Usue, < (n — 1)8(2B), 
and, similarly, 
Laueo — La < (n — 1)6(2B). 


However, 
€ €é 
(n — 1)6(2B) = (n — 1) Fp 22) <5. 
Hence 
€ 
Ur — Use, < 3 
Leusy = Le < 5° 


Combining these inequalities with (3) and (4), we conclude that 
b 
hi [ <6 (5) 


ee (6) 


for every partition o with mesh less than 6. 
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Finally, let R, be an arbitrary Riemann sum for f relative to a partition 
@ of [a, b] with mesh less than 5. We know that 


L,<R, < U, 
(see page 413). These inequalities together with those in (5) and (6) imme- 


diately imply that 
b 
|Ro — [ Y| Se 


Hence lim R, = fer and the proof of Theorem 2 is complete. 


llelo 
The conjunction of Theorems 1 and 2 is equivalent to Theorem (2.1), 
page 414. We have therefore proved that the definite integral defined in 
terms of upper and lower sums is the same as the limit of Riemann sums. 


Answers to Problems 


must be correct. 


Students sometimes make the mistake of assuming that a printed answer 


Section 1, pages 8-9 


if 


8. 


Unfortunately, this is not always true in first editions. 
authors will appreciate being notified of any errors which are discovered. 


CHAPTER 1 


The 


(2, 4) is open, bounded; [3, 5] is closed, bounded; (—%, —2] is closed, un- 


bounded; [1.5, 2.5) is neither, but bounded; (\/2, 7) is open, bounded. 


. d) x>2orx < —2 
(fe) -3<y<-lorl<y<3 


(f) 1<2<3 
(g) x#a 
(h) —4<u<0or2 


yes 


Section 2, pages 17-19 


ve 


om Bw 


10. 


The point (a, b) is symmetric to the point (4, a) around the line x = y. 


<u<6 


. Use the signs of a and b. 
. 2/5, V2, 25, 2VS. 
. (a), (b), (c), (d), (g), (i), (i), (Kk), () are functions. 
(a) fQ2) = 7,/0) =1,f@=@+a+1, 
fa+b=a@+6+2ab+a+5+1, 
fa-b=@+h —2ab+a-—b+1. 
(b) g(0) = —1, g(—1) = 0, g(10) = 44, 
t+6 aa 
BORED tren so) Sree 
(a) f@) = x, gx) = 2 (b) f(x) = Vx, a) = |x| 
(©) f@) =x, g@)=x+1 (d) f(x) = Vx, 8) = V |x| 
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11 


Se 


i 


12, 


o 


way) x63) (b) x # +72 (c) x ¥3,—4 
(d) R @ t<5 ()) x= —2)x) 2 16 
(g) x ¥0,9 


ction 3, pages 25-26 


3 2 1 1 
@) F-40459 24+2 © Sop 


@ #-4x+5-2 (e) aay 
x x x 

. domain of /: R, domain of g: x # 0. 

(a) x #0 (b) x #0 (@) x341,2 


dd) x0 (ec) x #0 


. (3f)(x) = 3+ f(x) for all x in the domain of f. Vf (x) = V/Gd) for all x in the 
domain of / such that f(x) > 0. 


-(b) v= Vere = gli| 
(a) etx (b) x4 5x 4x46 
(c) x + Ix! + 17x" + 14 
3 
/@) x! + 3x4 + 4x) + 4 (b) + ,@+D i, 


© 2+h+2 
x 


. f + gis the set of all ordered pairs (a, b) such that a is in the domain of both 
Sand g and b = f(a) + g(a). fg is the set of all ordered pairs (a, 6) such that 
ais in the domain of both f and g, and b = f(a): g(a). 

. (a) the set of all real x such that x is in the domain of g and g(x) is in the 

domain of /. 
(b), (c) the set of all real x such that x is in the domains of both f and g. 


Section 4, pages 38-39 


He 


(a) 3 (b) -1 ((3 a (d) 2 
(e) 0 (ft) 4 (g) 0 (h) 5 
(i) 3a +2 (i) 4x —1 

. (a) continuous (b) continuous 
(c) discontinuous atx = —1,2 (d) discontinuous at x = 2 
(e) continuous (f) discontinuous at x = 0 
(g) continuous (h) discontinuous everywhere 


1 


(i) discontinuous at x 


3. (a), (d) and (i) have removable discontinuities, 
6. (a) 0 (b) 3 © 4 qd) 3 


. both true 
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9. (a) 2 (b) does not exist (c) 1 (d) ~ 
10. all except (vi). 
11. lim f(x) = bif, given « > 0, there exists 5 > 0 such that if x is in the domain 


peers 
of fand if 0 < x —a < 4, then |f(x) — b| <«. 
ede tea |% 
12, fx) = EH 


14. (a) lim /(x) = & if, given any € > 0, there exists 6 > 0 such that if x is in 
za 
the domain of f and if 0 < |x —a| < 6, then f(x) > €. 
(b) lim f(x) = +© if, given any € > 0, there exists 6 such that if x is in 
ze 


the domain of f and if x < 6, then/(x) > «. 


Section 5, pages 45-46 


l(a) y=x+1 (bho y=x+t+1 © y= 
(dd) y= —-4x-F (e—) y= —-2x-3 (f) y 
(g) y = —19x (h) y =4 @ x=2 
2(a)) —1 (b) -1 ©) 4 
(d) no slope (e) 0 () -§ 


3. (b) y = —$x + 4p 
(c) Ifcolinear, then » = ((: = 21) x+ Gaby — dibs 


by — ay bh- a 
5. (a) x-intercept = —12 
y-intercept = 10 
(b) y= mx+b 
6. (a) f(x) = 3x —7 (b) f@) = 3 
(©) f@) = —8lx| +3 @) f@)=x-1 
(e) y= +V—-2x —3 (f) f(x) =x 
(g) s(x) = 3x? + 4x +2 (hy) f@) = —§x +3 


linear functions: (a), (b), (d), (f), (h) 
7. (a) and (d) are parallel; (a) and (b), (b) and (d), and (e) and (f) are perpendicular. 
8. (a) y= —$x+ 4 (b) 2y + 5x = 5 
(c) Sy — 2x = 13 


Section 6, pages 55-57 


1. (a) 6 (b) 6a 
2.(@) y=6x+1 (b) y = 6ax — 3a? +4 
3. —as 
4. (a) 3a (b) 2a + 3 (c) 0 
@ Cate (f) 3a’+ 6a +3 


2Va a 
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a + 
AS Gens O) @+ Dp" @ Fan 
5. (a) y=0 (b) y= 5x+4 
Zz 
Cece ee ee 
6. (a) 
7. (b) —1,1 
9. (a) 1 (b) 27 (c) 36? + 66 +3 
a 2 
(d) ea (e) 2a+3 Oia 
10. (a) 2 (b) 64 (c) 32¢ 
12. Neither (x) = x! nor g(x) = |x| has a derivative at x = 0. 
Section 7, pages 66-68 
1. (a) 6x +4 (b) 3x* + 2x 
(c) 2x3(x + 2) + 3x%(x + 2)? (d) 4x* + 6x? — 2x — 8 
1 4 
(e) 4x -— 5a (f) @-x 
ax +4 2x" + 3x° 
(g) @- x) (h) ET 
» —12(3 — x) 
Cee G) 6x? +1)" 
—(2x* + 2x + 1) =2x 
«) (ae © Grp 
(m) 2 (. - 1) 
(n) &« —a)( — 4) 4+ & -— a(x -—2 + & — DX —o) 
2.y= —-2x+4 
3. y = 2x7 — 6x +4 
5. (@) (AAG! = ABI A+ ASG A ALG A PLL 
(b) (ith fi) = fifi fat Afthe fe bo + fife fain 
6, 28x — 25y = 16 
7. (a) 7B (b) 4x -< 
a) a 
(c) @-p (d) -4 
(e) =e (f) 6u+4 
@ 
Sa=2b= 8c =O 
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9. (a) 6x + 2,6 (b) 5,0 
3 2 
©) oP eee 
(d) 5¢* — 37°, 201° — 6¢ (e) 3x? — 2x7, 6x + 6x* 
4s —12s° + 4 


@+y @+ 
10.4 = -—1,b =3,c=0 


-4 
11. (a) 6x —2 (b) @ +) 

(c) 6a (d) —24a7* 
12. (1 eae, Ot Ve — =r v3"): 

(r- V2, (ls ovat - a - v3") 


13. (a) = —x forx <0 (b) yes 
(c) 1forx > 0, —1forx <0 


: 4 
14. (a) 4x" (b) yes (c) CEE 
15. (b) g’(x) = 2x forx <1, =2forx >1 
g(x) = 2forx <1, =O0forx > 1 
(c) g is differentiable; g’ is not 
Section 8, pages 75-76 
1. (a) 10x(x* + 1)' (b) 4(° — 2x + 3x - 1) 
3x°(1 — x") 2x 
© “CFD Oasys 
2,53 16x(x" — 1) 
©. i 1) (x? + 19° 


(g) (2(x? + 3x + 2) + 3)(2x + 3) 

2. (a) 20x(1 + 2°)’ 
(b) 6(x' + 3x° + 2x” + x + 4)4x? + 9x" + 4x + 1) 
(c) 4° + 1)'@P° — 3)'7F = 3) 


2 
@ ge% - 17” @ Gar 
(f) =s(s* + 1%? (g) 20° +1)" - ayo? + 1? 
(h) —20(u + Pig ial — 4u ray 
3. 10x + 6 
4, [35(2x" — 6)° + 4(2x* — 6)](4x), 17,984 
—3t wh 


aC => 55/2” ~ BL 
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22 

“a? 

100 

o 

. (a) 2 sinh x cosh x 
() 1 


13. 678 
Section 9, pages 81-83 


1.0 
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sinh x 
cosh (cosh x) sinh x 


(b) 
(d) 


ee, 8 
ue oe 
327 (A) it (b) three 
One _8+2V5 _ 8- 2v5 
8 +3V5 5 —3V5 
4. (a) -2 (b) 4 
5 1 
© 5 @ Fa+ip 
© aap © -§ 
(g) 1 (h) 7 
(i Gj) -1 
SS =h 15 
6. (a) V2, -1 (b) -4,4 
() 4, -% (d) 3,32 
CHAPTER 2 


Section 1, pages 93-94 


1, (a) min (3, —3) 


(b) max (—1, 4) 


(c)_ min (, —28) (d) max (0, 5) 
(e) local max (—1, 2), local min (1, —2), p.i. (0, 0) 
; 1 26,244 c 
7 og . See: “ P} 
(f) local min (1, 0), local max ( 5 | p.i. (—2, 0), 
2 ¥ 3V6_ 972(138 + 7\ }) 
10 105 F 
(g) no extrema or p.i. (h) local min (2, 12), p.i. (—W16, 0) 


(i) local min (2 > 


=3 


G) min (- 3. 
V4 W256 


=2V3 3 3 
-- ay > local max e > es > p.i. (0, 0) 
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(k) max (0, a), min (a, 0) () min (0, 0) 
(m) min (7, 0) (n) no extrema or p.i. 
(0) local max (0, 3), min (+2, —13), p.i. (4 oe = a 


(p) local max (—2, —§), local min (2, —§) 
/3 
(q) local max (2 oe , ) > local min (2 + v3 2 =) > p.i. (2, 0) 


ks 3 ie] 
(r) local min (—2, —7), local max (2, 9), p.i. (0, 1) 
2 
4. (b) a @ te 


6. f(x) = —x +3 
7. f(x) = 3x +3 


8 fo) = 4 
9. f(x) = 6 


Section 2, pages 101-103 
2. 50 yd X 100 yd 
= Fea 
4. (a) local min (1, 5), local max (—1, 9) 
(b) local min (4, 34), local max (—1, 10) 
(c) local min (jal, 2|a|), local max (—|a|, —2\a|) 
(d) local max (2, 27), local min (5, 0), absolute min (0, —25) 
(e) local min (2, 4), local max (0, 0) 
(f) absolute min (—1, 41), local max (0, 54) 
(g) local min (0, 1), absolute max (2, 27), absolute min (1, 0), local 
3° 
max ! : Es 
Shee 
(h) absolute max (—4, 2) 
(i) local max (1, 0), absolute min (0, —4), absolute min (3, —4) 
6, absolute min 
Ty=—xt+4 
8 x=4,y =2 
BN(3,/3);—3, 3) 
10. (b) (1, 2), (—1, —2) 
(c) 2 units X 4 units [the vertices of the rectangle are the points (+1, +2)] 
11. 6 units X 18 units 
12. 1 unit < 263 units 
13, side of square = 6 in. 
14. (a) 3 in. (length of side) (b) Zin. 


: 20: 
15. (a) Use all wire for the circle. (b) circumference of circle = a4 
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16. Paddle directly to destination. 
19. 3 + 2/2 

20. 350 

21. no 

Section 3, pages 107-108 

1. (©) $ (d) 100 ft 

2. Particle starts 100 units to left of origin (¢ = 0,v = 135,a = —84), moves 
toward origin, slowing down, stops at t= § (x = 77, v = 0,a = —24), 
moves left, reaches maximum speed toward the left at ¢ = zw = 53, 
vo = —12,a = 0), stops at ¢ = $ (x = 43, v = 0, a = 24), and finally moves 
to right with ever-increasing velocity. 

3, At t = 0 the particle is 288 units below the origin (y = —288, v = 144); it 
moves up, slowing and stopping at ¢ = $ (y = 36, v = 0), and finally moves 
down with ever-increasing speed. The acceleration throughout is constant at 
—32. 

4, Particle starts at x = 5 (v = 0, a = —6), moves left, speeding up. Att = 1 
(x = 2, v = —3, a = 0) it reaches maximum speed to the left and starts 
slowing down, stops at ¢ = 2 (x = 1,v = 0, a = 6), and finally moves right, 
at ever-increasing velocity. 

5. Particle starts at y = 10 (¢ = —9,a = 0). It moves down until t = 1 (y = 4, 
v = 0,a = 18), then moves up at ever-increasing speed. 

6. 0 

8. 25 knots 
25 

oF lon 

11, § miles/hr, 2 miles/hr 
12. (a) —16 knots (b) 3:12 p.m, (c) 3 miles 
13. —$ ft/min 
4 
15. on 
Section 4, page 111 

1. (a) 1.993 (b) 4.004 (c) 1.998 
(d) 1.060 (e) 4.075 (f) 2.019 
(g) 0.062 (h) 31.875 (i) 0.850 

2, 0.1008 

3. 5.03 

4. 4,72 

5. (a) 367 in.? (b) 39.67 in.* 

6. (a) 216 in. (b) 205.2 in.* 
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T. 3.92 
8. 31.66 
9. (a) 6.93 (or 4/3) in’. 
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(b) 7.21 in’. 


10. 0.87 


Section 5, page 115 


{a) 
(b) 
(c) 


f(@) = f(-1) = f"@ = 0 
f—2V9) = {0) = fQV3) =/"(-D=S1Q=0 
f(—4) = f(-1) = f@ = f"(-1 + v3) = /"(-1 — V3) = 0 


@ f(—4) =f =f) = f"(-2V2 =f’ =s'2V2) = 0 
(e) (2) = f(—2 = 0. /’(x) is never zero, and /’(0) does not exist. 
@® 3) = £3) = f"(-3) =f") = s'GB) = 0 
5 v3 
2. (a) 3 (b) Sag 
©) v3 (d) 3-37" 
5. (a) 2x* + c, ¢c any constant (b) x! + 4x° +2x+ec 
1 1 
©) Seat OY = rere 
Section 6, pages 121-122 
1, (a) (2x + 1) dx (b) 7dx 
(c) [Bx°(5x — 1)* + 150° + 1)Gx — 1d 
(d) aty (e) Tu° du 
2 a 
(f) Bude — tno (g) (2az + b) dz 
oy a (i) dx 
av +VI+FxVI+%x 
(i) 3e°W" + 2) dv + Que? — 1) du 
5 —(21x" + 2) dx 
* (7x8 + 2x + 1)? 
3 —(64t + 4) dt 
* (16r2 + 2098 
1007 2.3 
cae tt 
7. (a) 21607n in.* (b) 1627 in.? (c) 2322 in.! 
Section 7, pages 130-131 
1. (@) 6 (b) #5 (©) 0 @) § 
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Wa 
© 4 o 3 
(g) 2 (h) 2 
3. @) as (b) 0 © = 
@ ¢ ) § i =9) 
4. (a) 0 (b) 0 © 0 @) % 
5. (a) 0 (b) % 
CHAPTER 3 
Section 1, pages 135-136 
1, (a) x?+y?=9 (b) x? + y? = 190 
(c) x*+y? 4x —4y—17=0 (d) 2 -—6x+y?=0 
() x+y? 4+ 14y =0 (f) x? + y? + 6x + 6y = 0 
(g:) x+y? — 8x — 8) +16=0 (h) x+y? + Sy =0 


@) x? + y? — 6x + 4y + 9 = 0, x? + y? — 14x + 4y + 49 = 0 
2. All curves are circles, with centers and radii as follows: 


(a) (0,0), 8 (b) (0,0), 42 
©) 4,3 (d) (—2,0),4 
©) (2-7), V19 © & 2 
(2) (4,6), 5 ) GD4 
"i F F 6V5 
Gd) &, -—§), 42 G) @-d, — 
6. (a) 4y = 3x 4+ 25 (b) y =3 
(c) 12y + 5x = 83 (d) 3y = 7x — 43 
7. 4x + 18y + 25 =0 
9. (a) x? + y? = 25 (b) (e — 3) + Gy + 2) = 25 


(©) (+1)? + @ — 4) = 169 
Section 2, pages 141-142 


1. (a) y? = —8x (b) 
(c) x2 = —dy (d) 
©) x = —16y + 32 (f) 
2a 2a 2ax, 
5. (a) a (b) eS ae ome apt 
8 y=4x4+3,y= 3x44 
9. (a) (—m1, 0) 
10. (a) y? — 8x — 2y +9 =0 (b) x? — 2x —4y+5=0 
(c) y? — 24x — 6y + 105 = 0 (d) x? + 2x + 8) —15=0 
11. @) @,1) (b) (1, 2) 
(©) (10, 3) (d) (-1,0) 
12. (a) y? — 4x —2y+1=0 (b) x2? — 2x —2y+2=0 
(c) y? — 12x — 6y + 21 =0 (d) x? + 2x + 4y-11=0 
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13. Foci, vertices, and directrices are as follows: 


(a) ©, }), 0,0), »y = —4 
OmG 2), GC, —8),y = — 2 
© Gi, —2), @, —2), x = 4 


Section 3, pages 149-151 


) 0, —®; G, —Dyy = 2 
@ ©,-1),@,-),x =1 
(f) (-4,,(-4,9 = 4 


1. For each curve, the foci, the endpoints of the major axis, and the endpoints 


of the minor axis are as follows: 
(a) (0, +V5), (0, +3), (+2, 0) 
(c) (+5, 0), (+13, 0), (0, +12) 
(e) (41,0), (+V17, 0), (0, +4) 
2 2 

x ie 
10 * 144 =! 
2 


A) Ae alread 


2. (a) 


(e) 


(b) (£V5, 0), (+3, 0), 0, +2) 
(d) (+6, 0), (+10, 0), (0, +8) 


2 2 


te 
) Btn! 

x y 
@ t+ 5-1 


4. All curves are ellipses; for each the center c, endpoints of major axis M.A., 
endpoints of minor axis m.a., and foci f are as follows: 
(a) c (2,4), M.A. (7, 4), (—3, 4), maa. (2, 7), (2, 1),/ (6, 4), (—2, 4) 
(b) c(—3, 2), M.A. (—3, 7), (—3, 3), maa. (1, 2), (—7, 2),f (—3, 5), (—3, —1) 
(c) ¢(—5, —2), M.A. (21, —2), (—31, —2), m.a. (—5, 22), (—5, —26), 


SG, —2), (—15, 2) 


(d) c (0, —3), M.A. (0, 2), 0, —8), m.a. 3, —3), (—3, —3),/ @, D, ©, =7) 
(e) c (—2,3), M.A. (—2, 6), (—2, 0), ma. (0, 3), (—4, 3), f (—2, 3 V5) 


2 
5. (@) § (b) 2 
ape = 2 25, we erp nels, watt 
3 f) 3 
——— EEE 2 
7. (a) Veter +y (b) x+% 
x y 
(c) mr ae 
b b bx? 
ers wo y= - SE en 
2ax1 + ¢ 
Saree) 
_ — ax tox , 2axi' + ex: 
eS aby Dyed 
= 197 Ea Oy) — 2)? 1? 
nu. @ SV 4 OS? 4 () ooh a 
2 2 
ee OS 


25 4 
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12. line segment connecting (—c, 0) and (c, 0) 
13.a>b,b>a 


Section 4, pages 159-162 


2, Each curve is a hyperbola. The center c, foci /, vertices v, and asymptotes for 
each are as follows: 
* @) (0,0), f (£5, 0), v (+3, 0), y = 44x 


(b) © (0,0), f 0, +5), v (0, £32), y = + 


(©) © (0,0), f (13, 0), v (+5, 0), y = +42x 

(d)_ ¢ (0,0), f (£17, 0), (+15, 0), »y = 47x 

(e) ¢ 0,0), f 0, £V34), v (0, +3), y = 2x ¥ 

(f) (0,0), £ (4,4), (—4, —4), v (2V2, 22), (—2V2, —2V/2), x- and y- 
axes (vy = 0,x = 0) 


3V14 | 
7 


i 


(g) ¢(0,0), f 2V3, —2V3), (—2V3, 2V3), v (V6, -V6), (—V6, V6), 
x- and y-axes 
x y x y 
4, (a) oie eee (b) as 
ey oo eel thn Saco re 
ee 7 37 


a 


All are hyperbolas. 
(a) c (1, —3),f (6, —3), (—4, —3), 0 G, —3), (—3, —3), 
y+3= 493-1 
(b) ¢ (1, —3), fC, 2), (1, —8), » (1, 0), (1, —6), y + 3 = +$ @& — 1) 
(©) cl, —3),f(1 + 2V6, —3 — 2v/6), (1 — 2/6, —3 + 2V6), 
v (1 + 273, —3 — 2/3), (l — 273, Be S =1,y = -3 
(d) c(—4, —2, £0, —2), (— f, —2),v (1, —2), (—9, — 
yt2=4¥6+4+4) 


(©) (2,2), £07, (3, -9,0(24 5% pe 12402), 
ee ae 

© cA, 0,£G,0,(-1,), 00 + V3,0, 0 — V3.9 = x 
yo=-x+2 


(gs) ¢(—2, —2), f (—2, —2 + 2V5), v (—2, 2), (—2, —6), 
y+2= +2( + 2) 


8. (@) 3 ©) = 

9.@) x= 48, en5 ) yaad. c= ® 
10. @) Verte ® «+e 

G2 = ees 


a c?—q 
11. vertical distances: 10 — 102 — 16, 100 — 1002 — 16, 
1000 — V10002 — 16, 10,000 — 10,0002 — 16 


cuap. 4] ANSWERS TO PROBLEMS 689 


bx, Brix Bx; 
a2: = b = pee i 
(a) Py, (b) » aie Te. 
2axi + ¢ 
13. (a) hd 
iors (ax; + c)x _ 2axy’ + ex : 
7*  2by,— a TT 
16. (a) circle; ce (—3, —2),r = 5 
4V3 
(b) ellipse; c (—3, —}),,f (—3 + V3, —}), directrices: x = —3 + Sard 
e= V3 MA. = 4,ma,. = 2 
(c) parabola; f (—3, 9), directrix: y = 42, v (—3, D, axis x = —3 
i 4Vv5 
(ad) hyperbola; c (—3, 4), f (—3 + V5, 3), directrices: x = —3 + = 
5 4) 
e= > , asymptotes: y — 4 = + Z ae v (-1, 4), (—5, ®), ta. = 4 
(©) parabola; f (—12, —}), directrix: x = —48, v (—2, —4), axis: y = —} 


1) 


(g) 
(h) 


(i) 


(i) 


Section 


1. (a) 
2. (a) 
(c) 
3. (a) 
(©) 


hyperbola; ¢ (—4, —6), f(—4 + 3V6, —6 + 3/6), 
(—4 — 3V6, —6 — 36), directrices: x + y = +3V/6 — 10, e = V2, 
asymptotes: x = —4, y = —6,v (—4 — 3\/3, —6 — 3V3), 
(—4 + 3V3, —6 + 3V3), ta. = 6V6 
circle; c (—1, 3), r = 8 
os Vis 

hyperbola; ¢ (3, —4), is, eects =e) > directrices: y = — 5 + <e , 

2 v3 
e = V5, asymptotes: y + 4 = +4 (x — syula, haan? > 
ta. = V3 


hyperbola; c (0,1), f (0,1 + 10), directrices: y = 1 + ——— 


Nie 


9V10 
10 
e= ae asymptotes: y — 1 = +3x, v (0, 4), (0, —2), ta. = 6 


Bi = 
ellipse; c (0,1), f (0,1 + 2¥v2), directrices: y = 1 + *? 1e@= 2v2, 


a 

M.A. = 6, ma. = 2 

CHAPTER 4 
1, pages 173-174 
yes (b) yes (c) no (d) yes, 4 or any smaller number 
1 (b) 4 
1,3 (d) 1 
tg, 3 ) 8 
BS 35 (d) 4-3 
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4. true 


8. (a) ; (b) 4 (c) 4 (d) 4 (e) 1 


Section 2, pages 181-183 
1, (ey a (b) 3 
(c) 1 (d) % 
2. (a) 100 (b) —5 (©) 87 
(d) 1362 © # (f) 62 
3. (a) 85 5 
() 1+x+x +2 + 
(e) l-x 
5. (a) $(2n° + 3n’ + 5n) Qn’ — 3n? + n) 


“) 5 
© 14+ 5 +55 - 


1 
2n? n 
(e) (n+ 3n" + 5n + 3) 
6. (a) 24 a 
©) fo? +2) zee 
7. (a) 1 (b) 1 (d) » 


8. (a) 4 wy 2 
11. (@) 78 (b) 364 


Section 3, page 190 
1. (a) 4 (b) 4 (c) 6 (d) 2 
3. (a) (b) 6 (c) 6 (d) 27 


b& ob 


Section 4, pages 197-198 
el vl 


1. (a) [ vac+s| x dx 
Jo 0 


“3 3 p38 
(b) | vac— [ xax—2] dx 
J2 2 2 


(c) 3 Par+2/ ear [ea 
Ji 1 1 


03 3 


(d) nf yay — nif vay +4] dy 


3 


al ol Al 


(e) [ saczaf vactaf dx 
0 Jo 


0 


2. (a) (bt) -1$ © 0 @ 42 © 3 
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3. (a) 5 (b) § 
7.@) > (b) > 


8. (a) §,-3,-3 


9. 4,332 


Section 5, pages 206-209 
: 
2. (a) 5 +e 
(©) yo te 
@ 4Gx+1)' +e 


3. (@) 1 (b) 4 
1 


(e) 
(g) -8V/2 
@ 3 

(k) aa 
(m) 


(o) b-a 
4. (a) 


() @ 


© 14 (d) 38 
© < 
(b) 3,4,2 
x! 1 
(b) 4 om +e 
@ P+Ptrtte 
1 
Pig Halse 
(c) 18 (d) 18 
(f) 3QV2 - 3V3) 
(h) 4 
G) 36 : 
() 268 — x8 + x — 21) 
8 
(n) = 


(p) 2x(8x — 1) 


1 il 1 
() ial e- 5) 


: buetipareel | 
We have not yet encountered a function whose derivative is — . 
x 
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(ii) If ab < 0 we are integrating on an interval on which the function is 


not continuous. 
6. (0, ©) 


7. (a) 
(b) 2° —-2°+ 1 


8 (@) Gw=x+ 4: G@=3 


i 


2 
() G@)=5- + 


1 
x 
9. (a) P+? 


—- 


ADE At? 


1 
20 + 2¢+ 1 


11. (a) 
(c) 


12. Ais not integrable on [—1, 1]. 


13. (a) 6 (b) 22 © 5 


14. F(x) = 


1 
Sot 


(b) 61° + 21, F((2) = 196 


1 
(b) - T+ 
@) 2t 1 


e+efl e+r+1 


(d) 4 () § 


+ No extrema; p.i. at (0,0). Domain = (—%, »). 


F'(t) = 6 — 4t + 1, F(—1) = 11, F'(2) = 17, F(x) = 6x? — 4x + 1 
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Section 6, pages 218-219 


1. 


aAuPpw 


10. 


(a) 


(c) 
(e) 
(g) 
i) 
(j) 


. (a) 


(d) 
(e) 


(g) 
(h) 
(i) 
(i) 


SQ) 
~ Sx) 
LO) 
. (a) 


(c) 


(e) 
(g) 


f(x) = 9x? + 10x + 23 f(x) 
. (a) 


28 
2 


3 2 
x x 
aot pg tee 
Dim Stet ie 
$x — 1)? + 


ae 


4 1 
Be -gte 
@ § — $” —3y te 
(f) Gx? + 28+ 
(h) VP 4+44+5+6¢ 


(b) 


—4(a° — —x Py 
As + 38° ens te 
i x’ x|x| 


x 
on Seite aes + or tt 
7 + ¢ for x > 0, 7 + ¢ for x < 0; or 2 +e 


cannot (b) §x92 4 2x? +e (cc) rey? +78 +c 
Toy" + Peytt { LAT ys 4 ape IT2 yb + 2. 2401 y2 + Lo 
cannot (f) cannot 


2 
+2 - 5 —2x+e 
ols’ + 2s -— 3)’ +e 
2 


5 =e hie 

cannot (k) cannot 

= 2xt +x? +1 

=x +x-—1 

=x x Sx — 2 

4 (b) 0 

aN, = 

- (d) Vil — v2 

Ha © 3 

0 (h) 12 (Oe G@) Af 


= 3x5 + 5x? + 2x 41 


g(x) = x8? -— 9x + V2 (b) f= P+ P+t1+1 


Section 7, pages 227-229 


i 


ot ee) Mahi Oe 


4; P+ = 43, P-=4 (b)) FBS =e eee 
aa 1 See @) O;P+=4,P>=4 
Fa (b) 1 (c) $ qd) 4 
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14. 
15. 


2b 


a 


3p 


[ (4 — x')dx = (b) 2 Vy dy = 9B 
—_ 0 

4g (b) 3 © 48 
yes 


a b 
Vem aex -% | Val — xtdx, aI Vb? — y? dy 
/0 —b 


—a 


Section 8, pages 235-237 


10. 
11. 


(a) 
(b) 


. (a) 
. (a) 


(c) 
(e) 


. (a) 


(b) 
(d) 


. (a) 


(b) 


. (a) 


(c) 


. (a) 


(b) 
(a) 
(a) 


224 miles 

min. speed 0 at t = 0, s = 0; max. speed 75 at ¢ = 24, 5 = 125 
4 hour, 74 miles (b) 285 miles 

—32r + 640 (b) 4800 ft 

6400 ft at t = 20 sec (d) 8000 ft 

— 640 ft/sec 

to the right (positive direction on x-axis) 

s = —2f + 201 — 48 (c) 48 

68 (e) += 4,6 

v(t) = 32 — 2¢-1; 90) =f —P-t+1 

16 () 529 

34 miles by 20 miles (b) —22.5 miles per hour per hour 
2% hours 

V = 1728r — 10¢ in.’; 172.8% min 


3 
r= ins - Me 
a 
& D, & a) (b) approaches (1, 1) 
x(t) = vot, x) = —her (b) y= =8 42, parabola 
2v 9? 
CHAPTER 5 


Section 1, pages 247-249 


1. 


(a) 
(c) 
(e) 


2 7 

x () Tx +2 
2x+1 (d) 2x-9 

2@ — 3)\« +4) x? — 9x +3 
1 3 

=e OF 
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2x 3(In x)" 
(g) +3 (h) —— 
‘ 1 ee | 1 
© Fink ® .12@-D 
1 1 2x — 1) 2x 
Oo =5 sae © Bw -m+4 MHI 
1 2x 
(m) = ata Jax 
3. @) p+r (b) —2p () 4p+q+3r 
(d) r— 3p © ¢-2%p+nr (f) 6p + 3q 
4. (a) In (x) + ¢ (b) nv +1+e 
©) Fln|x’ — 6x +2) +c d) 46°43)" +c 
1h ea (x + 1)? |2x — 1°? 
(e) zim |x 6) +e (f) In —Gx4 5a + 58 +e 
=1 
(g) efi aa Se (h) Se 
(i) 4dnx) +e 
5. (a) no extrema or p.i. (b) no extrema or p.i. 
(c) abs. min (0, 0), p.i. at (+1, In 2) 
(d) abs. min (+2, 4 — 41n 4), no p.i. 
(e) no extrema, p.i. at (+2, 4 + 41n 4) 
6. (a) In2 (b) $1n6 (c) In} 
2 
(d) Inve —3 (e) 1 (f) Ing 
2 
7. (a) Ing ) &® © 
8.x> V3 
9. (a) x <1 (b) The integral does not exist. 
10. (a) 0 ~~ (b) 0 () 0 (d) -1 (e) 0 
Section 2, pages 255-257 
x-—4 1 
1. (a) 3 (b) a 
2. The range of each must be the domain of the other. 
3: (a): 7el* (b)) cette 
(c) xe™ + e* (d) —2xe-=* 
e z e—e 
(e) = +e*Inx (f) 7} 
e+e" -3 
@ 4 om = 
ray e(x — 1) i) 5(1 — In x) 


ANSWERS TO PROBLEMS [cuap. 5 


x? xe 
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(k) (6x — At? 4245 (ql) aew +o 
4. (a) de* +e (b) e*? +c 
@ x+e (d) In |e —e| +e 
(ce) 4in(4e +5) +e (f) x +e 
@ ite (h) $e" +c 
3 
arb 
@ exte (j) pre 
a 
5. (a) In2 (b) 4(e° — 1) 
() e* —e* (d) e* —e3 


6. (a) no extrema, no p.i. 


(b) abs, min at ie = i) 


e 


1 z 2 
ax a Hes} a teb 25 
(c) abs. max at (: :) pei a( z) 


(d) rel. max at (: : abs. min at (0, 0); p.i, at (: 4 v¥7,8# a 
e 2 V2 
(e) abs. max at (0, 1); p.i. at (= , zi) 
1 1 
7. (a) }e° - 1) (b) 4(e° — e') © 4-4 
8. (a) 0 
10. (a) 1 (b) ¥ © e (d) -1 
() 0 (f) % (g) 0 (h) 2 
11. g(x) = Vx, f(x) = x*, domain g = [0, ©), domain f = (—%, ~) 
13. n= 1,2 
14. (a) & (b) e-3 


Section 3, page 262 

2. yes 

3. g(x) = x + /(x), where /(x) is the step function defined in Problem 3, page 190. 
4. f(x) = x! 


Section 4, pages 269-271 


rH 2x 
> ie ©) @F into 
ore ) @x + Ie tt 


In 10 
(e) al + x Ina) (f) x2"(x In 2 + 2) 
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(ge) e “Gd — x) 


long om (eS: of inx) 
% 


(k) 2x*¥(Inx + 1) 


ad 
4. (a) in? +e 


(c) 4 (nix + 2))* + 


ba ERS 
ae )K 


Gi, 
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2x — 47 In4 
In 4(x?2 — 4) 


G) xP + In’) 


(h) 


6) 


(d) -4 (is 


ginle+si 


In3 


(f) ic 


1f(e — D@ +3) Pit 
Pete) 3% +2) = >| 


ed 


ee) 
Ux+3 x+2 x-4 


(b) x < —3,0r -2 <x <lorx>4 


i 
Phen (ie? 
x 


7. (a) 


(©) Gx + 1)" 
13.1(a) 1 (b) 1 
Section 5, pages 278-280 


1. (a) y = ce™ 
() xy=e 
(ec) ev—-e=c 
2. (a) xy =1 
() y= -3Vxt = 7 


xe+y=c 
=c 
. (a) separable (b) 
(d) both 
(g) both 
8. 1 — 2-*”, or roughly $ 
45 In3 
In 2 
=in2 
16 


Ause 
+e 
} 
‘Ss 
i 


years (roughly 70) 


10, 


(b) (In. x)* [in (In x) + = 


In (In x) + ') 
x 


(d) (inx)'"* ( 
(c) & 


4 2 

tot 
(0) ee tae 
dd) +1 = cle + IP 
(@) es y—2 
(b) y= 5e(8/2)e 
(d) x? + y? = 25 


linear (c) neither 
(e) both 
(h) neither 


(f) separable 
(i) neither 
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7 In2/3, 


11. 10’e 
ips "3 sec (roughly 0.2 sec) 


13. 
14. y = 


Be 


15. y = Te" —3 
Section 1, pages 288-289 
1. (a) 0,-1 


(c) —1,0 


sin 


IV 4 =! 


3. (a) 
(©) 
(e) 
(g) 

4. domain: R; range: [—1, 1] 

5. (a) +1 (b) 0 


v6 + V2 
_4 
v6 - V2 
4 
cos 2a = cos’a — sin’a 


cos a = cos*& — sin? 4 
2 z 


t = nm, n any integer 


m(2n + 4) 
(Qn + §) 


no values of ¢ 


6. (a) 


(c) 


8. (a) 
(c) 


(roughly 1.26 « 10") bacteria 


CHAPTER 6 
V2 =V2 
Ca ae 
1 v3 
ar 
=V¥72 =v2 
OP 5) ane 
(b) 5 Qn +1) 
(d)  2nr 
(f) (2n + 1) 
(h) no values of t 
(©) 0 @ +1 
V6 — V2 
@) 2 
(b) sin 2a = 2sinacosa 


(d) 


sina = 2sinScos% 
2 2 


9. costa = (1 + cos 2a), sin’a = $(1 — cos 2a) 
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Section 2, pages 299-300 


ete pie gh (b) 1 
(c) 1 (d) 2 
1 
(e) = (f) Ey 
(g) 1 (h) 2% 
@) 2 @) 2 
2. (a) 2x cos(x? + 3) (b) —e’sin e* 
(c) cos 2t (d) 0 
(e) —cos x sin(sin x) (f) £08 x 
sin x 
(g) 25x" sin' x” cos x" (h) =e 
cos?x 
. 1 Fi -: & 
oy aie (j) e “(cos x — sin x) 
3. (a) 4+sin7x +c (b) 4sin2x — $cos3x +c 
(c) sin(e") + ¢ (d) —cos(x + a) +e 
(e) —e7imr 4+ ¢ (f) sin(sin) + ¢ 
(g) —In|cos x| + ¢ (h) —Fcosix + ¢ 
(i) 4sin’x + ¢ (j) xte 
nfl 
—cos"" x : ; 
4, (a) qT Tt Orifia x —15 —Inloos x| Fc, ifa'= -1 
sin"*! x F . F 
(b) ET tifa et 15 Inising|| a, ind 
3 7 5 
cos x cosx cos 'x 
(c) —cosx + aa a +e (d) a +e 
5. 41 + cos 2x), 4x + 4 sin 2x + ¢ 
6. (1 — cos 2x), $x — f sin 2x + ¢ 
7.(a) y= —cos(e") +e 
(b) siny = —cosx +c 
(c) sinx + $cosy*=c 
8. (a) 1 (b) 0 () 1 @) 1 (e) 4 () 4 
Section 3, pages 309-311 
1. even: cos, sec; odd: sin,csc, tan,cot 
3. (a) 2 sec*x tan x (b) 4x sec?(2x* — 1) 
(c) tanx (d) cosy 
(e) 2sec*s tan r (f) —3x%ese(x* — I)cot(x? — 1) 
1 
Ma (nh) — Gare? 
5. (a) #In|sec 5x| + ¢ (b) Injsin x| + ¢ 


(c) tan(e") + ¢ (d) tanx —x +e 
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4 
(e) $tan°x +e (f) = +e 
(g) —2eseWx +e (h) —%cot’x — cotx +e 
6. In|sec x + tan x| + ¢ 
7. In|sec x| + ¢ 
9. (@) 1 (b) 2 
10. (a) (b) (lines are perpendicular) 


V5 —1\'2 2 1/2 
2) ———_— - 
() aa 


11. The functions, domains, and ranges are as follows: 
sin: R,[—1, 1] 
cos: R, (41, 1] 
tan: x + 7 @n +1),R 


cot: x # nr, R 
sec: x #5 Qn+ 1), |x| > 1 


esc: x # nm, |x| > 1 (is any integer) 


12. (a) 1 (b) 1 
13. (a) 4 (b) or () 3 
(d) 2 (e) 1 (f) 0 
Section 4, pages 321-323 
os TT 
1. (a) 2 (b) é 
(c) 3 (d) % 3 
(e) z (f) 6 
(g) é (h) 6 
(i) «a + 2nr, nan integer such that — 4 <at+2nr< . 
oe Sr 
G) 7 (k) ov 
() 5 — (a + 2nm), nan integer such that0 < a+ 2nr <4 
cny —1 
(n) 2x + 2nr, nan integer such that — 5 < 2x + 2nt < i 
T T 
(o) 4 (p) 3 
ey ———- 
V1 — xt 2V/ x(1 + x) 
1 
asa ———— (d) 1 
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2x 
() -1 Z ee 
5 |x| + x°yVn2 + 2 
6x" 
(g) 0 (h) 1+ x6 
@ : (i 0 


x(1 + (In x)?) 


3. The domain and range for each function is as follows: 
@) kl<10<y<5 (b) x20,0<y<5 
© x20=5<7<5 @) RO<y<m 
©) RO<y<-n ® RO<y<F 
us 3 T 
(g) [-2,0,» = 5 (ht) R- > <¥<5 
@ x20 =Fey<s @) Ixl>1y=0 
4. (a) ¥2 arctan ea +e (b)  arcsin ) +e 
(c) arctan y? + ¢ (d) arctan(x + 1) + ¢ 
(e) arcsin(y — 1) +e (f) Farcsin(x + 1)? + ¢ 
(g) arcsecx +c (h) $arctan(x? + 1) + ¢ 
TT us 
7. (a) 6 (b) 6 
nv3 Tv 
(c) 9 (d) 3 
(e) arctan x (f) ; 
8. (b) R, (0, 7) 
9. arctan ¢ 


Section 5, page 326 


. (c) and (f) are polynomials 

3. @) Fx y= Ye-D-@+) 
(b) F(x, y) = yl + x4) -1 

@ Fe y=y0 — x) =—1 

(d) FQ, y) = yx? — 1) -1 

(e) F(x, y) = y — (In 5)x 

) FG, y) =O = 2x)? — Gx? = 1) 


Section 6, pages 334-335 


2. (a) 10+i7 (b) —4 
a) ts (@) -}- Ag 
(©) 2(a + 6) (f) —6 + i29 


() —23 +i (hy) -33 + #3 
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4 ah 
© 3@F 
(k) 3+ 44 
4. (a) 24+ 13 (b) 5—i4 
(e) 8+ i2 @ =7 
Section 7, pages 343-344 


1. (a) 


2ab 


is 3@ + Bb) 


v2 cae 
(c) td 
(e) Se" 
(g) 5 

2. (a) ee 
(c) e 
(e) 

3. (a) 
(c) 
(e) 

4. |nle 

7. (@) 26°" & = 0,1,2 
i V2e"" k = 0,1,2 


(1,0) | 
(v2, —V2) 
G3, 5) 


-it 


G) 
10) 


(c) 
(g) 


(d) 22+ 17 


(b) 
(d) 
(f) 
(h) e 
(b) ee 
(d) e 
(f) 
(b) 
(d) 
(f) 


(v2, V2) 
(V2 - 1, V2) 
(3, —2), (—3, -2) 


Cn k = 0,1 
ek = 0,1,2,3 


(b) 
(d) 


© e/a bio | (22 ee |. = 0,1,2,3,4 
) Vv Ex (cee k= 0,1,2 
8. “ima 
Section 8, pages 351-353 
1. (@) y = ce“ (b) y = ce 
(c) y = cye~* + cre* (d) y = et(ky cos 2x + ke sin 2x) 
() y = (ix + exe (f) y = (cx + ee"? 
(g) y= ce + cxe™* (h) y = ky cos 2x + ky sin 2x 
Gi) y = cre* + ce G@) y=ce™ 
) y=a+ qe 
Q yao kycos Sx + kysin Vx 
(m) y = e~7*(kicosx + kgsinx) (mn) y = (crx + eaje—"* 
2. (a) y = (ex + erbe* (b) y = (& + 2e* 
Serta) y =e ** + 2e-* (b) y = Gx + Ie 
(ce) y= 5 — 2e-* (d) y = Se“ cosx 
) y=e oO (2 cos vil x+ Byil sin vil x) 
2 11 2 
8, 0,1, 5 
9. (a) y = cre + cre (b) A=2,B=% 
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Section 


1, (a) 


(b) ( 


(©) 
(d) 


(e) 
(f) 
(g) 
(h) 
(i) 
() 
3. (a) 
(b) 
5. (a) 
6. (c) 
7. (a) 
(b) 


(c) 
(d) 


(e) 
Section 
1. (a) 
(c) 
(e) 
(f) 


(h) 
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CHAPTER 7 
1, pages 361-362 


xsinx + cosx+ec 
aes) & 
4 e +e 


xarctan x — $In(1 + x2) +e 
2 


x Doha ete ; 
7 cos Tx + 75 x sin Tx | 343 00S 7 te 


x‘Inx x! 
esi vs 
—(x* — 13x + 2)cosx + (3x? — 13)sinx + ¢ 
Pye™sin 2x — f;e*cos 2x + ¢ 
4(sec x tan x + In|sec x + tan x|) + ¢ 
B(x* + 1)In(e + 1) — dx* + dx? -— dx +e 


x In(x? + 2) — 2x + Vartan (242 2) +e 


a az b az: 
ern’ COSDX tana S sin bx + ¢ 
—b ows 
Prp? cos bx + ae * sin bx + 
dx + 4sin 2x +c (b) 4x —4sin2x +e 


(es BE ©) coax + d|)" — nf cnjax + db)" dx +e 


e*(x> — 5x4 + 20x — 60x? + 120x — 120) + ¢ 
=f sin'x cos x — $sinxcosx + gx +e 

3 sin Sx — 7 sin? Sx + ¢ 

Al(n|Al)° — 6(In|A|)° + 30(In|4|)' — 120(In|4})° 


+ 360(In|A|)® — 720 In|] + 720x +c, where A = 2 


§ (f) —2e+6 


2, pages 372-374 
sin2x | sin 4x 


$ cos 3x — 44 cos 7x + € (b) 4 $ 
sin2x sin 4x sin3z | sin 11z 
“a. 5 Bee @) om ae 
1 bee — 3)x _ cos(r + | 

| [ee ae ee ape 

2 r= 3 axr+3 
cosmy cos 37y sin5x sin 7x 

nr ere ©) 14 


cos 10w _ cos 24w 
20 48 


hie! 


+c 


ea 7 


i 
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2. (a) —cos@ + 4c0s'@ + ¢ 
(b) —$cos@ + yy cos 30+ ¢ 
3. (a) —}cos 2x + 4 cos' 2x — zy cos’ 2x + ¢ 
(b) —+5 sin‘ 2x cos 2x — %cos 2x + 7% cos’ 2x + ¢ 
4. (a) 4sin2x — $sin?2x +¢ 
(b) gx + sin 2x + 4 cos*x sinx + ¢ 
(©) gx — pysin6x + ge sin lax +c 
(d) g,cos? x — xe cos® x + ¢ 
(©) 39—gysin4d +c 
(f) ¥sin*?x — $sin?2x + P sin" ?x + ¢ 
(g) —zAysin*6x + zy sin 6x + Pex + gysin 12x + ¢ 
(h) dsin’y — #sin’y + $sin’y +c 
@ 7 — gi sin 4y — gg sin’2y + ¢ 
(j) Pr cos!*x — #cos’#x + ¢ 
5. (a) 46+ 4sin20+¢ 
(b) 4cos@sind + 40+c¢ 
6. $tan*x + c, $sec’x +c 
7. (a) %tan*x —tanx+x+e (b) #tan*4y + 4 In|cos 4y| + ¢ 
(c) 4 tan 0(sec*@ + 2) +c 
(d) 4(tan 2x sec 2x + In|tan 2x + sec 2x|) + ¢ 
(e) +tan’x + } tan'x + ¢ (f) tsechx — 4sectx + ¢ 
(g) 4sec*x tanx — gsecxtanx — £In|sec x + tanx| +c 
(h) }tan’x + gtan’x +c 
@ = #,tan"@x + #tan’/*x + % tan?x + ¢ 
G)  =Inlesc x + cot x| + cosx + ¢ 


8. (a) [oor xa eed joott x = [oor sax 


(b) — 7s cot'30 + $ cot?30 + 4 In|sin 36] + ¢ 

10. (b) —Zescty cot y — ze csc*y cot y — ze coty +c 

11. (a) —4 csc cot d — $csc A cot # — #In|csc @ + cot 6] +c 
(b) 4sin3x +¢ (c) —4cot'y + coty+y+te 
(d) —#cot'x — 4cot®x + ¢ (e) gcsci2y — yy esc’2y + ¢ 
(fF) —fesctp cot d + desc Pcot P + Fln|csc + cot g| + ¢ 


Section 3, pages 382-384 

A: Lava = a arccos ae 

2. (a) x = |a|cot 0, Va? + x* = |al csc 0 
(b) 0<0<7r 


3, —In |csc 6 + cot 6| +c 


pee )Y (3) 
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(f) 
(g) 


(h) 
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VxF = 9 — Baresee (3 le 
LEV = 1 — Seve — 14+ $lnjx + Vx —- I] +e 


=i6= ey? cite 
pe V8 — 4 — hx’? — 4 — eV — 4 — Q2Inlx + VP — Al 4c 
ry, os me 
gin = ne 3 c 
Eee +47"? 4+ Bev? +4 + 6 Inlx + V2 + 4] te 
-(' +a an +e 
—4V4 =F + 34 — xy? + 6 
BxV8 = @ — $a° file Ve 
iC 
25V x? — 25 
= arcsin ie = | = (a — h)V2ah — Fe 
In3 (b) 1 Ole 
3- v3 37 7+ 2V10 
age OF i ae 
MS arctan ae +e (b) faretan > +e 
4 arctan ay +e (d) 4arctan(x + 3) +¢ 
pat se arctan V3 te 
1202 + 3) 7 36 3 
Ces 7 Post 
82 — ax + at g arctan 2 qe 
Bs x 1 ee 
3608 + 9) 1 DleGe +9) t Gag tN Fe 
atin ! ohet 3 + Parctan(x + 1) + ¢ 


402 + 2x + 2) ° 82 + 2x + 2) 


Section 4, pages 394-396 

she — * +3 0) Fee 1 ra 1 
€) site @ 34+435 
oe see ” lige ee 

2.0) Ines] +e (b) In na te 
oe ia 
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(d) 


Se trecary 


Leer 


(e) 
(g) 


(h) 


4. (a) 


(c) 
{e) 


9) 
7. (a) 
(c) 


(d) 


(e) 
(f) 
(g) 


(h) 
(i) 
G) 
(k) 
(m) 


(n) 


In |(x 4Vx2 + 2| ¥? arctan = +e 


=1 2 3 3 
x37 x42 OT ee 

1 2 3 

x=1' @=1) ee tieras 

=1 2 1 4 2x — 3 
= Sees 0) Peo Geacad 
ae 

eo (+3P (e+ 3F 

4 _ x ae 

2—1 +1) +1 

(+2) zt 
mies t° (b) 3in 7 +e 
Inx -1|-=2 +6 (d) SIn|x| + 3In|x + 5| +c 
In{(e + 1)'@" + 4)] — arctan +c 


1 
ee 2643p t° 


“- 
SB] an 
Ein(x’ + 1) — In|2x + 1] +e 


3n |x — 2) — 2in|x — 3-45 46 


In 


+e (b) xen 
eas 


arctan(x + 1) + ¢ 
In(x? + 2x + 2) — arctan(x + 1) +¢ 
$1n |tan x — 3] — $In|tanx — I] +¢ 


2secy + 1 
ein secy +2 qe 

y—4inG? +y+4+1)4 re te 
Ve+z2+1 , 5V3 V3(2z + 1) 


+4)! + 3 arctan 3 c 
(x — 1) +2) Par: Ix + 1[° 
Sra soo i 18 Oa Oren 
1 
xt+) 
2x +1 3(2x + 1) 


S8GA+F x -- 5)? a 361(x2 + x + 5) 


_ 1219 ee) 
+ 6359 arctan 19 +e 


In 


In “ig 


21m |2x — 1] + In(x” + 1) — arctanx +c 
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Section 5, pages 402-403 


ae 


(a) 34 +x)"*- 30 4+ x) +e 
(b) 3 es a) x x a 4 V3 1 V3 1 ) 
) as ta ws +i) e 


+e 


5 
(c) secx —tanx+x+ec (d) 3v2 14 Rebtel, 
Va Via sin x + cos x 
3 sin ¢ 13/15 
(e) “yz arctan cos TS @) a+ yh? + 
(g) 2y 1/2 —3y 1/3 a he In(y® oe 1) +e 
(h) $ sin’, x+e 
(i) hsQBGx + 3)? — 45x + 3)" + 18(5x + 3)"”) + ¢ 
—2 1 
G) = ais} 
: 30 + Vx) 201 + Vx)! ; 
V1+e=—1 
(k) 20 + e%)!? + @ In——e—— + 
‘ i Viena 
= 25 v3 
.@ ° 7 34 in (nt (b) § 
() tbs (d) b+ ging 


Supplementary Problems, pages 403-404 


N 


. 42x” — 1) sin 2x + 4x cos 2x + ¢ 
; faretan 5 +e 


5. Re” +c 


B+ as 2x + 1) 


Pe 


ee a 7 + sinx +e 


2 S e z) 
ae In|t| — 9+% +e 


E (a= + 4aresin?) +c 


2 


. A(xV4 + x? + 4Inlx + V4+ x) +0 
. $tantx — 4 tan*x + In |sec x| + ¢ 


—qy cos!2x + 345 cos!42x — gy cos!82x + ¢ 


cHap. 7] ANSWERS TO PROBLEMS 707 


13: 5 Vee + 1+2inj2x + V4e + 1] +c 


14. #e*# + ee) +e 

15. 2x? — 4x'48 + 4In@!4 + 1) +e 
16. —4In|y| + 4ln|y? — 4] + 

17. Zye"(sint + 7 cost) + ¢ 
18. x — In(l +e) +c 

19. —4cot(2x + 1) + Fesc(2x + 1) +e 
20. Inx + V4+ e+ 

21. Inj2 + Inx| + ¢ 


x 
=4 
23. £1in(e* + e-*) +c 

24. y[(In y)? — 2Iny + 2] + ¢ 

25. —cos x + §costx — £cos'x + ¢ 


sts)me-(G +s) 
26. (2 + « Inx — ot +e 


27. 41n|7 + 4sect| +e 
28. $x — 75 Ine + 1) +c 
Poe n41 
net *~ Grip t? 
30. $(in x)? + ¢ 
31. Fsec*y tany + $sec ytan y + $In|tany + secy| +c 


sel 


22. Zarctan= +c 


32. x In|x? — 1] ~ 2x +n] 


x-1 
33. $siny + zg sin9y + ¢ 
34. —75 cos 8x — f cos 2x + ¢ 
x= 1 

35. $1n as i +e 
36. arctan(x + 2) + ¢ 

coe 2 
37. ind? (nat ° 


38. e*(x® — 5x4 + 20x? — 60x? + 120x — 120) + ¢ 

39, —A{(1 — x)V2x — x# + arcsin(1 — x)] + ¢ 
ai 

Weareaesy 1° 


pi? 
41, $ arctan ®) +e 
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a 


3 23 
42. aa 4x + 8 arctan 5 +e 
43, §x — 22 In|j3x + 5| + 
44, em + 
3 
5 
45, nS +e 
46. 4In|1 + 4sinx| + ¢ 
47. 4x° arccos x — $x°V1 — x8 — V1 — P+ 
48. In|(t — 5)°(t + 2)'| +.¢ 
49, 15(hx%/5 — fx8/6 4 18x75 _ 92x6/5 4 256 
— 256xi/5 4 4996 .3/5 — 8192x2/5 +°65,536x"/® 
— 262,144 In|x!/5 + 1|) +¢ 
x? x x! x x 
50. ig tig tg eae tag hee 
CHAPTER 8 
Section 1, pages 411-412 
1. (a) § (b) 0 (c) In2 
Inn 2 
(d) =a (e) = (f) -1+%1n5 


4. 5 sec, 80 ft/sec 


5, v(0) = 90, v(1) = 96(max), v(4) = 42, average = 83, number of words = 19,920 
6. 18% ft, 94 ft/sec 
7. (a) a (b) 472 () 0,2 
2 
(d) In (< — ') (e) ones 
2 7 
tine/7 Xo 
9, x(t) = xoe ‘Th? 
Section 2, pages 420-422 
1. @) 4 (b) 4 © 322-1) @) 22-1) 
3. (a) Ty = 43 = 1.34375, yh =4 (b) %=42 = 4.15, ih =l 
(c) T= 12, i, =12 (d) Ts = 34% = 0.705, | =3 
(e) T, = 4444 = 0.697024 (f) Ts = $333 = 0.782794 
(g) Ty = 0.742984 (h) Ty = Ar = 0.608108 


_ et 16V2 + 12 


@) Ts = —$233 = —0.565588 = (j)_ ‘7 on 


= 1.83551 
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5. (a) 16, 151, 15,001 (b) 21, 201, 20,001 
(c) no error (d) 5, 41, 4083 
(e) 961, 9601, 960,001 (f) 5, 41, 4083 

6. (a) Tio = 0.835023, Tio = 0.835642, Tino = 0.835646 
(b) Ti = 0.784981, Tio = 0.785394, Tro0 = 0.785396 
(c) Ts = 1.11499, Tso = 1.11148, T5009 = 1.11145 
(d) Ts: = 1.7854, T, = 1.83551, 7; = 1.84784, Tis = 1.85091, 

Tyoo = 1.85191 
(e) Tyo = 0.746211, Tioo = 0.746818, T1990 = 0.746822 

Section 3, pages 431-432 

1. (a) My = 8 = 1.32812, / =4 
(b) M = 4, i =4 
(c) M, = 0.648146, | =4 
(d) M, = 1.36616, | = In4 = 1.3863 
(e) My, = 2.79961 (f) My = 3.14159 
(g) My, = 0.748747 (h) My = 1.10867 

2. (a) Ty = 1.34375 () ™%™=4 
(c) 7, = 0.705 (d) 7, = 1.42809 
(e) 7, = 2.79306 (f) Ty = 3.14159 
(g) 7, = 0.742984 (h) 7; = 1.11699 

3. (a) Ss = 1.33333 (b) Sy = 4 
(c) Sy = 0.671481 (d) Ss = 1.39162 
(e) S, = 2.79734 (f) Sy = 4.18879 
(g) Ss = 0.746855 (h) Ss = 1.11136 

8. (a) 301 (Trap), 214 (Midpt), 31 (Simpson) 

(b) 321 (Trap), 164 (Midpt), 29 (Simpson) 
Section 4, pages 442-443 
je 
2. 49 
3. 20 
4, Ana’ 
5. 4nab* 
380 1287 867 
6. (a) ast (b) =e (c) 5 
Ir 167 
(d) 24 (e) 5 
7. 4nath 
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15a Or 
8. (a) = (b) > 
Or S120 207 
9. (a) GE (b) ae (c) age 
(d) 2m In2 (e) 5 
4n 
10, = 
hte 
11. (a) a xVai — (x — hj? dx 
(b) 2n"a"h 


12. mavh (2 + 5 
2. 
2 h 4 
13. mah (4 ote ;) 
Section 5, pages 450-452 
1. 10,000 ft-lb 
2. 60 ft-lb 
3. 10 ft-lb 
La 
2a 
5, 85 ft-lb 
MgR | 3MgR 
a 8 
kin2 


ma® 


M; M, 
8. (a) Gm (6. - =) 


0 


Section 6, pages 459-460 
1, a, 6, c are integrable 
2. a, b, d are integrable 
3. (a) 16 

5. both limits are 2 


(b) 4 


Section 7, pages 470-472 
1. (a) improper, convergent: 9/2 


(c) improper, divergent 


d—b 
M; M. 
(b) —cm| aS. Sao =) dx 


() 10 


(b) improper, convergent: 2 


ae 
(d) proper: ™ 


cHap. 9] ANSWERS TO PROBLEMS ! 711 


(e) improper, divergent (f) proper 
2. (a) improper, convergent: 4 (b) improper, divergent 
(c) improper, divergent (d) improper, convergent: 4 
(e) improper, divergent (f) improper, convergent: e 
(g) improper, convergent: 4 (h) improper, convergent: —4 
4, convergent for s > 1, divergent otherwise 
5. (a) improper, convergent: 6 (b) improper, convergent: BW4 — 1) 
(c) proper, (d) improper, divergent 
(e) improper, convergent: 4 (f) improper, convergent: 2 
(g) improper, divergent (h) improper, divergent 
(i) improper, divergent (j) improper, convergent: 1 
7. (a) improper, convergent (b) improper, convergent 
(c) improper, convergent (d) improper, divergent 
(e) proper (f) improper, divergent 
8. FO) = 1, F(1) = ; 


CHAPTER 9 
Section 1, pages 480-481 
1, (a) 1 (b) 1 () 0 
(d) 0 (fe) e (f) 1 
2. (a) 1 (b) 1 
(c) 2» (d) does not converge 
(e) 0 (f) 0 
3. (a) no limit (b) 1 
(c) 1 (d) 2 
4.0 
8. (a) 1,0, 3, 2, 5, 4, 7, 6, 9, 8 
Pe ce 
oh) if n is even 
n, if nis odd 
Section 2, pages 489-490 
ae) () § 
(c) does not converge (d) 4 
(e) does not converge (f) does not converge 
(g) does not converge (h) 
2. converges to 2 
6.1 
7. dm — lim an 
8. (a) ae (b) ¢ (c) does not converge 
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Section 3, pages 497-498 


1. (b), (©), (g), (h), (i), G) are covergent 
2. both are convergent 


Section 4, page 502 

1. (a), (b), (d), (©), (f), (h) are convergent 

3. (b), (e), (f), (h) are convergent 

5. (a) 4,7, 10, 20 (b) 9,99, 999, 10° — 1 (c) 20, 200, 2000, 2 x 10° 


Section 5, pages 510-511 


1. (a) conditionally convergent (b) absolutely convergent 
(c) conditionally convergent (d) absolutely convergent 
(e) divergent (f) absolutely convergent 
(g) divergent (h) absolutely convergent 

3. (a) divergent (b) conditionally convergent 
(c) absolutely convergent (d) absolutely convergent 

5, (b) no limit 


Section 6, pages 518-519 


1. (a) 2 (b) 1 () 1 (d) 1 
(e) 1 () 3 (g) 1 (h) 3 
2. (a) (—2,2) (b) [-1, 1] 
(©) [-1,1) (d) (-1,1) 
(e) (-1,1) @) (-4) 
(g) (-1,1) (h) [-3, 3] 
3. false 
4. (a) 1 (b) (c) 1 
(d) 0 (e) 5 (f) x 
5. (a) [I, 3) (b) (—%, #) (©) (-3, —1) 
(dd) x=1 (e) (—6,4) (f) (-*, %) 


Section 7, pages 526-528 
1. (a) r = 1, domain = [—1, 1] 
© inl 
x 
(b) > ae r=] 


i=l 


© [-1,) 
2. (a) r = 2, domain = [0, 4) 
ip Bey 
i=l 2! 


() @,4) 
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3. (a) r = 1, domain = [1, 3) 
() Do vite - 2) yr 


i=l 
(©) (1, 3) 
4.(@) r=1, domain = [0,,2) 
S i(x — 1)" 
(b) Pe) 
i Vit1 
(c) (0,2) 
5. (—~», ~) for both / and g 
7. 0,1, 1,0 


11. (b) true 
Section 8, pages 538-540 


3,1: 


1, Tz 
4,1 
2+4 - 3), = 
2+4(x — 3) 


1. @) T 


(b) To 
(©) T 
@) 1 


3 — 4%, Th 


Cy fo=—— 9 Ti 


n (a1 
1G) Zo(x) = 0, Tax) = >) ——————»2n 


i=l 
x 
Litxl+x+> 


5. @) Ti = 9 + 7x — 2), Th = 
©) 7 = 3,T =3 — 5x°,% 
(c) Ts 
(d) Tr 


1, 


7. (a) > i (b) oD 


i=0 * i=0 


8. (a) ae are 
11. 3 + 11(¢ — 2) + 12% — 2)? + 6(x — 2)? = 6x3 — 24x? + 35x — 19 


2 
=b-+3 
1—x2,% =1—x*+ x4 
4-340-1,T = 


$-4@-—1) +4@-1) 
2+4@-3)-AG- 3, 


— gee — 3)? + sta — 3) 
ae ai a) 
Se te)? 


Ga): 
T 

x 
(G) shies 


+ 71¢ — 2)'+ & — 2)? = Ts 
= 3 — 5x? + 2x3 


2+x+3x,% =2+x43x2°4 x4 = Ty 
3(x — 1) + 3(x — 1), T = 3(x — 1) + 3@ — 1? 
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ste a aa 


ene 2i41 


ao (tS 
©) LS 2i+1 


gr — 1) 
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CHAPTER 10 
Section 1, pages 548-550 
1. (a), (b), (c) are parabolas (d) straight line 
(e) cubic (f) semicircle 
(g) line segment (h) ellipse 
2. (a) straight line (b) parabola 
(c) line segment (d) hyperbola 
3. @) f@) = + 2x42 (b) /@) = e* 
(©) f() = 3V4—- (d) f(x) = Inx 
4. (a) yr 0 ©) y—x =O x50 
© ¢-y=4x%>0 
7. (a) 2 (b) —% (c) 1 (d) $ 
8. (a) 0 (=i (©) % (d) -1 
as dx d'y = xly! — yly! 
9. (a) Ifx’ = ai etc., then a cay 
(b) § 
Section 2, pages 558-560 
rele 
1. (a) aio" - =) (b) 24 
(c) 30"? — 1) (d) x 
one 
A 1377 
3. (a) ar(10"* - - ) (b) 32 
(c) 4(V2 + Ind + V2)) (d) e- ! 
2 
5. (b) 44 (c) f V4y? — 8y + Sdy 
0 
6. Ap 
7. ©) ¥2,2V2 
Section 3, pages 567-569 
1. (a) (—2, 4) (b) (GS, —3) ©) @,-1) (d) (43, 33) 
2. (a) G6, —1), G, 2) (b) (6, 0) () @, —2) 


(d) (5, 4) (e) (8, 2) 
3. (b) V29, V2, 3V5 


4. true 
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6. (b) V3, 8) 
7. (b) (5V3 + 4,1) 
9. (a) true (b) true (c) false 


Section 4, pages 576-577 


1. For each value of fo, P(to) and the coordinates of dP(to) are as follows: 
(a) —1: (—2, 1), (1, — 2); 0: (—1, 0), (1, 0); 2: (1, 4), (1, 4) 
(b) —1: (2, —2), (—2, 1); 0: (1, —1), (0, 1); 1: (2, 0), (2, 1) 
(c) 0: (—1, 0), (1, 0); 1: ©, 1, (1, 3); 2: C1, 8), (1, 12) 
(d) 0: (1, 0), (1, 1); In 2: (2, In 2), (2, 1) 
() 0: 3,0), 0, an : @V2, V2), (-8V2, V2) 


() —1: (1, —1), (—2, 3); 0: (0, 0), (0, 0); 2: (4, 8), (4, 12) 
(g) —1: (—2, 2), (1, 2); 0: (—1, 4), (1, 2); 1: ©, 6), (1, 2) 
2. The coordinates of dP(r) are as follows: 
(a) (21, 31°) (b) Ge — e~), He +e) 
(c) (2t, 3% + 1)') (dd) @t+1, 0+ 2 
3. Coordinates of dP(@) are (a(1 — cos 8), asin 0) 
6. P(t), the coordinates of dP(f), and equations of the tangent lines are as 
follows: 
@) G,3),4.1),*«-—4y+7=0 
(b) (1,1), 0,1), * = 1 
(c) (2,1n 2), (2,1), x — 2y -2+In4=0 
(d) (0,0), dP, and a unique tangent do not exist at fo = 0. 
7. (a) y= 4x 
(b) At t = 2 the vector space forms the straight line »y = 4x. At ¢ = 0 the 
vector space consists of the zero vector at the point (0, 0). 
8 @) y= xf'@) — a'@+f@ 
(b) dP(@) = (1,/'@))p@; » —f@ = S@& — a) 


Section 5, pages 588-590 
2. (a) parabola: y = x* — x 
(b) v@) = (1, 2¢ — 1)pw, 
P(0) = (0,0), ¥O) = A, —1)pq@ |vO)| = V2 
PL) = (1,0), V1) = A, Dew, |W), = V2_ 
P(2) = (2,2), v2) = (1,3)p@, |v) = V10 
(c) a(t) = (0, 2)pq, perpendicular when t = 4 


2 


(d) vil vi@=mris 
J0 
EC haNO) a 


(e) 3V10 + —— + —In 
i SS aaye 
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3. (a) P(@) = (8007, — 161°), v(t) = (800, —32/) pm, a() = (0, —32)pw 
(b) 25sec 


2 
—xX 
(c) parabola: y = 40,000 
25 
(d) 2 V625 + t? dt 
0 


4. (b) vt) = (2t — 4, 2¢ — 4)pw, |v] = 2V2\t — 2); 
\v)| = |v(4)| = 4V2 (max), |v(2)| = O(min) 


(c) straight line and point (d) 8/2 
5. (b) v(t) = (21, 327)pqy 
P(—2) = (4, -8), V(—2) = (—4, 12)p-»), |v(—2)| = 4V10 
PO) = 0,0), v0) = 0, 0) p, |v(0)| = 0 
PA) = (1,1), v1) = 2, 3)pq, \v@)| = V13 
P(2) = (4,8), v2) = (4, 12)pa, |v(2)| = 4V10 


(c) a(t) = (2, 6f)pw, a(—2) = (2, —12)~(—-»), 
a(0) = (2,0)p, a(1) = (2, 6)pq), a(2) = (2, 12)pco) 


2 2 
x EZ 

6 @) & pl 
VaT 

8 t= i 


Section 6, pages 600-601 
. (a) 0, 2, 2V2, 4, 22, 2,0 ©) x +y'—4y=0 


2. (a) 4,2 + V2, 3, 2, 1,2 — V3,0 
(c) about x-axis 


5 
4r= sind ; 
6. (a) circle (b) straight line 
7. (a) x = -2 (b) y=4 
© @+4’?+y=4 (d) y=2x+4+2 
() yw =2x4+1 (f) x? +»? = 25 
(g) y = 3x (h) (& — V3)? + (29)? = 4 
Section 7, pages 611-613 
10) os to) 77 © 79 @ 4 
3 
2. (a) 4x (b) 16 © = 
d) ae (e) 3 
ae, Be wy Be (©) 25 
. (a 2 ) > c ir 
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9: 
@ > (e) 4m 
aie do 
5. (b) i: + 2cos 8 + cos?@ 
©) § @) 


+ 3V3 
ree 


6 
7 

8. 18V3 —7 
9. 24m, 167 + 93, 84 — 9V3 
0. 


10. 8a 
99V5 
ll. 3 
12. (a) 4 
13. (a) 4 (b) 8 
CHAPTER 11 
Section 1, pages 622-623 
1. @) y=4x'+2e* +e (b) » 
(c) y = tan(x* + 3x + ©) (d) y 
1 2 
LON) AST Serer epee era @® y 
(g) y = $(Inx? +c (h) y 
(i) y = ec, cos 4x + ce sin 4x Gg) oy» 
(kK) y = cye** + cre? (dy 
(m) y = cye** + cre? (n) y 
(0) »y = e*(c1 cos 5x + cy sin 5x) 
©) 2+ 5y= pi +e™+e 
(C30 i ola ©» 
at yp me @ » 


(u) 4 inlar + 3| + ¥ln|3x + 4| = 
(vy) y = arcsec(ke") 


w) y= te He (x) » 


(y) tany = 3x — #sin2x +c @ y 


2. (a) y = Se" (b) » 
(©) x+y = 25 (dd) s 
© y= 2e* + Se (f) y 
(g) y = Inj3x + 6| (h) y 


(f) 4 


=1-—2x 


= 2x8 + 5x+Inx +c 


cette? _ 4 
= 2xInx —2x+e 


cea lor 

cye"* + coe* 
cye—2* + coe 8” 
(cix + ex)e** 


noboad 


cx 
ce" + ce 


Ben Cis 
= ge 7 agsindx te 
x 


HZ 7 te taxte 


2 
=x'+5-2-4 


= —dgt? + vot + so 
= e*"(S cos 3x — $ sin 3x) 
= (-llx + 3)e™ 


117 
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3. (b) D’y — Dy + $y = 0 
4. (a) y = e~*(c, cos $x + cy sin 4x) 
Ve 
(b) y= Ye *(cos 4x — sin $x) 
5. (@) y = e%(c1 cos $x + cz sin $x) 
v2 vf 1 pa 
(b) y = > e%(cos x — 3 sin $x) 
6. (a) y = c,cos 4x + cy sin dx 
V2 
(b) y= s (cos $x — sin 4x) 
7. y = e*(c, cos x + ce sin x) 


Section 2, page 629 


3 | x c 
1. (a) y = 3x° — 4x + cx Oy es 
7 
Pe eC —il2 =) =z 
ORS ia7 tena ot @) y=5 +e : 
(e) y = —te* — 4+ ce™ () y=t+ce% 
(gs) y=1+ce™* (hy) y= 44 ce" 79 
(i) » = BQ cosx + sin x) + ce” 
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Section 3, pages 638-640 
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12. (a) y = cre* + coxe* + ce" = (b) 
Section 4, pages 647-648 
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5. (a) y = cem* + cxe** + ce (b) y 
©) y= cet + cre" + cxe* 
6. y = c1 cos 2x + cy sin 2x + cse**" 


exe* + (cax + cs)e* 


7. (@) y = cre** + (cox + cs)e* (b) y = cye™ + exe?” + cse—% 
() y = (crx + ende™ + cye* + eye" 
(d) y = cy + cxe* + cge-* (e) y = cre® + (cox? + egx + cse* 


(ff) y = (eax + cre” + cs cos V3 x + cy sin V3 x 
y= 


(g) eit eset cye 

(h) y = (eix + c2)e* cos x + (esx + cye* sin x 

(i) y = em*[(erx + cx)cos x + (esx + ca)sin x + ¢5] 

Gi) y = e™[(ex + c2)cos x + (eax + ca)sin x] + esx + ¢6 


(k) y = cie** + cre * + cg cos 3x + ce sin 3x 
(@) y = cye-* + c2cosx + cs sin x 


Section 5, pages 656-657 
1. (@) yp = —4,y = cre + cre? — 3 
(b) yp = 2x, y = c1cosx + eosin x + 2x 
(©) yp = —3x + 5, y = cre + coe — 3x + 5 
@ yp = x? — 2x +2, y = cre® + cre + x? — 2x + 2 
©) yp = —4e%, y = cre™ + ce* — Fe" 
(f) yp = 2e*, y = (crx + ca)e* + 2e* 
(9) yp = —be7*, y = c1 + cre + eye" — fe-* 
(h) yp = sinx, y = c, cos 2x + cp sin 2x + sinx 
@ yp = sinx + x + 2, y = c1 cos 2x + cesin 2x + sinx + x + 2 
(i) yp = cosx + 2sinx, y = c1 + ce + cosx + 2sinx 
(k) yp = —§ cos 3x, y = c1 cos V3.x + cy sin V3 x — $cos 3x 


(1) yp = —#cos 2x + sin2x, _ 
y = cet ee $cos 2x + sin 2x 


2. y = 3cosx + 2x 
3. y = $(e* — e~* sin x) 
4. i = 3e—*(cos 2t + sin 2r — 1) 
5. (a) y = (ix + ele 4+ x2 + 2x +4 
(b) y = cre + cre + 2x + 3 
©) y= ce + cxe* — fe™* 
(d) y = er + ce — x8 — 2x? + x 
(e) y = cet + coe—* — 2xe** 
() y = cre* + cre-* — 2xe™* — x + 3 
(g) y = cre? + coe" — 2xe** 4+ Sxe* 
(h) y = crem* + 2 + eax — tex? + gx? 
(i) y = e, cos 2x + eg sin 2x — cos 3x 
(ij) y = c1cos3x + c2sin 3x — 4x cos 3x 
(k) » = e,cosx + cosinx — 5x cos x + $e-* 
(I) y = cicosx + cysinx — 2x cos x — 4x sinx 
(m) y = (eix + ca)e* — 3e* sin x 
(n) y = e-*(c, cos x + cy sin x) + $e*(cos x + sin x) 
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Section 6, pages 662-663 
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5. (a) y = ce, cosh 2x + ce sinh 2x 
(b) » = e1cosh V7 x + cy sinh V7 x 
(c) y = e, cosh 3x + ey sinh 3x — e** 
= x 1 a 
(d) y = c,coshkx + cy sinh kx — aa Tae 
(ce) y = ce, cosh 4x + cp sinh 4x + g¥ sinh 8x 
(f) y = e, cosh 4x + cy sinh 4x + $x sinh 4x 
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t 
9, (b) 3 
10, 3 sinh 2 
1 
11. (a) nT (b) 


Index 


Abscissa, 10 
Absolute maximum point, 87 
Absolute minimum point, 87 
Absolute value, 6 

of complex number, 332 
Acceleration, 105 

integral of, 230 

vector, 585 
Addition of vectors, 563 
Algebraic function, 324 
Alternating series, 498 
Angle of complex number, 339 
Angle of inclination, 302 
Annihilator, 651 
Antiderivative, 203 
Approximate values, 109 
Arc length, 552 

integral formula, 553, 556 

polar coordinates, 610 
Arecosecant function, 320 
Arecosine function, 315 
Arccotangent function, 318 
Archimedean spiral, 597 
Arcsecant function, 319 
Aresine function, 311 
Arctangent function, 316 
Area, 171 

between curves, 219 

integral formulas, 172, 195, 221 

polar coordinates, 604 


Argument of complex number, 339 


Associative laws 
complex numbers, 328 
real numbers, 2 
vectors, 566 
Asymptotes, 154 
Average value of a function, 405 
Average velocity, 104 
Axis 
conjugate (hyperbola), 156 


of parabola, 138 
Ea) 
v9 


Bound 
least upper, 7 
lower, 4, 164 
upper, 4, 164 
Bounded 
function on an interval, 164 
interval, 4 
set, 4, 164 
subset of 3-dimensional space, 433 


Cardioid, 601 
Catenary, 660 
Center 

of a circle, 132 

of an ellipse, 145 
Chain Rule, 69 
Change of Variable Theorem for Definite 

Integrals, 215 
Characteristic equation, 346, 633 
Characteristic polynomial, 633 
Characteristic properties of definite 
integral, 447 

Circle, 12 

center and radius, 132 

equation of, 12, 132 
Common logarithm, 268 
Commutative laws, 2, 328, 566 
Comparison Test 

for integrals, 469 

for series, 494 
Complex exponential function, 336 
Complex numbers, 327 

absolute value, 332 

angle, 339 

argument, 339 

conjugate, 333 
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exponential form of, 338 
imaginary part, 331 
modulus, 332 
nth root, 341 
real part, 331 
Composition of functions, 19 
Composition of linear operators, 631 
Concave 
downward, 86, 92 
upward, 86, 92 
Confocal hyperbolas, 161 
Conic sections, 132 
Conjugate axis (hyperbola), 156 
Conjugate hyperbolas, 155 
Constant function, 24 
Continuous function, 33, 542 
Convergent 
absolutely convergent series, 502 
conditionally convergent series, 502 
eventually, 496 
improper integral, 461, 463 
infinite sequence, 474 
infinite series, 483 
interval of convergence, 512, 516 
radius of convergence, 513, 516 
Coordinate functions, 541, 569 
Coordinates 
polar, 590 
of a vector, 561 
x, 10 
y, 10 
Cosecant function, 301 
hyperbolic cosecant, 660 
integral, 374 
Cosine function, 282 
derivative, 294 
hyperbolic cosine, 658 
integral, 295 
Cotangent function, 301 
hyperbolic cotangent, 660 
Critical point, 88 
Cross-sectional area function, 433 
Curtate cycloid, 549 
Curve 
parametrized, 542 
rectifiable, 552 
slope, 55, 546 
Curve sketching, 84 
Cycloid, 548 
Cylindrical shells, 439 


Decreasing function, 185 
Decreasing sequence, 478 
Definite integral, 169 
properties, 191, 668 
Degree, 288 
De Moivre’s formula, 344 
Dependent variable, 22 
Derivative, 48, 637 
second, 65 
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third, 65 

Derived vector, 570 

Difference of two sets, 164 

Differentiable function, 48, 543 

Differential, The, 116 

Differential equations, 272, 344, 617 
associated homogeneous, 640° 
characteristic equation of, 346, 633 
characteristic polynomial of, 633 
constant coefficients, 345, 617 
first order, 272 
first order linear, 276, 623 
general solution, 273, 275 
homogeneous, 345, 617, 640 
integrating factor, 626 
linear, 276, 344, 617 
nonhomogeneous, 648 
nth order, 617 
second-order, 344, 617 
separable, 274, 614 
solution, 272, 617 

Differential operator, 618 
annihilator, 651 
linear, 632 

Differentiation 
arccosecant function, 321 
arccosine function, 316 
arccotangent function, 318 
arcsecant function, 320 
arcsine function, 313 
arctangent function, 317 
constant, 58 
constant times a function, 58 
cosecant function, 304 
cosine function, 294 
cotangent function, 304 
exponential functions, 252, 263 
implicit differentiation, 79 
logarithm functions, 243, 269 
logarithmic differentiation, 267 
product, 59 
quotient, 62 
secant function, 304 
sine function, 294 
sum, 57 
tangent function, 304 
x", 61, 64, 71, 267 

Direction, vector, 568 

Directrix 
ellipse, 148 
hyperbola, 157 
parabola, 136 

Discontinuity, 33 
removable, 38 

Discontinuous functions, 38 
integration of, 452 

Disjoint sets, 164 

Distance 
along a curve (arc length), 281, 552 
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straight-line between two points, 11 decreasing, 185 
traveled along a curve, 581 definite integral of, 169 
traveled along a straight line, 232 derivative of, 48 
Distributive laws, 2, 328, 566 differentiable, 48, 543 
Divergent discontinuous, 38 
improper integral, 461, 463 domain of, 14 
infinite series, 483 even, 90 
Division, existence of, 2, 328 exponential, 250, 253, 262, 336, 337 
Domain of a function, 14 graph of, 16 
Dummy variable, 171 hyperbolic, 658, 660 
identity, 22 
e, 245, 247 implicitly defined, 77, 79 
Eccentricity increasing, 185 
ellipse, 148 indefinite integral of, 209 
hyperbola, 157 integrable, 168 
Ellipse, 143 inverse, 249 
directrix, 148 linear, 45 
eccentricity, 148 logarithm, 238, 268 
foci, 143 mean of, 405 
major and minor axes, 144 monotonic, 185 
Empty set, 164 odd, 92 
Endpoints of an interval, 5 of a real variable, 17 
Equilateral hyperbolas, 159 periodic, 284 
Equivalent parametrizations, 559 piecewise continuous, 460 
Error polynomial, 34, 323 
alternating infinite series, 500 range of, 14 
Midpoint Rule, 426 rational, 34 
Remainder in Taylor Series, 533 secant, 301 
Simpson’s Rule, 430 sine, 282 
Trapezoid Rule, 419 step, 455 
Even function, 90 strictly decreasing, 190 
Exponential functions strictly increasing, 190 
a*, 262 tangent, 301 
exp(x), 250 transcendental, 324 
et, 255 trigonometric, 281 
e'*, 337 value of, 14 
e*, 336 Fundamental Theorem of Calculus, 200 
Extreme point, 87 Corollary, 204 


Extreme value, 88 Generalized Mean Value Theorem, 122 


Geometric series (infinite), 487 


Factorial, 507 Graph 


Finite sequence, 175 5 
Focus of equation, 12 


ellipse, 143 of function, 16 
h Eola 152 polar graph (in polar coordinates), 594 
eahole ‘ 36 Greatest Lower Bound, 9 (exercises) 


Function, 13 Harmonic series, 484 
algebraic, 324 alternating, 498 
average value, 405 Homogeneous differential equations, 345, 
complex exponential, 336 617, 640 
composition, 19 Hooke’s Law, 447 
constant, 24 Horizontal line, 41 
continuous, 33 Hyperbola, 151 
continuously differentiable, 559 asymptotes, 154 
coordinate, 541, 569 confocal, 161 
cosecant, 301 conjugate, 155 
cosine, 282 conjugate axis, 156 


cotangent, 301 directrix, 157 
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eccentricity, 157 
equilateral, 159 
foci, 152 
transverse axis, 153 
vertices, 153 
Hyperbolic functions, 657 
cosecant, 660 
cosine, 658 
cotangent, 660 
secant, 660 
sine, 658 
tangent, 660 
Hyperbolic spiral, 601 


Identities, existence of, 2, 328, 566 
Identity function, 22 
Imaginary number, 331 
Implicit 
differentiation, 79 
function defined implicitly, 77, 79 
Improper integral, 461, 463 
Increasing function, 185 
Increasing sequence, 478 
Indefinite integral, 209 
Independent variable, 22 
Indeterminate forms, 271, 310 
Inequalities, 3, 4, 664 
Infinite sequence, 175, 474 
Infinite series, 482 
absolutely convergent, 502 
alternating, 498 
alternating harmonic, 498 
Comparison Test for, 494 
conditionally convergent, 502 
convergence of, 483 
divergence of, 483 
geometric, 487 
harmonic, 484 
Integral Test for, 491 
linearity of, 485 
Maclaurin, 537 
nonnegative, 490 
p-series, 493 
power series, 511 
power series in x—a, 516 
Ratio Test for, 505 
Taylor, 528 
telescoping, 489 
Inflection, point of, 88 
Initial point of a vector, 560 
Integer, 1 
Integrability 
of a continuous function, 199 
of discontinuous functions, 452 
of a monotonic function, 185 
Integrable function, 168 
Integral 
of acceleration, 230 
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Comparison Test for Integrals, 469 
convergent improper, 461, 463 
cosecant function, 374 
cosine function, 295 
definite, 169 
divergent improper, 461, 463 
equivalent definitions of, 672 
exponential functions, 254, 265 
form of Mean Value Theorem, 410 
improper, 461, 463 
indefinite, 209 
limit of Riemann sums, 414 
logarithm function, 355 
proper, 461 
properties of, 191, 668 
secant function, 369 
sine function, 295 
Test for infinite series, 491 
of velocity, 229 
Integrand, 190 
Integrating factor, 626 
Integration (See a/so Integral) 
by partial fractions, 384 
by parts, 354 
by trigonometric substitutions, 374 
limits of, 190 
of discontinuous functions, 452 
of trigonometric functions (techniques), 
362 
recursion formulas, 359, 361, 362, 368, 
369, 370 
Intercept (x- and y-), 46 
Interior of a set, 512 
Interior point, 512 
Intermediate Value Theorem, 258 
Intersection of two sets, 164 
Interval, 4 
bounded, 4 
closed, 5 
of convergence, 512, 516 
endpoints of, 5 
open, 5 
Inverse function, 249 
differentiability of, 261 
Inverse trigonometric functions, 311 
Irrational number, 9 (exercises) 
Irreducible polynomial, 381, 386 


Latus rectum 

ellipse, 150 

hyperbola, 161 
Least Upper Bound, 7 
Leibnitz’s Rule, 60 
Lemniscate, 598, 601 
Length 

arc length of curve, 552 

of vector, 561 
L’H6pital’s Rules, 122-127 


INDEX 


Limagon, 601 
Limit 
of f(x), 31, 37 
indeterminate forms, 271, 310 
properties of limits, 32, 664 
of sequence, 177, 474 
Lines 
horizontal, 41 
parallel, 43 
straight, 39 
tangent, 48, 573 
vertical, 41 
Linear differential equation, 276, 344, 617 
first order, 276, 623 
Linear differential operator, 618, 632 
Linear function, 45 
Linear operator, 630 
composition of, 631 
product of, 631 
sum of, 630 
Local maximum point, 87 
Local minimum point, 87 
Logarithm 
common, 268 
natural, 238, 241 
to the base a, 268 
Logarithmic differentiation, 267 
Lower bound, 4, 164 
Lower integral, 174 
Lower sum, 165 


Maclaurin series, 537 
Major axis, ellipse, 144 
Maximum and minimum problems, 94, 
101 
Maximum point 
absolute, 87 
local, 87 
Mean of a function, 405 
Mean Value Theorem, 113 
generalized, 122 
integral form of, 410 
Mesh of a partition, 413 
Midpoint Rule, 423 
Minimum point 
absolute, 87 
local, 87 
Minor axis, ellipse, 144 
Modulus of complex number, 332 
Monotonic function, 185 
Monotonic sequence, 478 


Natural logarithm, 238, 241 
integral, 355 

Negative number, 3 

Newton’s law of gravitation, 449 

Nonhomogeneous equations, 648 

Nonnegative series, 490 
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nth order differential equation, 617 
Number 
complex, 327 
imaginary, 331 
irrational, 9 (exercises) 
negative, 3 
positive, 3 
rational, 1 
real, 1 
Numerical methods of integration 
Midpoint Rule, 423 
Tangent Formula, 424 
Trapezoid Rule, 417 
Simpson’s Rule, 429 


Odd function, 92 
Open interval, 5 
Ordered pair, 9 
Ordinate, 10 


p-series, 493 
Parabola, 136 
axis, 138 
directrix, 136 
focus, 136 
vertex, 137 
Parallel lines, 43 
Parallel translation, 584 
Parametrizations 
of a curve, 542 
continuously differentiable, 559 
equivalent, 559 
Parametrized curve, 542 
Partial fractions decomposition, 387, 392 
Partition, 164 
Period of a function, 284 
Periodic functions, 284 
Piecewise continuous function, 460 
Point of inflection, 88 
Polar coordinates, 590 
arc length, 610 
area, 604 
Polar graph, 594 
Polynomial, 34, 323 
irreducible, 381, 386 
of two variables, 323 
Positive number, 3 
Power series, 511 
function defined by, 519 
in x—a, 516 
interval of convergence, 512, 516 
radius of convergence, 513, 516 
Product 
of complex numbers, 327 
of functions, 20 
of linear operators, 631 
of real numbers, 2 
scalar, number with vector, 564 
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Prolate cycloid, 549 
Proper integral, 461 
Pure imaginary number, 331 


Radian, 288 
Radium, half-life of, 277 
Radius 
of circle, 132 
of convergence of power series, 513, 516 
Range of a function, 14 
Rate of change, 54, 103 
Ratio Test for infinite series, 505 
Rational function, 34 
Rational number, 1 
Real number, 1 
Real number line, 4 
Real-valued function, 17 
Rectifiable curve, 552 
Recursion formulas, 359, 361, 362, 368, 
369, 370 
Related rates, 106 
Remainder, of Taylor’s Theorem, 533, 539 
Removable discontinuity, 38 
Riemann, Bernhard, 413 
Riemann sum, 413 
Rolle’s Theorem, 111 
Roots of complex numbers, 341 


Scalar, 564 
Secant function, 301 
hyperbolic secant, 660 
integral, 369 
Second derivative, 65 
Second-order linear differential equation, 
344, 617 
Separable differential equation, 274, 614 
Sequence, 175 
bounded above, 479 
bounded below, 479 
convergence of, 474 
decreasing, 478 
finite, 175 
increasing, 478 
infinite, 175, 474 
limit of, 175, 474 
monotonic, 478 
of partial sums, 482 
Series, 177 (See also Infinite series) 
Set 
bounded, 164 
difference of, 164 
empty, 164 
interior of, 512 
intersection of, 164 
union of, 163 
Simpson’s Rule, 429 
Sine function, 282 
derivative, 294 
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hyperbolic sine, 658 
integral, 295 
Slope 
of curve, 55 
of graph, 54 
of line segment, 41 
of non-vertical line, 42 
of parallel lines, 43 
of parametrized curve, 546 
of perpendicular lines, 44 
of vertical line, 42 
Solid, 433 
integral formulas for volume, 434, 437, 
440 
of revolution, 437 
Speed, 104 
vector, 578 
Spiral 
Archimedean, 597 
hyperbolic, 601 
Step function, 455 
Straight line, 39 
Strictly decreasing function, 190 
Strictly increasing function, 190 
Subtraction, existence of, 2, 328, 566 
Sum 
of complex numbers, 327 
of functions, 20 
of linear operators, 630 
of real numbers, 2 
of vectors, 563 
Summation, 177 
identitities, 179 
index, 177 


Tangent 
Formula, 424 
function (trigonometric), 301 
hyperbolic tangent, 660 


line, 48, 573 
vector, 571 
Taylor 


approximation, 529 
Formula with Remainder, 533 
series, 528 
Theorem, 531, alternative form, 533 
Telescoping series, 489 
Terminal point of a vector, 560 
Third derivative, 65 
Transcendental function, 324 
Transitive law, 3 
Translation, parallel, 584 
Transverse axis of hyperbola, 153 
Trapezoid Rule, 417 
Triangle inequality, 664 
Trichotomy, law of, 3 
Trigonometric identities, 283, 284, 286, 
287, 302 
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Trigonometric substitutions, 374 
Trisectrix, 80 


Union of two sets, 163 
Upper bound, 4, 164 
Upper integral, 174 
Upper sum, 165 


Value of a function, 14 

Variable 
dependent, 22 
dummy, 171 
independent, 22 

Vector, 560 
acceleration, 585 
addition, 563 
coordinates, 561 
derived, 570 
direction of, 568 
initial point, 560 
length, 561 
product (scalar), 564 
properties of, 566 
scalar product, 564 
speed, 578 
subtraction, 563 
tangent, 571 
terminal point, 560 
velocity, 578 
zero, 563 
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Vector space, 567 
Velocity, 104 
average, 104 
integral of, 229 
vector, 578 
Vertex, parabola, 137 
Vertical line, 41 
Vertices, hyperbola, 153 
Volume of solids, 432 
cylindrical shells, 439 
integral formula, 434 
integral formula for solids of revolution, 
437 


Work 
done against a force, 444, 448 
done by a force, 444, 445 


x-axis, 9 
ordinate, 10 
x-intercept, 46 


yeaxis, 9 
y-coordinate, 10 
y-intercept, 46 


Zero vector, 563 


